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Abstract: In this paper, we consider the chemotaxis-consumption system on a bounded smooth domain Q C
R", n = 2,3, with fluid coupling

pi+u-Vp—=V.-(D(p)Vp)=V-(pSx,p,c)- Vo),
u-Ve—Ac=—pc,
u+xu-Vu—Au+Vr=pvVd, V.u=0,

subject to the boundary conditions v - (D(p)Vp + pS(x, p, )VC) |30 = 0,(v - Ve + 0)| 50 = ¥, and u| o = 0. When
(n, k) = (2,1), we establish the global existence and uniform boundedness of classical solutions for all suitably
regular initial data, under general structural conditions on the tensor-valued sensitivity S and a strictly positive
lower bound on the diffusivity D. In case (n, ) = (3, 0), we show that the same result holds provided that D meets
a certain diffusion enhancement condition depending on y. Moreover, we construct finite-time blow-up solutions
for the radially symmetric, fluid-free system when n = 2,3, D(&) S (1+ &)™t with0 < m < % and S = [,,,,. We
prove that, for any prescribed initial mass, blow-up occurs when y is sufficiently large.
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1 Introduction

The movement of bacteria toward or away from chemical signals, a mechanism known as chemotaxis, plays a
crucial role in their survival. For instance, some aquatic bacteria migrate toward the water—air interface for
oxygen uptake [1], and other bacteria employ a more sophisticated strategy to find an optimal oxygen concen-
tration, exhibiting a repellent response to high concentrations and an attractant response to low concentrations
[2]. These chemotactic motions of bacteria are often observed in the presence of a moving fluid. From a modeling
perspective, such situations can be described by chemotaxis-consumption systems coupled to fluid equations:

pe+u-Vp—V-(D(p)Vp) =V - (pS(x, p,c) - Vo),
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T¢,+u-Vec—Ac= —pc,

w+xu-Vu—Au+Vr =pVo, V.-u=0.

Here, p denotes the density of the motile species, ¢ represents the concentration of a chemical substance, u is the
incompressible fluid velocity, and z stands for the associated pressure. The function D models the diffusivity,
and S is the tensor-valued chemotactic sensitivity. The scalar function ® represents a prescribed gravitational
potential. The model was originally proposed by Tuval et al. [1] to describe the dynamics of aerobic bacteria
Bacillus subtilis living in water. Over the past years, a number of works have investigated various forms of this
model under different assumptions on its structures, such as D and S, or on the presence or absence of the fluid.
For an overview of this system and its variants, see [3]. We briefly review these results below.

Most previous studies have focused on the setting with no-flux boundary conditions for both p and ¢
(combined with no-slip boundary conditions for u), which is well-suited for the construction of Lyapunov-type
functionals. Indeed, for linear diffusivity D =1 and scalar sensitivity S = — y(c) with suitably chosen positive
 (e.g., the prototype y(c) = 1), such functionals have been used to prove global solvability as well as stability
and asymptotic behavior; see, e.g., [4,5] and references therein. When y is singular of the form y(c) = ¢™* with
a > 0, global solutions at various regularity levels have been constructed (e.g., [6,7]).

Such global solvability, and even boundedness, can remain valid when diffusion is strengthened (e.g., the
porous-medium type D(p) ~ p™! with m > 1). For n = 2, ¥ = 0 (Stokes flow), and sufficiently smooth y > 0,
it has been shown that global bounded weak solutions exist whenever m > 1 [8]. For n = 3 and x = 0, global
weak solvability has been proved for m € (%2] under suitable conditions on scalar sensitivity y [9]. In the

special case y = 1and k = 0, the existence oflocally bounded global solutions has been established when m > %
[10]. This result was later extended to the case m > % by [11], where the authors also proved the boundedness
and stabilization of solutions to spatially homogeneous equilibria. For the existence of global bounded weak
solutions when m > %, see [12]. We also remark that in chemotaxis systems with signal production mechanisms,
nonlinear diffusion has been shown to play a similarly important role in determining global boundedness (e.g.,
[13,14]).

For tensor-valued sensitivity S, there are relatively few results. When S decays as |S(x, p, ¢)| < (1 + p)~* with
o> % global classical solvability has been proved forn = 3 anii k = 0 under linear diffusion [15], later extended
to a > 0 [16]. Under the more general condition |S(x, p, ¢)| < S(c) with a nondecreasing S, global existence and
boundedness of weak solutions have been established forn =2,k =1, m>1[17]andforn=3,x =0, m > %
[18] (see also [19] for small-data result). In the same setting for S, global mass-preserving generalized solutions
have been constructed for k¥ = 0 [20] and x =1 [21] in two dimensions, with eventual smoothness and stabi-
lization in the former [22]. For n = 3 and x = 0, global boundedness has been obtained even when S exhibits
singularity |S(x, p, ¢)| < S(c)/c"/?, provided diffusion is slightly enhanced, including the case m > 1 [23]. Very
recently, this result has been extended to the case n = 2, k = 1, and |S(x, p, ¢)| < S(c) / ¢%/8 in ref. [24].

We also note that there have been results on global solvability and large-time behavior subject to either
Robin or Dirichlet boundary conditions for c (see, e.g., [25,26]). However, it remains open whether linear diffusion
can ensure classical, or even weak, global solvability for general sensitivity S. A partial result is given in ref. [27],
where global bounded classical solutions have been constructed in the fluid-free system under general S and
linear diffusion for the Robin case; see also ref. [28] for the Dirichlet case.

In the radially symmetric, fluid-free system with the Dirichlet boundary condition for ¢, recent works have
demonstrated that finite-time blow-up may occur when the chemotaxis term is repulsive (e.g., S(x, p, ¢) = y(c) >
0).If = 0 and n > 2, then D(p) ~ p™ ! with 0 < m <1 and y(c) = ¢! can lead to blow-up [29]. When 7 = 0,
n =2, and y(c) = 1, blow-up has been observed for 0 < m < 1, while global boundedness has been shown for
m > 1[30]. This result has recently been partially extended to n > 3 [31]. We also refer to ref. [32] for a finite-time
blow-up result when 7 =0,n =2, m =1, and S(x, p,c) = (p + Dt with 1> 1

The purpose of this paper is to establish results on global boundedness and finite-time blow-up in the
chemotaxis-consumption system coupled to the (Navier—)Stokes equations with no-flux/Robin/no-slip bound-
ary conditions. Our analysis covers tensor-valued sensitivities S under general structural assumptions for the
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boundedness results, while the blow-up scenario is demonstrated in the repulsive case S = [, Specifically, we
obtain three types of results: (i) global boundedness in two dimensions under a strictly positive lower bound on
the diffusivity D, which in particular includes the linear diffusion case; (ii) global boundedness in three dimen-
sions provided D is sufficiently strong in a sense depending on y; and (iii) finite-time blow-up in the radially
symmetric and fluid-free setting when D is sufficiently weak. These results complement and extend previous
works in the fluid-free framework and for models with Dirichlet boundary conditions for ¢ [27,30,31].

To state our main results, we specify our problem. Consider the situation where the diffusion of coccurs on a
much faster time scale than that of p, namely 7 = 0. The problem is then given hy the following parabolic-elliptic
chemotaxis-consumption fluid system with tensor-valued sensitivity:

-

pr+u-Vp—=V.-(D(p)Vp) =V . (pS(x, p,c)- Vo), XEQ, t>0,
u-Ve—Ac=—pc, xXeQ, t>0,

U +k(u-Vu—Au+ Vr =pVo, V-u=0, XeEQ, t>0, (11
p(x,0) = po(x), ulx,0)=uy(x), X € Q,
\v~(D(p)Vp+pS(x,p,c)-Vc)=0, v-Ve=y—c, u=0, x€o0Q,t>0.

Here, Q C R", n = 2,3, is a bounded domain with smooth boundary, x € R,andy € R, :=(0, c0). We suppose
that D and S fulfill
D € CX([0,00)), D(&)>0 forallé €R,, 1.2)

Sect <§ X R, X IRT) and there exists §, € C(I]E) such that

1.3
|S(x,7,8)| < Sp(s)  forall (x,r,s) € Qx RT+ X E

The initial data (p,, u,) and the potential function ® are assumed to satisfy
Po EWE®(Q), (0#)p, >0 on Q, u, € D(A*) for some a € <£1> and ® € CXQ), (1.4)
where A:= — PA denotes the realization of the Stokes operator in the solenoidal subspaces L (Q)(Q)" := {¢ €

LX) |V - =0} of L)
We begin by stating the local well-posedness result for the system (1.1).

Proposition 1.1. Let Q C RY d € {2,3}, be a bounded smooth domain. Suppose that D and S satisfy (1.2) and (1.3).
Then, for any initial data (p,, u,) satisfying (1.4), there exist a maximal time T ., = Tp.x(pg, Ug) € (0, 0] and a
classical solution (p, ¢, u, m) of (1.1) in Q X (0, Ty ) Such that

p € C(QXI0. Ta) ) NCH QX (0, Ty ), €€ C( QX (0. T ),
ue C(ﬁ X [0’ Tmax)> N Cz’l(ﬁ X (0» Tmax) >’ e C1’0<§ X (0, Tmax) >
Moreover, if T, < oo, then p blows up in the sense that
||ﬂ(, t)”Loo(Q) - 00 ast-— Tmax.

In addition, it holds that p > 0 and ¢ > 0 in Q X (0, Tryax ) and that

/p(x, t)dx = /po(x)dx forallt € (0, Tpyax ) (1.5)
Q Q

lleC, Ollpoy < v forallt € (0, Ty ) (1.6)
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/ch(x, t)]%dx + /pCz(X, t)dx < y*10Q| forallt € (0, Tpax), @”n
Q Q
as well as
IS, pC-, 0, G, NMlzogy < [1Soll oy for all ¢ € (0, Tnag)- (1.8)

In the fluid-free system (u = 0 = V), if we further assume that p,, in (1.4) is radially symmetric, then (p, c) are
radially symmetric for all t € (0, Ty )-

Proof. Local existence and blow-up criteria can be found, e.g., in ref. [31]. The nonnegativity of the solutions and
(1.6) follow from the maximum principle. The mass conservation (1.5) is obtained by integrating the equation for
pin (1.1) over Q. Estimate (1.7) results from testing the equation for c in (1.1) with c. Finally, (1.8) is an immediate
consequence of the assumption on S in (1.3) together with (1.6). O

We next state our main results concerning global existence and blow-up phenomena.

Theorem 1.1. Let Q C R? be a bounded smooth domain, and suppose that D and S satisfy (1.2) and (1.3). Suppose
in addition that
D) >k, forallé €R,, forsome kj, > 0. 1.9)

Then for any initial data (p,, u,) fulfilling (1.4), the classical solution (p, ¢, u, ) of (1.1) exists globally in time and
satisfies

Su(I)J(IIp(-,t)IILw(Q) +l1cC, Dllwasgy + Ul Do) < oo
>

Theorem 1.2. Let Q C R3? be a bounded smooth domain, k = 0, and suppose that D and S satisfy (1.2) and (1.3).
Then, for any y > 0, there exists M = M(y) > 0 such that if D additionally fulfills

lign infD(&) > M, (1.10)

then for any initial data (p,, u,) satisfying (1.4), the classical solution (p, ¢, u, ) is global in time and satisfies

Su(}))(“p('»t)“L“’(Q) + et Ollwre gy + U, D)) < 0.
t>

Remark 1.1. We can extend Theorems 1.1 and 1.2 to more general Robin boundary conditions v - Vc = (y — 0)g
with0 < g€ C*0(0Q) for some 6 € (0, 1); however, for simplicity, we assume g = 1.

Remark 1.2. In Theorem 1.2, the lower bound M depends not only on y but also on the structure of S; see (3.8).
In particular, if [S| < 1 (e.g., the prototype S = +I,,), the condition can be simplified to

lign infD(&) > 2y.

Theorem1.3. Let Q =B, CR", n€ {2,3},andm € <0, %) Suppose that S = 1,,.,,, and D satisfies (1.2) and

D(&) < Kp(1+ &)™t forallé >0, forsome K, > 0. (1.11)

Then, for any L > 0, there exists y* = y*(n,m, R, L) > 0 such that for ally € [y*, o0) and any radially symmetric
initial data p, satisfying (1.4) and

||p0||L1(Q) =L,

the corresponding solution (p, c) to (1.1) in the fluid-free setting (u = 0 = V®) blows up in finite time, i.e., T, < 0.
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Remark 1.3. Asimilar argument can establish the blow-up of solutions, in either finite or infinite time, for higher
dimensions n > 4. However, we focus on n = 2, 3 cases as they are the most physically relevant.

Strategy. To prove Theorem 1.1, a crucial step is the derivation of spatially localized, time-uniform L-estimate
for Vc (Lemma 2.7), extending earlier result available only in the fluid-free case [27, Prop. 3.1]. This estimate
further leads to additional localized estimates, including in particular p In pin L;"’L}OC(Q) (Lemmas 2.9 and 2.10).
These, in turn, yield L*-bound of p uniform-in-time.

For Theorem 1.2, the absence of a convection term in the fluid equations, together with the assumption
(1.10) on D, makes it possible to close the energy estimate for p (Lemmas 3.1-3.4). This step requires the control
of ||ull;s(qy, which, as observed in ref. [23], can be bounded in terms of ||V pll;zq) (Lemma 3.3). This energy
estimate is sufficient to conclude uniform boundedness for p.

Theorem 1.3 states a finite-time blow-up result when y > y*(n,m, Q, || p, || 11(qyy)- We remark that the depen-
dence of y* on p, is considerably simpler than that in previous works [31, proof of Thm. 3], where the required
largeness of the boundary condition for blow-up depended on p, in a quite nonlinear way. To this end, after
obtaining a uniform-in-time lower bound for ¢ (Lemma 4.1), we separately consider two cases c(0, t) < hy and
¢(0,t) > hy for some h € (0,1), to derive an ODI ¢’ (t) = —||p0||2"1(g) +7||po ||il(g)/(||p0||L1(Q) + 1)3 for a moment-
type bounded functional ¢ of the mass accumulation function (Lemma 4.2). This in turn leads to blow-up since
¢ linearly grows in time whenever y > y*.

Throughout this paper, C denotes a generic positive constant, which may vary from line to line, and the
notation C(., -, ...) indicates its dependence on the specified quantities. For n > 2, we denote by w, the surface
measure of the unit sphere in R" and by By the ball of radius R centered at the origin. Whenever no confusion
arises, the norm || - || 5., Will be abbreviated by || - [|».

Unless stated otherwise, we assume throughout that (p,, u,) and @ satisfy (1.4), and that D and S fulfill (1.2)
and (1.3), respectively. Let (p, ¢, u) in © X (0, Ty, ) denote the corresponding solution given in Proposition 1.1

2 Proof of Theorem 1.1

In this section, n = 2 and consider (1.1) with k¥ = 1, corresponding to the full Navier—Stokes coupling.
The following lemma is derived from the basic properties of the solutions stated in Proposition 1.1.

Lemma 2.1. Suppose that (1.9) holds. There exists C = C(y) > 0 such that

t+7

//lVln(p+1)| <C forallt € (0, T —7)s

t
where T := min{ 1, TmaX }
Proof. From the equation for p in (1.1), Young’s inequality, (1.8), and (1.9), we obtain

—%/ln(p +1< —kD/|V In(p+ DI + ||so||c([0,y],/|v In(p + || Ve|
Q

< —%D/IV In(p + D + | 0||C([0y])/|vcl
Q

2k,

Integrating over [t, t + ] and using (1.7) and a trivial inequality p > In(p + 1) along with (1.5) leads to the claim.
O
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The following functional inequality is a variant of the Trudinger—Moser inequality (cf. [33, Lem. 2.2]).

Lemma 2.2. For each n > 0, there exists C = C(n) > 0 such that for all nonnegative f € Q) f#0,and g €
W(Q), and each a > 0, one has

/f|g|sjl/fln<]£>+mgj)“/f/wg|2+6a/f /|g|2+§/f,
Q Q Q Q Q Q Q

-
where f := @/Qf.
Thanks to Lemmas 2.1 and 2.2, we can deduce the following logarithmic integrability property for p.

Lemma 2.3. Suppose that (1.9) holds. There exists C = C(y) > 0 such that

t+7

//pln(p+1)§C forall t € (0, Tpax — 7),
t o

. ; 1
where 7 := min{1, 5 Tmax }

Proof. Using Lemma 2.2 with f = p, g =In(p + 1) and a = 5 = 2, and (1.5), we arrive at

/p In(p +1)

Q
2

5%/pln p—%(mp_o)/po-k%/po/lv1n(p+1)|2+2C/p0 /ln(p+1) +%/p0.
Q Q Q Q Q Q Q

The claim follows from the trivial inequalities alna <aln(@a+1) and a >In(a+1) for a> 0, (1.5), and
Lemma 2.1. O

We next recall a standard ODE-type lemma for absorbing inequalities (see [34, Lem. 3.4]).

Lemma24. Leth e L}OC(R) be nonnegative and suppose there exist r > 0 and b > 0 such that

t+7

%/h(s)dssb forall t € (0,T — 7).
t

Assume further that y € C([0, T)) N C}((0, T)) satisfies
y' () + ay(t) < h(t) with some a > 0.

Then,
bt

1= forall t € (0, T).

y() < y(0) +

We now derive a uniform-in-time energy estimate for the velocity field.

Lemma 2.5. Suppose that (1.9) holds. There exists C = C(y) > 0 such that

sup [lu(-, Ol < C 2.1
t€(0.Tax)

and
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t+7

//|Vu|2 <C forallt € (0, Ty — 7), 2.2)
Q

t

= mi 1
where 7 := min{1, ; Ty }.

Proof. Testing the equation for u in (1.1) with u yields

1d
sut 1k + [ 1Vl < iVl [ o
Q

Q Q
Using Lemma 2.2 with f = p, g = u, n =1, together with (1.5), we obtain

2
1 p a 2 C
<= In| &£ — \Y C = .
[owi<t [ n<p0>+4”/p0/| ul+caf ol f1ut] +€ [ oy
Q Q Q Q Q Q Q

By Poincaré and Holder’s inequalities, we have

2
/|u| sc/|Vu|2.
Q Q

By choosing a = a(|| po|| ;1> | V@Il () > 0 sufficiently small and applying Poincaré inequality once more,

we, therefore, obtain
%/|u|2+/|u|2+/|w|zsc 1+/pln(p+1)
Q Q Q Q

with some C > 0. The claim follows by applying Lemmas 2.3 and 2.4. O
To derive spatially localized estimates, we prepare the following test function (cf., [27]).
Lemma 2.6. Let n € (0, e™Y). Then, the nonnegative radial function

In(—In [x]) = In(=1In %), ifx € B,(0)\{0},
v, ()=
0, otherwise,

satisfies y/n(x) /" o0 as |x| = 0, and moreover,
2
H'(R?) + HV<W”>

Proof. 1t was shown in ref. [27, Prop. 3.1] that v, / oas|x| -0 while ”‘/’n

V(i)

—0 asny—0.

o (R

— 0 asn — 0. It remains to
H'(R?)

show that

— 0 asn — 0. Passing to radial coordinates, we compute

[v(+)

2

n
= 4w, / w0, ()’rdr
12(R?) o

n

_ 2
< 4o, | In(—1n r)|

|r In r|?
0

Substituting { = —In(—In r), we obtain
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2 “ 2
2 ¢
H v (W”> LZ(RZ) < 4602 / gdg’
In(—1n #)
which vanishes as # — 0. O

We show that the spatially localized L2-norm of V¢ can be made arbitrarily small uniformly in time.

Lemma 2.7. Suppose that (1.9) holds. Then, for each € > 0, there exists 6, = 6,(¢,y) > 0 such that for all ¢ € Q
andall 6 € (0,6,),

sup ||VC( t)”LZ(QﬂB (@) = 32
tE(O max)

Proof. Fix q € Q, n € (0,e71), and define v,(x) as in Lemma 2.6. Denote y(x) :=y,,(x — q). Multiplying the
second equation in (1.1) by cy? and integrating over Q yields

/|Vc| /pcu/ ;/czu-V(wz)+/c(y—c)w2—2/cu/Vc-Vu/.
Q

0Q Q

To estimate the last term, we apply Young’s inequality and use (1.6):

1
—Z/CWVC-VW < §/|Vc|2q/2 + 272V |17 -
Q Q

For the boundary term, (1.6) and the trace embedding H(Q) < L%(dQ) implies for some C > 0
[ etr =0 < reiwity ey
0Q

To estimate the remaining term, we employ (1.6), (2.1), and Holder’s inequality:

<c|v(v?)

‘LZ(Q) LX(Q)

1
i/CZU'V(WZ %”u”LZ(Q)”V
Q
with some C > 0. Putting the estimates together, we find C > 0 such that

/ IVel'y? < C(1y 1y + |V (v7)

LZ(Q))'
Since y(x) / oo radially as x — g, we can conclude the desired result. O

In preparation for localization arguments, we introduce a family of smooth cutoff functions as follows; see,
e.g., [35].

Lemma 2.8. Let 6 > 0. Then there exists a radially symmetric, nonnegative function ¢; € C° ([RZ) such that

1, x€B;(0),
@s(x) = 2
0, x € R?*\B;,(0),

with 0 < ;5 < 1inR? and
|Ves;(x)| < Kps()Y?  forall x € R,

where K = O(671).
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We now establish localized estimates for p and Vc. Its fluid-free version can be found in ref. [27, Lem. 3.2].

Lemma 2.9. Suppose that (1.9) holds. Fix any 6 > 0. Let ¢ be the cutoff function from Lemma 2.8, and for any
q € , define p(x) := @s(x — q). Then there exist K; > 0 and K, = K,(y) > 0, independent of 6 and q, such that

/2( DE* () <K, /'Vf’l( t)(p()+H(p(

Q

whe (R?)

and

[Vpl? 3
whes(82) ||(P||W @)

/|Vc|4(-,t)(p3(-) S K|V, Ollzans,) /

Q
2
+K, /|u(-,t)|5

5
Q

(. 0¢° ) + |2 |

forallt € (0, Tux)-

Proof. To verify (2.3), we invoke the Sobolev embedding W'(Q) < L2(Q), which gives for some C > 0

2
/pzfp <C<HV (0™ Lm)>-
Q

Using Holder’s inequality and (1.5), we can find C > 0, independent of 6 and g, satisfying

3/2

LNQ) “,D(P

l

[¥(-

Vol
v = YIollcan [ 226 + ol
Q

+ ool

L{(Q) whe(Q)

which yields the desired estimate (2.3).
To establish (2.4), we employ Holder’s inequality and (1.6) to see

1

/'VC|4(p3 < ||VC||L2(Qnt) /|VC|6(p5
Q Q

= [IVellzne) I V(cp) — CV(PHie(Q)

< 4IVel0ns, IC@IE ssig + 721V OI )

(2.3)

(2.4)

(2.5)

Using the elliptic regularity result (see, e.g., [36, Thm. 2.3.3.6]) and the Sobolev embedding W>*/3(Q) & W5(Q),

we find C > 0, independent of 6 and g, such that
el 1s0, + 72NV OIS g,

+llcVe - v

13
W32(0Q

< C<||A(C(P)||33 +lepl®,  +ly el |, > +7leol’
L2(Q) L2(Q) W3°2(0Q) )

where we used
Vicp) - v=Vc-vp+cVo-v=( —c)p+cVp-v on 0Q.

By (1.6), we see

leol’, < lel ,, .
L2 w*2(R?)

Since the trace inequality yields with some C > 0

w3 (R?)
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3 3
Iy =9el® s +IlcVe-vI® 1,
W3'2(0Q) W32 (0Q

< C(II(J/ —opl® , +lcVel?® )
) wr2(Q) wh2(Q)

if we further use Hélder’s inequality, (1.6) and (1.7), we can obtain that

Iy =00l ., +lcVo-vl® ., <Clol® ,
W3'2(0Q) W32(0Q) w2 (R?)
with some C > 0. By Hélder’s inequality again, we see that
ool | <ol [ F° 6)
L2(Q)
Q

With this, we use a trivial inequality (a 4+ b + ¢)® < 9(a® + b* + ¢3) for a, b, ¢ > 0, Hélder’s inequality, (1.5)—(1.7),
and the Sobolev embedding W22 (Q) & W6(Q) to deduce

1
§||A(C(ﬂ)||3; <llAcol®, +I1IVe-Vol?, +lcAql?,
L2(Q) L2(Q) L2(Q) L2(Q)

3
< (- Veal 3 o + 710003 o) )+ IVel ) IVOIs g, + PlA0I

3 2
L }/||p0||zl(9)”p3(p

3
C 3
Lm)) + II(pIIWZ'%(RZ)

with some C > 0. Combining the above estimates, it follows from (2.5) that there exists C > 0 independent of &
and q satisfying

1 3
< <||(p||gM(Q)|\Vc<o4

3 5
1 1
2
[1vet'e? < ciVelpam, || [1vel'e* || [10? | + [ 2o <0k, |
Q Q Q Q

Applying Young’s inequality, along with (1.7) and (2.3), yields the desired bound (2.4). O
We next provide a localized L log L estimate for p.

Lemma 2.10. Suppose that (1.9) holds. For 6 > 0 and q € Q let @) = @s(x — q) be as in Lemma 2.8. Then there
exists 6, > 0, independent of q, such that for all 6 < 6 ., one can find C = C(6, y) > 0, independent of q, satisfying

sup [ (pIn p(-,0) +e Np*() < C
t€(0,Tax) o

and

t+7
2
//lV;I @ <C forallt € (0, Ta — 7),
t Q

. : 1
where 7 := min{1, 5 Tmax }

Proof. We begin by testing the first equation in (1.1) against (In p — 1)®. Through standard calculations, we
obtain

d 3 _d 3 / |Vpl* 4
a | Pmee’— g [ re Ky ,
@ @ @ @7
<- / Vo (St p. ) VO — 3 / In pVp - Vot -3 / pIn p(S(x, 9, ) - VC) - Vor
Q Q Q
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Each of the three terms on the right-hand side can be controlled as follows

Let K; and K, be as in Lemma 2.9. Using (1.8), Holder’s and Young’s inequalities, along with Lemma 2.9 and
(1.5), we compute the first term as

1
V 2 4 4
/Vp-(S(x,p,c)-Vc)(p3 < [Sollecton /@ ’ /p2<p3 /IVcl4co3
Q

Q Q

kD/val 1 /pz(P3+K3/|VC|
Q

5

k \Y 2
<% [TV 5 4 KoV el 'p' o+ Kok [1u®| +c
Q Q

Q
with some K; > 0, independent of 6 and ¢, and C = C(6) > 0. The second term in (2.7) can be estimated via

Young’s inequality, a trivial inequality a| In a|?> < 16e~2a%? + 4e~2 for a > 0, along with Lemma 2.8, (2.3), and
(2.6), as

—3/ In pVp - Vopg?
Q

2
< ’LD/M(I,?*.F g/(lGe‘zp% +4€_2)(P|V(P|2
8 p kp
o Q

1
2
k Vp|? _ 72 _
D | P| . 16e ZKZHPOHU(Q) /pz(ps + ]Te sz/(pz
Q b R?
ky [1Vpl* s
<D C
< 4/ L+
Q

with some C = C(6) > 0. A similar argument applies to the last term in (2.7). By (1.8) and Young’s inequality,

3/p1n p(S(x, p,c) - Vo) - Voo < /IVCI 3||50||c<[om) /” IIn plig: Vel
Q

Q

Using a trivial inequality az | In alg < 16 3a: + €75 fora > 0, Lemma 2.8 and (2.6), we note that

4 4 5 4 4 _4 3 _4 3
//ﬂlln plrs|Vols Slﬁ/(lﬁe ipz+e 3)@)2
Q Q

2

< 16K ool / Fot| +e

Q
with some C = C(6) > 0. If we further use Lemma 2.9 and Young’s inequality, then we arrive at

5
K k z K 2
3/p In p(S(x, p,¢) - V) - Vogp?| < <42||VC”LZ(QOB5)+8D>/IVPI¢B+2 /|u| +C
Q

4
where C = C(6) > 0.
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Combining above estimates gives that with some C > 0,

d 3k |Vp|2
el In _a SKp
/) Pimee’ dt /

Q

K, Vol | 2
< K2K3+Z IVellz@ns,) @*+Cl [ |uls]| +C
o) o)

We now apply Lemma 2.7 to select 6, > 0 such that

<K2K3 + K2> sup [1VeC-, Ollzansy < -2 5 for 5 <5,
4/ te(0.1,) 8
which yields
5
12
pln pp® — — Lf /|u|? +C. (2.8)
Q Q Q

a
dt

We observe from Young’s inequality, an inequality a In a < 2¢~1a: fora > 0, (2.3), (2.6), and Young’s inequality
that there exists C = C(6) > 0 such that

/(p In p+e‘1)(p3—/p(p3 < /Ze‘lpg(p% +e‘1/<o3
Q Q Q Q

< 2e” 1||p0||Ll(Q) /p2q03 +e‘1/(p3 2.9)
Q Q

k IVpl*
<=2 j LA C.
< 8/ Lyt

Combining (2.8) and (2.9), we find C = C(6) > 0 satisfying

5
2 ,
Er(t)+r(t)+’iﬂ/|v—”'(p3gc /|u|?2 +cC,
dt 8 p
Q Q

where
F’(t):=/(p In p(~,t)+e‘1)(p3(-)—/p(~,t)q03(-).
Q Q
Recalling the Gagliardo-Nirenberg inequality

5

12
/ uls | < Cllull) o, I VullF: ) + Cllull g, 2.10)
Q
and using Lemmas 2.4, 2.5, and (1.5), we can deduce the desired result. O

Corollary 2.11. Suppose that (1.9) holds. There exists C = C(y) > 0 such that

sup [ (pInp(-,)+e7) <C,
t€(0,Tpax) o

as well as



DE GRUYTER D. Kim and J. Ahn: Chemotaxis-consumption system with Robin boundary conditions == 13

t+71 t+1 t+7

2
//'V’” <c, //|Vc|4§C, and //pZSC
t Q p t Q t Q

forallt € (0, Ty, — 7), where T = min{1, %Tmax}.

Proof. Note that every open covering Uq aB s (@), 6 > 0, of compact set Qhas a finite subcovering. Sincea In a +
e >0fora>0and ¢ =1in B;(q), the first and second assertions are a direct consequence of Lemma 2.10.

By a similar reason, we can obtaizn the third assertion from (1.7), (2.4), (2.10), and Lemma 2.5. The last assertion
results from the second assertion, (1.5), and the following interpolation inequality

IVpl?
1112, gy < Cllplzice / 25+ Cloll g
Q

O

We next collect additional regularity properties for the solution constructed in Proposition 1.1. As a
preliminary, we recall the following interpolation-type inequality (see, e.g., [27, Lem. 3.4]).

Lemma 2.12. There exists C > 0 such that for any p > 1, s > 1, € > 0, and any nonnegative function f € cl(Q),
one has

2(14¢)
£

/flf’+1 sc(p“) /(f In f+e-1)/fl'-2|Vf|2+(4<:)1+€/2 /f +6s711Q.
Q

We are now in a position to derive further bounds for the solution.

Lemma 2.13. Suppose that (1.9) holds. There exists C = C(y) > 0 such that

sup |lpC, Oz < C.
t€(0,Tyax)

Proof. Testing the first equation in (1.1) with p, integrating by parts, and using (1.8) and Hélder’s inequality, we
have

1d

5t pt+ kD/IV,OI2 /PVP (80, p, €)= V&) < |[So]| o NP 1V £l 2 TVl 1)

Q Q

By the Gagliardo-Nirenberg inequality || p||1q) < C(||Vp||LZ(Q)||p||LZ(Q) + llpllziq)) together with (1.5), we find
C > 0 such that

1d
sq ] Pt / Vol < C(Ipll e IV RIS + 1V Az IV el sy

Q

Young’s inequality then implies that
gy(t) <Cgty®+C

with some C > 0, where y(t):= || p(-, 1)||?
exists C > 0 such that

+1and g(t):=||Vc(-, )4 Note from Corollary 2.11 that there

L3(Q) LQ)

t+7 t+7

/y(s)ds <C and /g(s)ds <C forallte (0, Ty —7),

t
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where 7 := min{1, %Tmax}. In case T, < 2, we apply an ODE-comparison argument to show

l

t t
c/f g(s)ds
() <y(0)e 48 + C/ eo do forallt € (0, Tppy)-
0

Then, along with the fact that

/g(s)ds</g(s)ds+/g(s)ds<2C for all t € (0, Tpyay),

we can see that
V() < (0)+ ) forallt € (0, Tpyy)- @2.11)

In case Ty, > 2, where 7 =1, note that for any unit interval [¢, ¢ + 1] C (0, Ty ), there exists ¢, € [t,t +1]
satisfying
y(to) <C.

Thus, again by an ODE-comparison argument, we have
y(t) <2Ce”  forall t € (0, Tpay)-

Combining it with (2.11), we can deduce the desired result. O

Lemma 2.14. Suppose that (1.9) holds. Let « € (% 1) be as in (1.4). Then, there exists C = C(y) > 0 such that

sup || A%uC-, 0|20y < G, (2.12)
t€(0,Tax)
and
sup lu(-, O)|lp=q) < C. (2.13)
t€(0,Tpax)

Proof. We first project the equation for u via the Helmholtz operator P and then test it against Au = PAu,

yielding
a / Vul + [ 1aup < / (P Vwlaul + [ 1P(VO) L an
Q Q

Here, we have used that || Vu|| 1o = (WU AU)q) in L2(Q). It holds from the Gagliardo-Nirenberg inequality
and the elliptic regularity for the Stokes operator that

Null2e o < lullwez Ul 2 )
L®(Q) —

Using this estimate, and applying Young’s inequality and L*(Q2)-boundedness of 7, we estimate the first term on
the right-hand side of (2.14) as

/|P((u- VywllAu < /|(u. Vul? + %/|Au|2
Q Q Q

2 2 1 2
< Il gy IVl + 5 [ 140
Q

1
< Ol g1Vl g, + 3 [ 140
Q
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with some C > 0. Using young’s inequality and L*(Q)-boundedness again, the last term in (2.14) is estimated
as

1
/IP(pVCI))IIAuI < IIV(DIILDO(Q,IIPIILZ(Q) 1/IAUI2-
Q

According to (2.1) and Lemma 2.13, we infer that h(t) :=||Vu(-, t)||L2 @ satisfies

R (t) < C(RA(t) + 1)

with some C > 0. In view of (2.2), Grénwall-type reasoning, as in the proof of Lemma 2.13, again guarantees the
existence of C > 0 such that

sup [IVuC-, )iz < C. (2.15)
t€(0,Tpax)

Next, we use the smoothing estimates for the Stokes semigroup (see, e.g., [19, Lem. 2.3]) and Holder’s inequal-
ity to obtain y > 0 and C > 0 such that

14%uC, Ol 2 < 1A% U0l 120 + C/ (t = $)* e [[ull oy I Vitll 2008
0

+C / (t = )% M| VD| (| ll 20y 0S.

Pick q € (2 ] From the Gagliardo—Nirenberg inequality and the well-known embedding D(4%) & W9(Q),
we find C > 0 satlsfymg

ey < I AUy 0= € QD (216)

LZ(Q)

It then follows by (2.1), Lemma 2.13, and (2.15) that with some C > 0

0
sup || A%uC, )| zq) < C"‘C( sup ||A%uc., t)HLZ(Q)) '
(€(0. ) €(0.Ts)

Therefore, due to Young’s inequality, we obtain (2.12). The bound (2.13) is immediately obtained by combining
(2.1) and (2.12) with (2.16). ([

Lemma 2.15. Suppose that (1.9) holds. There exists C = C(y) > 0 such that

sup |lp(, Ol < C
t€(0,Tpax)

Proof. Testing (1.1) with p? and employing Holder’s inequality and (1.8), we have

1d 8kp 3
3q P+ /.sz < —g/szpz -S(x, p,c)- Ve
Q Q Q

4 3
< S Sollcaonllol; (Q)||sz N 12 rese

1 1
By the Gagliardo-Nirenberg interpolation |[c||y1sq) < C ”C”;V“ llell; @ with (1.6) and the standard elliptic reg-
ularity theory, we can find C > 0 satisfying

1
< - : 1
lellysc C(Ilplly(gﬁllu Vel g + 7 LTI )



16 = D.Kim and ]. Ahn: Chemotaxis-consumption system with Robin boundary conditions DE GRUYTER

which infers via the trace embedding W(Q) < W%"‘(dﬂ), (2.13), and Young’s inequality that with some C > 0

1
lellwrsay < C<||p||L4(Q) + 1>-

From Lemma 2.12 with (f, p, €) = (p, 3,1) and Corollary 2.11, we obtain C > 0, independent of s > 1, such that
4

Q Q

Combining the above estimates, taking sufficiently large s, and using Young’s inequality, we can find C > 0 such

that q ,
a /s :
dt/p "’kD/|V”2

Q Q

This implies, by the Gagliardo-Nirenberg type inequality

<C

e < V73], iy T CIf Mg, forall f e cCl@),
and (1.5), that with some C > 0,
d 3
k <C.
i@ P>+ kp / p<C
Q Q
Hence, the desired result follows. O

Proof of Theorem 1.1. We first establish the uniform-in-time bound

sup  |IVe(e, Ol < C 2.17)
t€(0,Tpax)

To this end, we apply the elliptic regularity to the equation for ¢ in (1.1) and use (1.6). This yields with some C > 0,

el < C(Ipll@ + 1t Vel + 1y = ell, 20 +1).

By the trace inequality

lly —cll < Clly = cllwra)s

wido) =
together with (1.6), (2.13), and Lemma 2.15, we infer that

lcllwzsqy < C(1Vellzq) + 1)

Moreover, the Gaglairdo—Nirenberg inequality

||VC||L3(Q) < C”VC” (Q)”C”WZS(Q)

combined with Young’s inequality and (1.7) ensures the uniform-in-time boundedness of ||c||y23q). Since
W2(Q) & Wh(Q), (2.17) follows.
Finally, for p > 1, we compute LP-estimate for p. Applying Hélder’s inequality, we observe

1d [, 4h=D [|g. 2} 2(p 1 E _
pdt_/p + — |Vp < - piVp (S(x, p, ) - Ve)
Q o

: T/ Vel +
Q

+ B 500,000 Vel [ 7
Q
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Therefore, in view of (1.8) and (2.17), by applying a Moser-type iteration, we can deduce

sup |lpC, )]lpeoy £ C
te(O’Tmﬂx)

with some C > 0. Hence, T, = oo by Proposition 1.1, and we complete the proof. [

3 Proof of Theorem 1.2

Throughout this section, we consider the system (1.1) with ¥ = 0 in a smooth bounded domain Q C R3.

Lemma 3.1. Suppose that (1.10) holds with some M > 0. Then, there exists K, = K,(y, M) > 0 such that

S 2
% pz(-,t)+/D(p)|Vp|2(-,t) <K, + ”()lL\JW/pZWClZ(-,t) for all ¢ € (0, Tyay)- 3.1
Q Q Q

Proof. Multiplying the first equation in (1.1) by p and integrating over € yield

%/p2 +2/D(,0)|Vp|2 = —Z/pS(x, p,c)Vc-Vp.
Q Q Q

By Young’s inequality and (1.8), this implies
d

2 2 2 ik 2
&7+ [Nt < ol [ s Vel
Q Q Q

Owing to (1.10), we can choose L = L(M) > 0 such that D(§) > M whenever & > L. Set

kp:=mind(&) > 0. (3.2)

Splitting the last integral over {p < L} and {p > L} and using (1.7) for the first part, we obtain
2 2
p—V62<L—/ Vc2+l/ 2|Vl
/ D(p)l |” < k [Vl u p1Vel
Q {p<L} {p>L}

L , 1 210 2
< —y%loQ + = .
_kD)/l |+M/P|VC|
o

Combining these estimates proves (3.1). O

The last term in (3.1) can be estimated by means of the diffusion contribution /Q D(p)|Vp|* and the fluid
term /, |ul®, as stated below.

Lemma 3.2. Suppose that (1.10) holds with some M > 0. Given any n > 0, there exist Ks = K5(y,n) > 0 and Ky =
K¢(y,n, M) > 0 such that

2
/pZ|Vc|2(-,t)+/p3c2(-,t) < (;1+ ‘;’;I>/D(p)|vp|2(-,t)+K5/|u(-,t)|6+K6 forall t € (0, Tz )-
Q Q Q Q

Proof. Testing the equation for ¢ in (1.1) with p%c gives

/p2|VC|2 + /p362 = /pzc% —Z/pCVp -Ve— /pzc(u - Vo). 33)
Q 0Q Q Q

Q
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For the boundary term, the trace embedding Wr+%’2(Q) < L2(0Q) for r > 0 (see [37]) along with ¢ < y ensures

the existence of C > 0 such that
5 dC 2 _
pess picly —¢)

0Q 0Q
2 2
<7oNPl g0,

<cC 2
Yol Wby

Fixr € (0, %). By the fractional version of Gagliardo—Nirenberg inequality [37, Lem. 2.5], there is C > 0 such that

11 sy CIVolz ol + Cliol g,
where 6 = er € (r + % 1). Let L = L(M) > 0 be as in the proof of Lemma 3.1. Given # > 0, combining the

above two estlmates and using Young’s inequality and (1.5), we have

9 ()C l’]kD/ 2
= < 17D \V4 +
/p C()v 6 Vol ¢
Q

o (3.4)

/D(p)|Vp|2+c
Q

ol

for some C = C(y,n) > 0. We now split the domain Q into {p > L} and {p < L} and apply Young’s inequality
along with (1.6) and (1.7) to obtain

—Z/pCVp-VC

Q

=—2/pch-Vc—2/pch'Vc
{p>L} {p<L}

2 2yL
<—y D(p)p|VplIVe| + 2L /\/D(pran

p>L { <L}

1/ 5 2, 272 2y 24 6y*L2|0Q|
< = \Y =_ | D \Y D e
_2/p| cl? + / (p)IVpl* + 6/ (P)IVpl* + ok

Q Q Q

(3.5

Finally, for the last term in (3.3), an integration by parts together with Young’s inequality gives

- /,,zc(u. Vo) = Z/ch(u V) < %/p%z + g/D(p)sz + C/|u|6 (3.6)
Q Q Q Q

Q

with some C = C(y, ) > 0. Combining (3.4)-(3.6) with (3.3) yields the desired result. O
The following bounds for u can be found in ref. [23, Lem. 4.1].

Lemma 3.3. Suppose that (1.10) holds with some M > 0. For any 6 > 0 and A > 0, there exists C > 0 such that

T T
// et |Vu| +|u|6 55//6’“|Vp|2+Ce’1T forall T € (0, Tpay)-
0 0 Q
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Now, we obtain a uniform L*()-bound for p in the following lemma.

Lemma 3.4. Foreachy > 0, one can choose M = M(y) > 0 such that whenever D satisfies (1.10) with this M, there
exists C > 0 fulfilling

sup |p(-, t)”LZ(Q) <C 3.7
t€(0,Tpax)

Proof. We fixy > 0 and choose M = M(y) > 0 sufficiently large to ensure

M > 27 IS0l o1y 3.8)
Here, we may assume that |[S||¢,,) > 0- Let K, be as in Lemma 3.1. Since M* > 4y2||80||i([0’y]), we can pick
n € (0,1) small to satisfy
4y2||S,
< ]\/21 <1_ Y || 1(\)/[”26([0m> 3.9)
3{Iolleo1)

For this choice of #, let K5, K¢ be from Lemma 3.2, and apply Lemma 3.3 with A=1and 6 = Kl This yields
5
K; = K;(y,n) > 0 such that

T
Ks//e|u|6<r1// eD(p)|Vpl* + K" forall T € (0, Ty ) (3.10)
0

Next, Ehrling’s inequality combined with the compact and continuous embeddings W*(Q) <= L2(Q) < LY(Q)
and (1.5) gives Kg = K;(y,#) > 0 such that

S 2
/ P < % / D(p)|Vpl* + Ky @311

Q Q

Combining (3.3) and (3.11) with (3.1) gives

2
d 2 2 / 2 ||50||cuo,y1) 4y? / 2
— D < 202 = D
dt/p +/p + [ DV < PR (5 1 40 [ pp)) v
Q Q Q Q

) 3.12)
Ks||So|
+ MC([O,}’])/lu|6 +Kg,

2
whereK, = K, + Kg + % > 0. Multiplying (3.12) by €', integrating over (0, T), and using (3.10), we deduce

2
eT/pZ(-,T)+ (1_ 3’7H50]U[cuo,yl) 472||30||C([0y1))// D)Vl < < K| o“a[om +K> /pﬁ

Q Q

for all T € (0, Ty, )- Finally, thanks to (3.9), this in particular implies that with some C > 0

/p2(~,T) <C forall T € (0, Tyyy)-
Q
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As a preparation for deriving an L?-estimate for p, we establish boundedness properties for u and Vc.

Lemma 3.5. For each y > 0, there exists M = M(y) > 0 such that whenever D satisfies (1.10) with this M, there
exists C > 0 such that

sup |l u(-, t)”L‘x’(Q) <C (3.13)
t€(0,Tpax)
and
/lVC(', l‘)l6 <C forallte (0, Tmax). (3.14)

Q

Proof. The variation-of-constants formula for u reads

t
u(-,t) = e Auy + / e PAD(p(7)VD)dr.
0

By the continuous embedding D(A%) < L®(Q)? for a € (% 1), it follows that with some g > 0and C > 0

t

”u(‘, t)”Lco(Q) < C”Aauolle(g) + C/ (t - T)_ae_”f||p(~, T)”LZ(Q)dT.
0

This entails (3.13) by (3.7). Next, the Sobolev embedding W**(Q) - W5(Q) and the elliptic regularity for ¢
together with (1.8) yield

IVcllzsy < Cliclwez gy < C(llpllLZ(Q) + luVellpg +lly — CIIW%.Z(m) + 1)
with some C > 0. The trace embedding W'*(Q) < W%’Z(GQ), (3.7), (3.13), and (1.7) imply (3.14). O

It turns out that the regularity properties of u and c established in Lemma 3.5 are sufficient to derive L?(€2)-
bounds for p for all p € (2, ).

Lemma 3.6. For eachy > 0 and p > 2, there exists M = M(y) > 0 such that whenever D satisfies (1.10) with this
M, there exists C > 0 such that

sup lp(, Ol < C 3.15)
t€(0. Trnax)

Proof. Let k;, be the positive constant in (3.2). Testing the equation for p in (1.1) by pp?~", adding |/, p? to both
sides, and using (1.8) and Young’s inequality, we obtain

8 s [0+ 207D ool
dt/p +/p +=E D(p)|Vp
Q Q Q

Sz(p_l)”SOHC([o,y])//ﬁp Vpt||Vel +/Pp
? © (3.16)
Q
< pT_lfD(p)|sz / Vel +1
Q Q
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with some C = C(p, y) > 0. By Holder’s inequality and (3.14), we find C = C(y, M) > 0 such that

p 2 2 p 2P
[or (196 +1) < 19eR +1] o 1071, < o[ (.17
Q
Applying the Gagliardo—Nirenberg inequality, we have
P2 20 p112(1-6) 2

”pz XQ) SC”V/” Lz(sz)“p2 L%(Q)+C||p2 Lh (@’

where § = il;% € (0,1), and thus by Young’s inequality and (1.5), we infer
B2 p—1 2|2
|p2 sy S /D(p)|sz +C (3.18)
Q

with some C = C(p) > 0. Substituting (3.17) and (3.18) into (3.16), we obtain the following inequality for y(t) =
_/Q pP(, 0:
Y®+y)<c,

which entails (3.15). O

Proof of Theorem 1.2. Foranyy > 0,let M = M(y) > 0be chosen according to (3.8), and suppose that (1.10) holds
with this M. To begin, we establish that Vc € L%(0, Tpay; L¥(Q)). Fix t € (0, Tyex) and p > 3. As in the proof
of (3.14), elliptic regularity for c, along with (1.6), ensures the existence of C > 0 such that

Cllwa < C( uVce —-c 1).
llclwerq) < ol + I Ly + 1Y ||W171p.p(ag) +

Thus, thanks to the trace embedding W-?(Q) < Wl_ip’p (0€2) as well as the bounds (3.13) and (3.15), we deduce
that

lcliwepgy < C(l + “VC”LP(Q))

for some C > 0. From Ehrling’s inequality along with the compact and continuous embeddings W'?(Q) <—
LP(Q) & L*(Q), we note that for each € > 0, there exists C, > 0 such that

IVcllprg) < llcliwarg) + CellVellzg)-

Therefore, choosing € sufficiently small, and using (1.7) and the Sobolev embedding W>P(Q) & Wh®(Q), we can
find C > 0 such that
sup [IVe(, Dl < C.
t€(0,T0x)
Finally, with the uniform L*(€2)-bound on V¢ established, a standard Moser iteration argument applied to the
equation for p completes the proof of Theorem 1.2. O

4 Proof of Theorem 1.3

Throughout this section, we consider £ = B, C R", R > 0, with n = 2, 3, and let § = [,,,.,,. The initial data p, in
(1.4) are taken to be radially symmetric. We consider the following fluid-free system for (p, c)(r, t) = (p, ¢)(|x|, t):

-

0p ="' D(P)p,), + T (M pcy) . T E(O,R), tE (0, Ty )

< 0=r"(r""c), - pc, re€(0,R), t € (0, Tpay)- @n

Dp)p, + g =0, (¢, +O,g=7v, tE (0’ Tmax)’

Pli=o = Po> r € (0,R).
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Note that p,|,—y = C.|,—9 = 0 for t < T, To detect blow-up of p, we analyze the time evolution of a suitable
functional ¢(t) (see Lemma 4.2), which is defined in terms of the mass accumulation function

Sl

N

wis, )= - / (x, )dx = / L o(r, t)dr.
a)n
Bam 0
The equation for p in (4.1) with its no-flux boundary condition then transforms to the following Dirichlet problem
for w:

2.2-2 1-1 H n
w; = n°s” i D(nw)wg + ns nwsCS<Sn,t), s € (0,R"), t € (0, Tpay)s
J Wy = 0; Weepr = 07|20l 10 t € (0, Tyax) @)
sn
Wiy = /s”‘lpo(s)ds, s e (0,RY).
L 0

The next lemma ensures that ¢ maintains a positive lower bound at the boundary r = R.

Lemma 4.1. Ifthe initial data p, is such that (1.4) holds, then

c(R,t) > for all t € (0, Tpay)- (4.3)

Y
1+ R0 ool

Proof. Since p > 0 and ¢ > 0, we have

r

e (r,t) = /s"‘lp(s, t)c(s, t)ds > 0,
0

which shows that c(r, t) is nondecreasing in r. Along with the boundary condition for c in (4.1), we have

y —CcR,t) = (R, 1)
R

=R+ / " o(r, t)e(r, )dr
0

< R0 pg | 1y (R, O,

which directly implies (4.3). O

We now introduce a moment-type functional whose time evolution yields a differential inequality sufficient
for proving blow-up.
Lemmad4.2. Let m € 0,% and ¢ € <2 - %,2 — 2 _m). Then, there exists A = A(n,m,a,R) > 0 with the

n

property that whenever D satisfies (1.11), the initial data p, is such that (1.4) holds, and y > 0, then the functional
Rn
P(t):= / s~ %w(s, t)ds

0

belongs to C°([0, Tyyay)) N C1((0, Ty ), and satisfies

2
%d)(t) > —Allpo|" ) + 1 eoliw o foran e (0,7,). 4.4)

A (l1olley +1)
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Proof. Letm € <0, %) anda € <2 - %, 2— % - m).Then, @(t) € C([0, Tppay)) N CH((0, Ty )) by the dominated
convergence theorem.

We define :

D(&)::/D(U)da for£ >0,
0
and differentiate ¢(¢) to obtain

R" R"

4wy =n / &£ n99,(D(nw(s, 1))ds + n / ST (s, t)cs(s%,t)ds
dt 4.5)
0 0
=1I(6) + J(¢).
Estimate of I(t). From (1.11), we have
4
D(¢) < KD/ (1+0)"do < K—”’fé”".
0
Integration by parts then yields
RI[
I(t) = —n(z . a)/ sl_%_"D(nws(s, t))ds
n
0
2 ~ R
+ {nsZ_T“D(nws(s, 0} 4.6)
s=0
Rll
—_ —_ m
S _Kp(2n ,Zn na)n /Sl—%—a(ws(& )"ds,

0

where the boundary term at s = 0 vanishes duetoa < 2 — % — m. Applying Hélder’s inequality and using again
a<2— % — m, we deduce

R 1-m R m
10> —C / s(=ime) s / (s, 0ds .
0 0 ’
= _C”/’o”ﬁ(g)

with some C = C(n,m,a,R) > 0.
Estimate of J(t). We consider two cases depending on the value of c(0, t), separately. Let

_ 1
1+ R Mo oo

p:
and
Sy = {t € (0, Tpay ) €(0,8) < IZ/}

where k > 1 will be specified later.
We first deal with the case t € S,;. From the equation for c in (4.1), it holds that
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nw,(s", t) = p(s, t) > s Un ¢),),(s, t) 4.8)

for all s € (0, R). Using (4.8) and integrating by parts, we estimate
R!l

J(t) = n/ ST (s, t)cs<s%, t)ds

0

R
=n / §PITNE (s, (s, t)ds

0
R

>n / s g (s (In €),)(s, ey (s, tds
0

4.9)
R
= —n(n—1- na) / Gn-3-na (ng:%)z ds
0
R
-n / s=2na(In ) (s, teg(s, t)ds
0
+n{s""(In ¢) (s, t)ey(s, 1)} |f:0.
By the equation for ¢, we obtain
R
-n / sEna(In ) (s, t)eg(s, tds
0
R
—n / 2 o) (5,0 s, 0cts, 0 = " Lo 0)ds
0
R
=—J(t)+ n(n — 1)/ s34 (In ) (s, t)ey(s, £)ds.
0
The last term on the right hand side of (4.9) is nonnegative because the positiveness of ¢ gives
lim sZn—Z—na M —
50 c(s, t)
Hence, we deduce
n*a y on—3-na S5(S, 1) 2 y n—3— 1y )2
JO > 7/s" ey is = a/s" "“((cz)s) (s, D)ds. (4.10)
0 0

We observe from Hélder’s inequality and the condition 2 — % < o that
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(c%(R, ) —c%(o,t)) = (s,0ds

R
23— na > (s,t)ds| - /s—2n+3+”ads (4.11)

IA

[
J

0

0
R

C/ §2n—3- "" ) (s, t)ds
0

with some C = C(n, m, &, R) > 0. Combining (4.10) and (4.11), it follows from Lemma 4.1 that, for all t € S,

1 1 2
J@®) > C(CE(R, t) —cz(0, t)) >C <1 - \/—> By (4.12)
with some C, = C,(n,m,a,R) > 0.
On the other hand, if t & S, i.e., ¢(0, t) > ﬂ—ky, then it follows that

S
(s, t) = s‘"”/ r"o(r, t)e(r, )dr > ﬂ—;s‘"“w(s",t),
0

which yields via integration by parts that

R
Jt) = n/ SR (s, t)cs<s%, t)ds

0

R

> iliy/ s w(s, hw(s, t)ds
0
R

— n’l —a 2
=k /s d,(w*(s, t))ds
0

R

= ”‘;‘Ify/ Lwk(s, O)ds + ”ﬂy{s—“ w(s, t)}|
0

2
ll#oll ey BY
k

with some C, = C,(n, m, @, R) > 0. We choose

2
C
= (v C*Z”/’onwm +1>

so that the right-hand sides of (4.12) and (4.13) coincide. This choice guarantees the existence of C =
C(n,m, a, R) > 0 such that

>C, (4.13)

2
J@©) > cM@gy. (4.14)
(lPolley +1)

Combining (4.7) and (4.14) with (4.5) yields the desired result. O
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We are now in a position to complete the proof of Theorem 1.3.
Proof of Theorem 1.3. Letm € <0, %) Seta € (2 — %,min{z — % — ml}) as

2— é+min{2— z —m,l}
n n
5 .
Let A = A(n,m,R) > 0 be as provided by Lemma 4.2. Given any L > 0, define

a =

(L +1)3

* . 2
y*i=2N i

(4.15)
Now take y > y* and consider any radially symmetric initial data p, satisfying (1.4) and || po|| 1) = L- Let (p, ¢)
be the corresponding solution to (4.1) guaranteed by Proposition 1.1. From Lemma 4.2 and (4.15), the functional
o) = [ s~ w(s, t)ds fulfills

1

d Aagmy 1 L
dt¢>(t)zAL+A

my* = ALm fOI' all te (0, Tmax)' (416)

Therefore, using the fact @ < 1, integration of (4.16) over time yields

R’l
ALt < ¢(t) = /s‘“uJ(s, t)ds < #Rn(l—a)
w,(1—a)
0
for all t € (0, Tyyay ), which induces that Ty, must be finite, as desired. 0
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