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Abstract: In this paper, we consider the chemotaxis-consumption system on a bounded smooth domain Ω ⊂

ℝn, n = 2, 3, with fluid coupling

⎧⎪⎪⎨⎪⎪⎩

𝜌t + u ⋅∇𝜌−∇ ⋅ (D(𝜌)∇𝜌) = ∇ ⋅ (𝜌S(x, 𝜌, c) ⋅∇c),

u ⋅∇c −Δc = −𝜌c,

ut + 𝜅(u ⋅∇)u−Δu+∇𝜋 = 𝜌∇Φ, ∇ ⋅ u = 0,

subject to the boundary conditions 𝜈 ⋅ (D(𝜌)∇𝜌+ 𝜌S(x, 𝜌, c)∇c)|𝜕Ω = 0, (𝜈 ⋅∇c + c)|𝜕Ω = 𝛾 , and u|𝜕Ω = 0.When

(n, 𝜅) = (2, 1), we establish the global existence and uniform boundedness of classical solutions for all suitably

regular initial data, under general structural conditions on the tensor-valued sensitivity S and a strictly positive

lower bound on the diffusivityD. In case (n, 𝜅) = (3, 0), we show that the same result holds provided thatDmeets

a certain diffusion enhancement condition depending on 𝛾 . Moreover,we construct finite-timeblow-up solutions

for the radially symmetric, fluid-free system when n = 2, 3, D(𝜉) ≲ (1+ 𝜉)m−1 with 0 < m <
2

n
and S ≡ 𝕀n×n. We

prove that, for any prescribed initial mass, blow-up occurs when 𝛾 is sufficiently large.
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1 Introduction

The movement of bacteria toward or away from chemical signals, a mechanism known as chemotaxis, plays a

crucial role in their survival. For instance, some aquatic bacteria migrate toward the water–air interface for

oxygen uptake [1], and other bacteria employ a more sophisticated strategy to find an optimal oxygen concen-

tration, exhibiting a repellent response to high concentrations and an attractant response to low concentrations

[2]. These chemotacticmotions of bacteria are often observed in the presence of amoving fluid. Fromamodeling

perspective, such situations can be described by chemotaxis-consumption systems coupled to fluid equations:

𝜌t + u ⋅∇𝜌−∇ ⋅ (D(𝜌)∇𝜌) = ∇ ⋅ (𝜌S(x, 𝜌, c) ⋅∇c),
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𝜏ct + u ⋅∇c −Δc = −𝜌c,

ut + 𝜅(u ⋅∇)u−Δu+∇𝜋 = 𝜌∇Φ, ∇ ⋅ u = 0.

Here, 𝜌 denotes the density of themotile species, c represents the concentration of a chemical substance, u is the

incompressible fluid velocity, and 𝜋 stands for the associated pressure. The function D models the diffusivity,

and S is the tensor-valued chemotactic sensitivity. The scalar function Φ represents a prescribed gravitational

potential. The model was originally proposed by Tuval et al. [1] to describe the dynamics of aerobic bacteria

Bacillus subtilis living in water. Over the past years, a number of works have investigated various forms of this

model under different assumptions on its structures, such as D and S, or on the presence or absence of the fluid.

For an overview of this system and its variants, see [3]. We briefly review these results below.

Most previous studies have focused on the setting with no-flux boundary conditions for both 𝜌 and c

(combined with no-slip boundary conditions for u), which is well-suited for the construction of Lyapunov-type

functionals. Indeed, for linear diffusivity D ≡ 1 and scalar sensitivity S = −𝜒 (c) with suitably chosen positive

𝜒 (e.g., the prototype 𝜒 (c) ≡ 1), such functionals have been used to prove global solvability as well as stability

and asymptotic behavior; see, e.g., [4,5] and references therein. When 𝜒 is singular of the form 𝜒 (c) = c−𝛼 with

𝛼 > 0, global solutions at various regularity levels have been constructed (e.g., [6,7]).

Such global solvability, and even boundedness, can remain valid when diffusion is strengthened (e.g., the

porous-medium type D(𝜌) ≈ 𝜌m−1 with m > 1). For n = 2, 𝜅 = 0 (Stokes flow), and sufficiently smooth 𝜒 ≥ 0,

it has been shown that global bounded weak solutions exist whenever m > 1 [8]. For n = 3 and 𝜅 = 0, global

weak solvability has been proved for m ∈
(
3

2
, 2
]
under suitable conditions on scalar sensitivity 𝜒 [9]. In the

special case𝜒 ≡ 1 and𝜅 = 0, the existence of locally bounded global solutions has been establishedwhenm >
8

7

[10]. This result was later extended to the case m >
9

8
by [11], where the authors also proved the boundedness

and stabilization of solutions to spatially homogeneous equilibria. For the existence of global bounded weak

solutions whenm ≥
65

63
, see [12].We also remark that in chemotaxis systemswith signal productionmechanisms,

nonlinear diffusion has been shown to play a similarly important role in determining global boundedness (e.g.,

[13,14]).

For tensor-valued sensitivity S, there are relatively few results.When S decays as |S(x, 𝜌, c)| ≤ (1+ 𝜌)−𝛼 with
𝛼 >

1

6
, global classical solvability has been proved for n = 3 and𝜅 = 0 under linear diffusion [15], later extended

to 𝛼 > 0 [16]. Under the more general condition |S(x, 𝜌, c)| ≤ S̃(c) with a nondecreasing S̃, global existence and

boundedness of weak solutions have been established for n = 2, 𝜅 = 1, m > 1 [17] and for n = 3, 𝜅 = 0, m >
7

6

[18] (see also [19] for small-data result). In the same setting for S, global mass-preserving generalized solutions

have been constructed for 𝜅 = 0 [20] and 𝜅 = 1 [21] in two dimensions, with eventual smoothness and stabi-

lization in the former [22]. For n = 3 and 𝜅 = 0, global boundedness has been obtained even when S exhibits

singularity |S(x, 𝜌, c)| ≤ S̃(c)∕c1∕2, provided diffusion is slightly enhanced, including the case m > 1 [23]. Very

recently, this result has been extended to the case n = 2, 𝜅 = 1, and |S(x, 𝜌, c)| ≤ S̃(c)∕c5∕6 in ref. [24].
We also note that there have been results on global solvability and large-time behavior subject to either

Robin orDirichlet boundary conditions for c (see, e.g., [25,26]). However, it remains openwhether linear diffusion

can ensure classical, or even weak, global solvability for general sensitivity S. A partial result is given in ref. [27],

where global bounded classical solutions have been constructed in the fluid-free system under general S and

linear diffusion for the Robin case; see also ref. [28] for the Dirichlet case.

In the radially symmetric, fluid-free system with the Dirichlet boundary condition for c, recent works have

demonstrated that finite-time blow-upmay occurwhen the chemotaxis term is repulsive (e.g., S(x, 𝜌, c) = 𝜒 (c) >
0). If 𝜏 = 0 and n ≥ 2, then D(𝜌) ≈ 𝜌m−1 with 0 < m < 1 and 𝜒 (c) = c−1 can lead to blow-up [29]. When 𝜏 = 0,

n = 2, and 𝜒 (c) ≡ 1, blow-up has been observed for 0 < m < 1, while global boundedness has been shown for

m ≥ 1 [30]. This result has recently been partially extended to n ≥ 3 [31]. We also refer to ref. [32] for a finite-time

blow-up result when 𝜏 = 0, n = 2,m = 1, and S(x, 𝜌, c) = (𝜌+ 1)l−1 with l > 1.

The purpose of this paper is to establish results on global boundedness and finite-time blow-up in the

chemotaxis-consumption system coupled to the (Navier–)Stokes equations with no-flux/Robin/no-slip bound-

ary conditions. Our analysis covers tensor-valued sensitivities S under general structural assumptions for the
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boundedness results, while the blow-up scenario is demonstrated in the repulsive case S ≡ 𝕀n×n. Specifically, we
obtain three types of results: (i) global boundedness in two dimensions under a strictly positive lower bound on

the diffusivity D, which in particular includes the linear diffusion case; (ii) global boundedness in three dimen-

sions provided D is sufficiently strong in a sense depending on 𝛾 ; and (iii) finite-time blow-up in the radially

symmetric and fluid-free setting when D is sufficiently weak. These results complement and extend previous

works in the fluid-free framework and for models with Dirichlet boundary conditions for c [27,30,31].

To state ourmain results, we specify our problem. Consider the situationwhere the diffusion of c occurs on a

much faster time scale than that of𝜌, namely 𝜏 ≡ 0. The problem is then given by the following parabolic–elliptic

chemotaxis-consumption fluid system with tensor-valued sensitivity:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜌t + u ⋅∇𝜌−∇ ⋅ (D(𝜌)∇𝜌) = ∇ ⋅ (𝜌S(x, 𝜌, c) ⋅∇c), x ∈ Ω, t > 0,

u ⋅∇c −Δc = −𝜌c, x ∈ Ω, t > 0,

ut + 𝜅(u ⋅∇)u−Δu+∇𝜋 = 𝜌∇Φ, ∇ ⋅ u = 0, x ∈ Ω, t > 0,

𝜌(x, 0) = 𝜌0(x), u(x, 0) = u0(x), x ∈ Ω,

𝜈 ⋅ (D(𝜌)∇𝜌+ 𝜌S(x, 𝜌, c) ⋅∇c) = 0, 𝜈 ⋅∇c = 𝛾 − c, u = 0, x ∈ 𝜕Ω, t > 0.

(1.1)

Here,Ω ⊂ ℝn, n = 2, 3, is a bounded domain with smooth boundary, 𝜅 ∈ ℝ, and 𝛾 ∈ ℝ+ := (0,∞). We suppose

that D and S fulfill

D ∈ C
2([0,∞)), D(𝜉 ) > 0 for all 𝜉 ∈ ℝ+, (1.2)

S ∈ C
2
(
Ω×ℝ+ ×ℝ+

)
, and there exists S0 ∈ C

(
ℝ+

)
such that

|S(x, r, s)| ≤ S0(s) for all (x, r, s) ∈ Ω×ℝ+ ×ℝ+.

(1.3)

The initial data (𝜌0, u0) and the potential functionΦ are assumed to satisfy

𝜌0 ∈ W
1,∞(Ω), (0 ≢)𝜌0 ≥ 0 on Ω, u0 ∈ D(A𝛼 ) for some 𝛼 ∈

(
n

4
, 1
)
, andΦ ∈ C

2(Ω), (1.4)

whereA := − Δ denotes the realization of the Stokes operator in the solenoidal subspaces L2
𝜎
(Ω)(Ω)n :={𝜑 ∈

L2(Ω)n |∇ ⋅ 𝜑 = 0} of L2(Ω)n.
We begin by stating the local well-posedness result for the system (1.1).

Proposition 1.1. LetΩ ⊂ ℝd, d ∈ {2, 3}, be a bounded smooth domain. Suppose that D and S satisfy (1.2) and (1.3).
Then, for any initial data (𝜌0, u0) satisfying (1.4), there exist a maximal time Tmax = Tmax(𝜌0, u0) ∈ (0,∞] and a

classical solution (𝜌, c, u, 𝜋) of (1.1) inΩ×
(
0, Tmax

)
such that

𝜌 ∈ C

(
Ω× [0, Tmax)

)
∩ C

2,1
(
Ω×

(
0, Tmax

))
, c ∈ C

2,0
(
Ω×

(
0, Tmax

))
,

u ∈ C

(
Ω× [0, Tmax)

)
∩ C

2,1
(
Ω×

(
0, Tmax

))
, 𝜋 ∈ C

1,0
(
Ω×

(
0, Tmax

))
.

Moreover, if Tmax <∞, then 𝜌 blows up in the sense that

‖𝜌(⋅, t)‖L∞(Ω) →∞ as t→ Tmax.

In addition, it holds that 𝜌 ≥ 0 and c > 0 inΩ×
(
0, Tmax

)
, and that

∫

Ω

𝜌(x, t)dx =
∫

Ω

𝜌0(x)dx for all t ∈
(
0, Tmax

)
, (1.5)

‖c(⋅, t)‖L∞(Ω) ≤ 𝛾 for all t ∈
(
0, Tmax

)
, (1.6)
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∫

Ω

|∇c(x, t)|2dx +
∫

Ω

𝜌c2(x, t)dx ≤ 𝛾2|𝜕Ω| for all t ∈
(
0, Tmax

)
, (1.7)

as well as

‖S(⋅, 𝜌(⋅, t), c(⋅, t))‖L∞(Ω) ≤
‖‖S0‖‖C([0,𝛾]) for all t ∈

(
0, Tmax

)
. (1.8)

In the fluid-free system (u ≡ 0 ≡ ∇Φ), if we further assume that 𝜌0 in (1.4) is radially symmetric, then (𝜌, c) are
radially symmetric for all t ∈

(
0, Tmax

)
.

Proof. Local existence and blow-up criteria can be found, e.g., in ref. [31]. The nonnegativity of the solutions and

(1.6) follow from themaximum principle. Themass conservation (1.5) is obtained by integrating the equation for

𝜌 in (1.1) overΩ. Estimate (1.7) results from testing the equation for c in (1.1) with c. Finally, (1.8) is an immediate

consequence of the assumption on S in (1.3) together with (1.6). □

We next state our main results concerning global existence and blow-up phenomena.

Theorem 1.1. LetΩ ⊂ ℝ2 be a bounded smooth domain, and suppose that D and S satisfy (1.2) and (1.3). Suppose

in addition that

D(𝜉 ) ≥ kD for all 𝜉 ∈ ℝ+, for some kD > 0. (1.9)

Then for any initial data (𝜌0, u0) fulfilling (1.4), the classical solution (𝜌, c, u, 𝜋) of (1.1) exists globally in time and

satisfies

sup
t>0

(‖𝜌(⋅, t)‖L∞(Ω) + ‖c(⋅, t)‖W1,∞(Ω) + ‖u(⋅, t)‖L∞(Ω)

)
<∞.

Theorem 1.2. Let Ω ⊂ ℝ3 be a bounded smooth domain, 𝜅 = 0, and suppose that D and S satisfy (1.2) and (1.3).

Then, for any 𝛾 > 0, there exists M = M(𝛾) > 0 such that if D additionally fulfills

lim inf
𝜉→∞

D(𝜉 ) ≥ M, (1.10)

then for any initial data (𝜌0, u0) satisfying (1.4), the classical solution (𝜌, c, u, 𝜋) is global in time and satisfies

sup
t>0

(‖𝜌(⋅, t)‖L∞(Ω) + ‖c(⋅, t)‖W1,∞(Ω) + ‖u(⋅, t)‖L∞(Ω)

)
<∞.

Remark 1.1. We can extend Theorems 1.1 and 1.2 to more general Robin boundary conditions 𝜈 ⋅∇c = (𝛾 − c)g

with 0 < g ∈ C
1+𝜃(𝜕Ω) for some 𝜃 ∈ (0, 1); however, for simplicity, we assume g ≡ 1.

Remark 1.2. In Theorem 1.2, the lower boundM depends not only on 𝛾 but also on the structure of S; see (3.8).

In particular, if |S| ≤ 1 (e.g., the prototype S = ±𝕀n×n), the condition can be simplified to

lim inf
𝜉→∞

D(𝜉 ) ≥ 2𝛾 .

Theorem 1.3. LetΩ = BR ⊂ ℝn, n ∈ {2, 3}, and m ∈
(
0,

2

n

)
. Suppose that S ≡ 𝕀n×n, and D satisfies (1.2) and

D(𝜉 ) ≤ KD(1+ 𝜉 )m−1 for all 𝜉 > 0, for some KD > 0. (1.11)

Then, for any L > 0, there exists 𝛾∗ = 𝛾∗(n,m,R, L) > 0 such that for all 𝛾 ∈ [𝛾∗,∞) and any radially symmetric

initial data 𝜌0 satisfying (1.4) and ‖‖𝜌0‖‖L1(Ω) = L,

the corresponding solution (𝜌, c) to (1.1) in the fluid-free setting (u ≡ 0 ≡ ∇Φ) blows up in finite time, i.e., Tmax <∞.
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Remark 1.3. A similar argument can establish the blow-up of solutions, in either finite or infinite time, for higher

dimensions n ≥ 4. However, we focus on n = 2, 3 cases as they are the most physically relevant.

Strategy. To prove Theorem 1.1, a crucial step is the derivation of spatially localized, time-uniform L
2-estimate

for ∇c (Lemma 2.7), extending earlier result available only in the fluid-free case [27, Prop. 3.1]. This estimate

further leads to additional localized estimates, including in particular 𝜌 ln 𝜌 in L∞
t
L1
loc
(Ω) (Lemmas 2.9 and 2.10).

These, in turn, yield L∞-bound of 𝜌 uniform-in-time.

For Theorem 1.2, the absence of a convection term in the fluid equations, together with the assumption

(1.10) on D, makes it possible to close the energy estimate for 𝜌 (Lemmas 3.1–3.4). This step requires the control

of ‖u‖L6(Ω), which, as observed in ref. [23], can be bounded in terms of ‖∇𝜌‖L2(Ω) (Lemma 3.3). This energy

estimate is sufficient to conclude uniform boundedness for 𝜌.

Theorem 1.3 states a finite-time blow-up result when 𝛾 ≥ 𝛾∗(n,m,Ω, ‖‖𝜌0‖‖L1(Ω) ). We remark that the depen-

dence of 𝛾∗ on 𝜌0 is considerably simpler than that in previous works [31, proof of Thm. 3], where the required

largeness of the boundary condition for blow-up depended on 𝜌0 in a quite nonlinear way. To this end, after

obtaining a uniform-in-time lower bound for c (Lemma 4.1), we separately consider two cases c(0, t) ≤ h𝛾 and

c(0, t) > h𝛾 for some h ∈ (0, 1), to derive anODI𝜙′(t) ≳ −‖‖𝜌0‖‖mL1(Ω)
+ 𝛾‖‖𝜌0‖‖2L1(Ω)

∕(‖‖𝜌0‖‖L1(Ω)
+ 1)3 for amoment-

type bounded functional 𝜙 of the mass accumulation function (Lemma 4.2). This in turn leads to blow-up since

𝜙 linearly grows in time whenever 𝛾 ≥ 𝛾∗.

Throughout this paper, C denotes a generic positive constant, which may vary from line to line, and the

notation C(⋅, ⋅,…) indicates its dependence on the specified quantities. For n ≥ 2, we denote by 𝜔n the surface

measure of the unit sphere in ℝn and by BR the ball of radius R centered at the origin. Whenever no confusion

arises, the norm ‖ ⋅ ‖L p(Ω) will be abbreviated by ‖ ⋅ ‖L p .

Unless stated otherwise, we assume throughout that (𝜌0, u0) andΦ satisfy (1.4), and that D and S fulfill (1.2)

and (1.3), respectively. Let (𝜌, c, u) inΩ×
(
0, Tmax

)
denote the corresponding solution given in Proposition 1.1.

2 Proof of Theorem 1.1

In this section, n = 2 and consider (1.1) with 𝜅 = 1, corresponding to the full Navier–Stokes coupling.

The following lemma is derived from the basic properties of the solutions stated in Proposition 1.1.

Lemma 2.1. Suppose that (1.9) holds. There exists C = C(𝛾) > 0 such that

t+𝜏

∫
t

∫

Ω

|∇ ln(𝜌+ 1)|2 ≤ C for all t ∈ (0, Tmax − 𝜏 ),

where 𝜏 := min
{
1,

1

2
Tmax

}
.

Proof. From the equation for 𝜌 in (1.1), Young’s inequality, (1.8), and (1.9), we obtain

− d

dt∫
Ω

ln(𝜌+ 1) ≤ −kD
∫

Ω

|∇ ln(𝜌+ 1)|2 + ‖‖S0‖‖C([0,𝛾])∫
Ω

|∇ ln(𝜌+ 1)||∇c|

≤ −kD

2 ∫

Ω

|∇ ln(𝜌+ 1)|2 + ‖‖S0‖‖2C([0,𝛾])
2kD ∫

Ω

|∇c|2.
Integrating over [t, t + 𝜏] and using (1.7) and a trivial inequality 𝜌 ≥ ln(𝜌+ 1) along with (1.5) leads to the claim.

□
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The following functional inequality is a variant of the Trudinger–Moser inequality (cf. [33, Lem. 2.2]).

Lemma 2.2. For each 𝜂 > 0, there exists C = C(𝜂) > 0 such that for all nonnegative f ∈ C(Ω), f ≢ 0, and g ∈
W

1,2(Ω), and each a > 0, one has

∫

Ω

f |g| ≤ 1

a∫

Ω

f ln

(
f

f

)
+ (1+ 𝜂 )a

8𝜋 ∫

Ω

f
∫

Ω

|∇g|2 + Ca
∫

Ω

f

⎛⎜⎜⎝∫Ω
|g|⎞⎟⎟⎠

2

+ C

a∫

Ω

f ,

where f := 1

|Ω|∫Ω f .

Thanks to Lemmas 2.1 and 2.2, we can deduce the following logarithmic integrability property for 𝜌.

Lemma 2.3. Suppose that (1.9) holds. There exists C = C(𝛾) > 0 such that

t+𝜏

∫
t

∫

Ω

𝜌 ln(𝜌+ 1) ≤ C for all t ∈ (0, Tmax − 𝜏 ),

where 𝜏 := min{1, 1
2
Tmax}.

Proof. Using Lemma 2.2 with f = 𝜌, g = ln(𝜌+ 1) and a = 𝜂 = 2, and (1.5), we arrive at

∫

Ω

𝜌 ln(𝜌+ 1)

≤
1

2∫
Ω

𝜌 ln 𝜌− 1

2
(ln 𝜌0 )

∫

Ω

𝜌0 +
3

4𝜋 ∫
Ω

𝜌0
∫

Ω

|∇ ln(𝜌+ 1)|2 + 2C
∫

Ω

𝜌0

⎛⎜⎜⎝∫Ω
ln(𝜌+ 1)

⎞⎟⎟⎠
2

+ C

2 ∫
Ω

𝜌0.

The claim follows from the trivial inequalities a ln a ≤ a ln(a+ 1) and a ≥ ln(a+ 1) for a ≥ 0, (1.5), and

Lemma 2.1. □

We next recall a standard ODE-type lemma for absorbing inequalities (see [34, Lem. 3.4]).

Lemma 2.4. Let h ∈ L1
loc
(ℝ) be nonnegative and suppose there exist 𝜏 > 0 and b > 0 such that

1

𝜏

t+𝜏

∫
t

h(s)ds ≤ b for all t ∈ (0, T − 𝜏 ).

Assume further that y ∈ C([0, T)) ∩ C
1((0, T)) satisfies

y
′(t)+ ay(t) ≤ h(t) with some a > 0.

Then,

y(t) ≤ y(0)+ b𝜏

1− e−a𝜏
for all t ∈ (0, T ).

We now derive a uniform-in-time energy estimate for the velocity field.

Lemma 2.5. Suppose that (1.9) holds. There exists C = C(𝛾) > 0 such that

sup
t∈(0,Tmax)

‖u(⋅, t)‖L2(Ω) ≤ C (2.1)

and
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t+𝜏

∫
t

∫

Ω

|∇u|2 ≤ C for all t ∈ (0, Tmax − 𝜏 ), (2.2)

where 𝜏 := min{1, 1
2
Tmax}.

Proof. Testing the equation for u in (1.1) with u yields

1

2

d

dt∫
Ω

|u|2 +
∫

Ω

|∇u|2 ≤ ‖∇Φ‖L∞(Ω)
∫

Ω

𝜌|u|.
Using Lemma 2.2 with f = 𝜌, g = u, 𝜂 = 1, together with (1.5), we obtain

∫

Ω

𝜌|u| ≤ 1

a∫

Ω

𝜌 ln

(
𝜌

𝜌0

)
+ a

4𝜋 ∫
Ω

𝜌0
∫

Ω

|∇u|2 + Ca
∫

Ω

𝜌0

⎛⎜⎜⎝∫Ω
|u|⎞⎟⎟⎠

2

+ C

a∫

Ω

𝜌0.

By Poincaré and Hölder’s inequalities, we have

⎛⎜⎜⎝∫Ω
|u|⎞⎟⎟⎠

2

≤ C
∫

Ω

|∇u|2.
By choosing a = a(‖‖𝜌0‖‖L1(Ω), ‖∇Φ‖L∞(Ω) ) > 0 sufficiently small and applying Poincaré inequality once more,

we, therefore, obtain

d

dt∫
Ω

|u|2 +
∫

Ω

|u|2 +
∫

Ω

|∇u|2 ≤ C

⎛⎜⎜⎝1+ ∫

Ω

𝜌 ln(𝜌+ 1)

⎞⎟⎟⎠
with some C > 0. The claim follows by applying Lemmas 2.3 and 2.4. □

To derive spatially localized estimates, we prepare the following test function (cf., [27]).

Lemma 2.6. Let 𝜂 ∈ (0, e−1). Then, the nonnegative radial function

𝜓𝜂(x) :=
⎧⎪⎨⎪⎩
ln(− ln |x|)− ln(− ln 𝜂 ), if x ∈ B𝜂(0)∖{0},

0, otherwise,

satisfies 𝜓𝜂(x) ↗ ∞ as |x|→ 0, and moreover,

‖‖‖𝜓𝜂‖‖‖H1(ℝ2)
+

‖‖‖‖∇
(
𝜓 2
𝜂

)‖‖‖‖L2(ℝ2)
→ 0 as 𝜂→ 0.

Proof. It was shown in ref. [27, Prop. 3.1] that 𝜓𝜂 ↗ ∞ as |x|→ 0 while
‖‖‖𝜓𝜂‖‖‖H1(ℝ2)

→ 0 as 𝜂→ 0. It remains to

show that
‖‖‖‖∇

(
𝜓 2
𝜂

)‖‖‖‖L2(ℝ2)
→ 0 as 𝜂→ 0. Passing to radial coordinates, we compute

‖‖‖‖∇
(
𝜓 2
𝜂

)‖‖‖‖
2

L2(ℝ2)
= 4𝜔2

𝜂

∫

0

𝜓 2
𝜂
(r)(𝜕r𝜓𝜂(r))

2
rdr

≤ 4𝜔2

𝜂

∫

0

| ln(− ln r)|2|r ln r|2 rdr.

Substituting 𝜁 = −ln(−ln r), we obtain



8 — D. Kim and J. Ahn: Chemotaxis-consumption system with Robin boundary conditions

‖‖‖‖∇
(
𝜓 2
𝜂

)‖‖‖‖
2

L2(ℝ2)
≤ 4𝜔2

∞

∫

ln(− ln 𝜂 )

𝜁 2

e𝜁
d𝜁,

which vanishes as 𝜂→ 0. □

We show that the spatially localized L2-norm of∇c can be made arbitrarily small uniformly in time.

Lemma 2.7. Suppose that (1.9) holds. Then, for each 𝜀 > 0, there exists 𝛿⋆ = 𝛿⋆(𝜀, 𝛾) > 0 such that for all q ∈ Ω
and all 𝛿 ∈ (0, 𝛿⋆),

sup
t∈(0,Tmax)

‖∇c(⋅, t)‖L2(Ω∩B𝛿 (q)) ≤ 𝜀.

Proof. Fix q ∈ Ω, 𝜂 ∈ (0, e−1), and define 𝜓𝜂(x) as in Lemma 2.6. Denote 𝜓 (x) :=𝜓𝜂(x − q). Multiplying the

second equation in (1.1) by c𝜓 2 and integrating overΩ yields

∫

Ω

|∇c|2𝜓 2 +
∫

Ω

𝜌c2𝜓 2 = 1

2∫
Ω

c
2
u ⋅∇

(
𝜓 2

)
+
∫

𝜕Ω

c(𝛾 − c)𝜓 2 − 2
∫

Ω

c𝜓∇c ⋅∇𝜓 .

To estimate the last term, we apply Young’s inequality and use (1.6):

|||||||
−2

∫

Ω

c𝜓∇c ⋅∇𝜓
|||||||
≤
1

2∫
Ω

|∇c|2𝜓 2 + 2𝛾2‖∇𝜓‖2
L2(Ω)

.

For the boundary term, (1.6) and the trace embedding H1(Ω) ↪ L
2(𝜕Ω) implies for some C > 0

∫

𝜕Ω

c(𝛾 − c)𝜓 2
≤ 𝛾2C‖𝜓‖2

H1(ℝ2)
.

To estimate the remaining term, we employ (1.6), (2.1), and Hölder’s inequality:

|||||||
1

2∫
Ω

c
2
u ⋅∇

(
𝜓 2

)|||||||
≤
𝛾2

2
‖u‖L2(Ω)

‖‖‖∇
(
𝜓 2

)‖‖‖L2(Ω)
≤ C

‖‖‖∇
(
𝜓 2

)‖‖‖L2(Ω)

with some C > 0. Putting the estimates together, we find C > 0 such that

∫

Ω

|∇c|2𝜓 2
≤ C

(‖𝜓‖2
H1(ℝ2)

+ ‖‖‖∇
(
𝜓 2

)‖‖‖L2(Ω)

)
.

Since 𝜓 (x) ↗ ∞ radially as x→ q, we can conclude the desired result. □

In preparation for localization arguments, we introduce a family of smooth cutoff functions as follows; see,

e.g., [35].

Lemma 2.8. Let 𝛿 > 0. Then there exists a radially symmetric, nonnegative function 𝜑𝛿 ∈ C∞
0

(
ℝ2

)
such that

𝜑𝛿(x) =
⎧⎪⎨⎪⎩
1, x ∈ B 𝛿

2

(0),

0, x ∈ ℝ2∖B𝛿(0),

with 0 ≤ 𝜑𝛿 ≤ 1 in ℝ2, and ||∇𝜑𝛿(x)|| ≤ K𝜑𝛿(x)
1∕2 for all x ∈ ℝ2,

where K = (𝛿−1 ).
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We now establish localized estimates for 𝜌 and∇c. Its fluid-free version can be found in ref. [27, Lem. 3.2].

Lemma 2.9. Suppose that (1.9) holds. Fix any 𝛿 > 0. Let 𝜑𝛿 be the cutoff function from Lemma 2.8, and for any

q ∈ Ω, define 𝜑(x) :=𝜑𝛿(x − q). Then there exist K1 > 0 and K2 = K2(𝛾) > 0, independent of 𝛿 and q, such that

∫

Ω

𝜌2(⋅, t)𝜑3(⋅) ≤ K1

⎛⎜⎜⎝∫Ω
|∇𝜌|2
𝜌

(⋅, t)𝜑3(⋅)+ ‖‖‖𝜑 3

2
‖‖‖
2

W1,∞(ℝ2)

⎞⎟⎟⎠ (2.3)

and

∫

Ω

|∇c|4(⋅, t)𝜑3(⋅) ≤ K2‖∇c(⋅, t)‖L2(Ω∩B𝛿 )
⎛⎜⎜⎝∫Ω

|∇𝜌|2
𝜌

(⋅, t)𝜑3(⋅)+ ‖‖‖𝜑 3

2
‖‖‖
2

W1,∞(ℝ2)
+ ‖𝜑‖3

W
2,
3
2 (ℝ2)

⎞⎟⎟⎠
+ K2

⎛⎜⎜⎝∫Ω
|u(⋅, t)| 125 ⎞⎟⎟⎠

5
(2.4)

for all t ∈
(
0, Tmax

)
.

Proof. To verify (2.3), we invoke the Sobolev embeddingW1,1(Ω) ↪ L
2(Ω), which gives for some C > 0

∫

Ω

𝜌2𝜑3
≤ C

(‖‖‖∇
(
𝜌𝜑3∕2)‖‖‖

2

L1(Ω)
+ ‖‖‖𝜌𝜑3∕2‖‖‖

2

L1(Ω)

)
.

Using Hölder’s inequality and (1.5), we can find C > 0, independent of 𝛿 and q, satisfying

‖‖‖‖∇
(
𝜌𝜑

3

2

)‖‖‖‖
2

L1(Ω)

+ ‖‖‖𝜌𝜑 3

2
‖‖‖
2

L1(Ω)
≤ C

⎛⎜⎜⎝
‖‖𝜌0‖‖L1(Ω)∫

Ω

|∇𝜌|2
𝜌

𝜑3 + ‖‖𝜌0‖‖2L1(Ω)

‖‖‖𝜑 3

2
‖‖‖
2

W1,∞(Ω)

⎞⎟⎟⎠,

which yields the desired estimate (2.3).

To establish (2.4), we employ Hölder’s inequality and (1.6) to see

∫

Ω

|∇c|4𝜑3
≤ ‖∇c‖L2(Ω∩B𝛿 )

⎛⎜⎜⎝∫Ω
|∇c|6𝜑6

⎞⎟⎟⎠

1

2

= ‖∇c‖L2(Ω∩B𝛿 )‖∇(c𝜑)− c∇𝜑‖3
L6(Ω)

≤ 4‖∇c‖L2(Ω∩B𝛿 )(‖c𝜑‖3W1,6(Ω)
+ 𝛾3‖∇𝜑‖3

L6(Ω)
).

(2.5)

Using the elliptic regularity result (see, e.g., [36, Thm. 2.3.3.6]) and the Sobolev embeddingW2,3∕2(Ω) ↪ W
1,6(Ω),

we find C > 0, independent of 𝛿 and q, such that

‖c𝜑‖3
W1,6(Ω)

+ 𝛾3‖∇𝜑‖3
L6(Ω)

≤ C

(
‖Δ(c𝜑)‖3

L
3
2 (Ω)

+ ‖c𝜑‖3
L
3
2 (Ω)

+ ‖(𝛾 − c)𝜑‖3
W

1
3
,
3
2 (𝜕Ω)

+ ‖c∇𝜑 ⋅ 𝜈‖3
W

1
3
,
3
2 (𝜕Ω)

)
+ 𝛾3‖𝜑‖3

W
2,
3
2 (ℝ2)

,

where we used

∇(c𝜑) ⋅ 𝜈 = ∇c ⋅ 𝜈𝜑+ c∇𝜑 ⋅ 𝜈 = (𝛾 − c)𝜑+ c∇𝜑 ⋅ 𝜈 on 𝜕Ω.

By (1.6), we see ‖c𝜑‖3
L
3
2

≤ 𝛾3‖𝜑‖3
W

2,
3
2 (ℝ2)

.

Since the trace inequality yields with some C > 0
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‖(𝛾 − c)𝜑‖3
W

1
3
,
3
2 (𝜕Ω)

+ ‖c∇𝜑 ⋅ 𝜈‖3
W

1
3
,
3
2 (𝜕Ω)

≤ C

(
‖(𝛾 − c)𝜑‖3

W
1,
3
2 (Ω)

+ ‖c∇𝜑‖3
W

1,
3
2 (Ω)

)
,

if we further use Hölder’s inequality, (1.6) and (1.7), we can obtain that

‖(𝛾 − c)𝜑‖3
W

1
3
,
3
2 (𝜕Ω)

+ ‖c∇𝜑 ⋅ 𝜈‖3
W

1
3
,
3
2 (𝜕Ω)

≤ C‖𝜑‖3
W

2,
3
2 (ℝ2)

with some C > 0. By Hölder’s inequality again, we see that

‖𝜌𝜑‖3
L
3
2 (Ω)

≤ ‖𝜌‖L1(Ω)
∫

Ω

𝜌2𝜑3. (2.6)

With this, we use a trivial inequality (a+ b+ c)3 ≤ 9(a3 + b
3 + c3) for a, b, c ≥ 0, Hölder’s inequality, (1.5)–(1.7),

and the Sobolev embeddingW2,
3

2 (Ω) ↪ W 1,6(Ω) to deduce

1

9
‖Δ(c𝜑)‖3

L
3
2 (Ω)

≤ ‖Δc𝜑‖3
L
3
2 (Ω)

+ ‖∇c ⋅∇𝜑‖3
L
3
2 (Ω)

+ ‖cΔ𝜑‖3
L
3
2 (Ω)

≤

(‖u ⋅∇c𝜑‖
L
3
2 (Ω)

+ 𝛾‖𝜌𝜑‖
L
3
2 (Ω)

)3

+ ‖∇c‖3
L2(Ω)

‖∇𝜑‖3
L6(Ω)

+ 𝛾3‖Δ𝜑‖3
L
3
2 (Ω)

≤

(
‖𝜑‖ 1

4

L∞(Ω)

‖‖‖∇c𝜑 3

4
‖‖‖L4(Ω)

‖u‖
L
12
5 (Ω)

+ 𝛾‖‖𝜌0‖‖ 1

3

L1(Ω)

‖‖‖𝜌 2

3𝜑
‖‖‖L3(Ω)

)3

+ C‖𝜑‖3
W

2,
3
2 (ℝ2)

with some C > 0. Combining the above estimates, it follows from (2.5) that there exists C > 0 independent of 𝛿

and q satisfying

∫

Ω

|∇c|4𝜑3
≤ C‖∇c‖L2(Ω∩B𝛿 )

⎡⎢⎢⎢⎣
⎛⎜⎜⎝∫Ω

|∇c|4𝜑3
⎞⎟⎟⎠

3

4 ⎛⎜⎜⎝∫Ω
|u| 125 ⎞⎟⎟⎠

5

4

+
∫

Ω

𝜌2𝜑3 + ‖𝜑‖3
W

2,
3
2 (ℝ2)

⎤⎥⎥⎥⎦
.

Applying Young’s inequality, along with (1.7) and (2.3), yields the desired bound (2.4). □

We next provide a localized L log L estimate for 𝜌.

Lemma 2.10. Suppose that (1.9) holds. For 𝛿 > 0 and q ∈ Ω, let 𝜑(x) = 𝜑𝛿(x − q) be as in Lemma 2.8. Then there

exists 𝛿
∗
> 0, independent of q, such that for all 𝛿 < 𝛿

∗
, one can find C = C(𝛿, 𝛾) > 0, independent of q, satisfying

sup
t∈(0,Tmax)

∫

Ω

(𝜌 ln 𝜌(⋅, t)+ e
−1 )𝜑3(⋅) ≤ C

and
t+𝜏

∫
t

∫

Ω

|∇𝜌|2
𝜌

𝜑3
≤ C for all t ∈ (0, Tmax − 𝜏 ),

where 𝜏 := min{1, 1
2
Tmax}.

Proof. We begin by testing the first equation in (1.1) against (ln 𝜌− 1)𝜑3. Through standard calculations, we

obtain

d

dt∫
Ω

𝜌 ln 𝜌𝜑3 − d

dt∫
Ω

𝜌𝜑3 + kD
∫

Ω

|∇𝜌|2
𝜌

𝜑3

≤ −
∫

Ω

∇𝜌 ⋅ (S(x, 𝜌, c) ⋅∇c)𝜑3 − 3
∫

Ω

ln 𝜌∇𝜌 ⋅∇𝜑𝜑2 − 3
∫

Ω

𝜌 ln 𝜌(S(x, 𝜌, c) ⋅∇c) ⋅∇𝜑𝜑2.

(2.7)
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Each of the three terms on the right-hand side can be controlled as follows.

Let K1 and K2 be as in Lemma 2.9. Using (1.8), Hölder’s and Young’s inequalities, along with Lemma 2.9 and

(1.5), we compute the first term as

|||||||∫Ω
∇𝜌 ⋅ (S(x, 𝜌, c) ⋅∇c)𝜑3

|||||||
≤ ‖‖S0‖‖C([0,𝛾])

⎛⎜⎜⎝∫Ω
|∇𝜌|2
𝜌

𝜑3
⎞⎟⎟⎠

1

2 ⎛⎜⎜⎝∫Ω
𝜌2𝜑3

⎞⎟⎟⎠

1

4 ⎛⎜⎜⎝∫Ω
|∇c|4𝜑3

⎞⎟⎟⎠

1

4

≤
kD

8 ∫

Ω

|∇𝜌|2
𝜌

𝜑3 + 1

8K1 ∫
Ω

𝜌2𝜑3 + K3
∫

Ω

|∇c|4𝜑3

≤
kD

4 ∫

Ω

|∇𝜌|2
𝜌

𝜑3 + K2K3‖∇c‖L2(Ω∩B𝛿 )∫
Ω

|∇𝜌|2
𝜌

𝜑3 + K2K3

⎛⎜⎜⎝∫Ω
|u| 125 ⎞⎟⎟⎠

5

+ C

with some K3 > 0, independent of 𝛿 and q, and C = C(𝛿) > 0. The second term in (2.7) can be estimated via

Young’s inequality, a trivial inequality a| ln a|2 ≤ 16e−2a3∕2 + 4e−2 for a ≥ 0, along with Lemma 2.8, (2.3), and

(2.6), as

|||||||
−3

∫

Ω

ln 𝜌∇𝜌 ⋅∇𝜑𝜑2

|||||||
≤
kD

8 ∫

Ω

|∇𝜌|2
𝜌

𝜑3 + 18

kD ∫

Ω

(
16e−2𝜌

3

2 + 4e−2
)
𝜑|∇𝜑|2

≤
kD

8 ∫

Ω

|∇𝜌|2
𝜌

𝜑3 + 18

kD

⋅ 16e−2K2‖‖𝜌0‖‖ 1

2

L1(Ω)

⎛⎜⎜⎝∫Ω
𝜌2𝜑3

⎞⎟⎟⎠

1

2

+ 72

kD

e
−2
K
2

∫

ℝ2

𝜑2

≤
kD

4 ∫

Ω

|∇𝜌|2
𝜌

𝜑3 + C

with some C = C(𝛿) > 0. A similar argument applies to the last term in (2.7). By (1.8) and Young’s inequality,

3
∫

Ω

𝜌 ln 𝜌(S(x, 𝜌, c) ⋅∇c) ⋅∇𝜑𝜑2
≤

1

4∫
Ω

|∇c|4𝜑3 + 3

4

(
3‖‖S0‖‖C([0,𝛾])

) 4

3

∫

Ω

𝜌
4

3 | ln 𝜌| 43𝜑 5

3 |∇𝜑| 43 .

Using a trivial inequality a
4

3 | ln a| 43 ≤ 16e−
4

3 a
3

2 + e
− 4

3 for a ≥ 0, Lemma 2.8 and (2.6), we note that

∫

Ω

𝜌
4

3 | ln 𝜌| 43𝜑 5

3 |∇𝜑| 43 ≤ K
4

3

∫

Ω

(
16e−

4

3 𝜌
3

2 + e
− 4

3

)
𝜑

3

2

≤ 16K
4

3 ‖‖𝜌0‖‖ 1

2

L1(Ω)

⎛⎜⎜⎝∫Ω
𝜌2𝜑3

⎞⎟⎟⎠

1

2

+ C

with some C = C(𝛿) > 0. If we further use Lemma 2.9 and Young’s inequality, then we arrive at

|||||||
3
∫

Ω

𝜌 ln 𝜌(S(x, 𝜌, c) ⋅∇c) ⋅∇𝜑𝜑2

|||||||
≤

(
K2

4
‖∇c‖L2(Ω∩B𝛿 ) + kD

8

)
∫

Ω

|∇𝜌|2
𝜌

𝜑3 + K2

4

⎛⎜⎜⎝∫Ω
|u| 125 ⎞⎟⎟⎠

5

+ C,

where C = C(𝛿) > 0.
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Combining above estimates gives that with some C > 0,

d

dt∫
Ω

𝜌 ln 𝜌𝜑3 − d

dt∫
Ω

𝜌𝜑3 + 3kD
8 ∫

Ω

|∇𝜌|2
𝜌

𝜑3

≤

(
K2K3 +

K2

4

)
‖∇c‖L2(Ω∩B𝛿 )∫

Ω

|∇𝜌|2
𝜌

𝜑3 + C

⎛⎜⎜⎝∫Ω
|u| 125 ⎞⎟⎟⎠

5

+ C.

We now apply Lemma 2.7 to select 𝛿
∗
> 0 such that

(
K2K3 +

K2

4

)
sup

t∈(0,Tmax)
‖∇c(⋅, t)‖L2(Ω∩B𝛿 ) ≤ kD

8
for 𝛿 < 𝛿

∗
,

which yields

d

dt∫
Ω

𝜌 ln 𝜌𝜑3 − d

dt∫
Ω

𝜌𝜑3 + kD

4 ∫

Ω

|∇𝜌|2
𝜌

𝜑3
≤ C

⎛⎜⎜⎝∫Ω
|u| 125 ⎞⎟⎟⎠

5

+ C. (2.8)

We observe from Young’s inequality, an inequality a ln a ≤ 2e−1a
3

2 for a ≥ 0, (2.3), (2.6), and Young’s inequality

that there exists C = C(𝛿) > 0 such that

∫

Ω

(𝜌 ln 𝜌+ e
−1 )𝜑3 −

∫

Ω

𝜌𝜑3
≤
∫

Ω

2e−1𝜌
3

2𝜑
3

2 + e
−1
∫

Ω

𝜑3

≤ 2e−1‖‖𝜌0‖‖ 1

2

L1(Ω)

⎛⎜⎜⎝∫Ω
𝜌2𝜑3

⎞⎟⎟⎠

1

2

+ e
−1
∫

Ω

𝜑3

≤
kD

8 ∫

Ω

|∇𝜌|2
𝜌

𝜑3 + C.

(2.9)

Combining (2.8) and (2.9), we find C = C(𝛿) > 0 satisfying

d

dt
 (t)+  (t)+ kD

8 ∫

Ω

|∇𝜌|2
𝜌

𝜑3
≤ C

⎛⎜⎜⎝∫Ω
|u| 125 ⎞⎟⎟⎠

5

+ C,

where

 (t) :=
∫

Ω

(𝜌 ln 𝜌(⋅, t)+ e
−1 )𝜑3(⋅)−

∫

Ω

𝜌(⋅, t)𝜑3(⋅).

Recalling the Gagliardo–Nirenberg inequality

⎛⎜⎜⎝∫Ω
|u| 125 ⎞⎟⎟⎠

5

≤ C‖u‖10
L2(Ω)

‖∇u‖2
L2(Ω)

+ C‖u‖12
L2(Ω)

, (2.10)

and using Lemmas 2.4, 2.5, and (1.5), we can deduce the desired result. □

Corollary 2.11. Suppose that (1.9) holds. There exists C = C(𝛾) > 0 such that

sup
t∈(0,Tmax)

∫

Ω

(𝜌 ln 𝜌(⋅, t)+ e
−1 ) ≤ C,

as well as
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t+𝜏

∫
t

∫

Ω

|∇𝜌|2
𝜌

≤ C,

t+𝜏

∫
t

∫

Ω

|∇c|4 ≤ C, and

t+𝜏

∫
t

∫

Ω

𝜌2 ≤ C,

for all t ∈ (0, Tmax − 𝜏), where 𝜏 = min{1, 1
2
Tmax}.

Proof. Note that every open covering
⋃

q∈ΩB 𝛿

2

(q), 𝛿 > 0, of compact setΩhas a finite subcovering. Since a ln a+
e−1 ≥ 0 for a ≥ 0 and 𝜑 = 1 in B 𝛿

2

(q), the first and second assertions are a direct consequence of Lemma 2.10.

By a similar reason, we can obtain the third assertion from (1.7), (2.4), (2.10), and Lemma 2.5. The last assertion

results from the second assertion, (1.5), and the following interpolation inequality

‖𝜌‖2
L2(Ω)

≤ C‖𝜌‖L1(Ω)
∫

Ω

|∇𝜌|2
𝜌

+ C‖𝜌‖2
L1(Ω)

.

□

We next collect additional regularity properties for the solution constructed in Proposition 1.1. As a

preliminary, we recall the following interpolation-type inequality (see, e.g., [27, Lem. 3.4]).

Lemma 2.12. There exists C > 0 such that for any p ≥ 1, s > 1, 𝜀 > 0, and any nonnegative function f ∈ C1(Ω),

one has

∫

Ω

f
p+1

≤ C
( p+ 1)2

ln s ∫

Ω

( f ln f + e
−1 )

∫

Ω

f
p−2|∇ f |2 + (4C)1+𝜀∕2

⎛⎜⎜⎝∫Ω
f
𝜀

2

p+1
1+𝜀

⎞⎟⎟⎠

2(1+𝜀 )
𝜀

+ 6s p+1|Ω|.

We are now in a position to derive further bounds for the solution.

Lemma 2.13. Suppose that (1.9) holds. There exists C = C(𝛾) > 0 such that

sup
t∈(0,Tmax)

‖𝜌(⋅, t)‖L2(Ω) ≤ C.

Proof. Testing the first equation in (1.1) with 𝜌, integrating by parts, and using (1.8) and Hölder’s inequality, we

have

1

2

d

dt∫
Ω

𝜌2 + kD
∫

Ω

|∇𝜌|2 ≤ −
∫

Ω

𝜌∇𝜌 ⋅ (S(x, 𝜌, c) ⋅∇c) ≤ ‖‖S0‖‖C([0,𝛾])‖𝜌‖L4(Ω)‖∇𝜌‖L2(Ω)‖∇c‖L4(Ω).

By the Gagliardo–Nirenberg inequality ‖𝜌‖L4(Ω) ≤ C(‖∇𝜌‖ 1

2

L2(Ω)
‖𝜌‖ 1

2

L2(Ω)
+ ‖𝜌‖L1(Ω) ) together with (1.5), we find

C > 0 such that

1

2

d

dt∫
Ω

𝜌2 + kD
∫

Ω

|∇𝜌|2 ≤ C

(‖𝜌‖1∕2
L2(Ω)

‖∇𝜌‖3∕2
L2(Ω)

+ ‖∇𝜌‖L2(Ω)

)‖∇c‖L4(Ω).

Young’s inequality then implies that
d

dt
y(t) ≤ Cg(t)y(t)+ C

with some C > 0, where y(t) := ‖𝜌(⋅, t)‖2
L2(Ω)

+ 1 and g(t) := ‖∇c(⋅, t)‖4
L4(Ω)

. Note from Corollary 2.11 that there

exists C > 0 such that

t+𝜏

∫
t

y(s)ds ≤ C and

t+𝜏

∫
t

g(s)ds ≤ C for all t ∈ (0, Tmax − 𝜏 ),
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where 𝜏 := min{1, 1
2
Tmax}. In case Tmax ≤ 2, we apply an ODE-comparison argument to show

y(t) ≤ y(0)e
C

t

∫

0

g(s)ds

+ C

t

∫

0

e
C

t

∫

𝜎

g(s)ds
d𝜎 for all t ∈ (0, Tmax).

Then, along with the fact that

t

∫

0

g(s)ds ≤

𝜏

∫

0

g(s)ds+
t

∫
t−𝜏

g(s)ds ≤ 2C for all t ∈ (0, Tmax),

we can see that

y(t) ≤ (y(0)+ C)e2C
2

for all t ∈
(
0, Tmax

)
. (2.11)

In case Tmax > 2, where 𝜏 = 1, note that for any unit interval [t, t + 1] ⊂
(
0, Tmax

)
, there exists t0 ∈ [t, t + 1]

satisfying

y(t0 ) ≤ C.

Thus, again by an ODE-comparison argument, we have

y(t) ≤ 2CeC
2

for all t ∈
(
0, Tmax

)
.

Combining it with (2.11), we can deduce the desired result. □

Lemma 2.14. Suppose that (1.9) holds. Let 𝛼 ∈
(
1

2
, 1
)
be as in (1.4). Then, there exists C = C(𝛾) > 0 such that

sup
t∈(0,Tmax)

‖‖A𝛼u(⋅, t)‖‖L2(Ω) ≤ C, (2.12)

and

sup
t∈(0,Tmax)

‖u(⋅, t)‖L∞(Ω) ≤ C. (2.13)

Proof. We first project the equation for u via the Helmholtz operator  and then test it against Au = Δu,
yielding

1

2

d

dt∫
Ω

|∇u|2 +
∫

Ω

|Au|2 ≤
∫

Ω

|((u ⋅∇)u)||Au|+
∫

Ω

|(𝜌∇Φ)||Au|. (2.14)

Here, we have used that ‖∇u‖2
L2(Ω)

= (u,Au)L2(Ω) in L2
𝜎
(Ω). It holds from the Gagliardo–Nirenberg inequality

and the elliptic regularity for the Stokes operator that

‖u‖2
L∞(Ω)

≤ ‖u‖W2,2‖u‖L2(Ω)

≤ ‖Au‖L2(Ω)‖u‖L2(Ω).

Using this estimate, and applying Young’s inequality and L2(Ω)-boundedness of  , we estimate the first term on

the right-hand side of (2.14) as

∫

Ω

|((u ⋅∇)u)||Au| ≤
∫

Ω

|(u ⋅∇)u|2 + 1

4∫
Ω

|Au|2

≤ ‖u‖2
L∞(Ω)

‖∇u‖2
L2(Ω)

+ 1

4∫
Ω

|Au|2

≤ C‖u‖2
L2(Ω)

‖∇u‖4
L2(Ω)

+ 1

2∫
Ω

|Au|2
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with some C > 0. Using young’s inequality and L
2(Ω)-boundedness again, the last term in (2.14) is estimated

as

∫

Ω

|(𝜌∇Φ)||Au| ≤ ‖∇Φ‖2
L∞(Ω)

‖𝜌‖2
L2(Ω)

+ 1

4∫
Ω

|Au|2.
According to (2.1) and Lemma 2.13, we infer that h(t) := ‖∇u(⋅, t)‖2

L2(Ω)
satisfies

h
′(t) ≤ C(h2(t)+ 1)

with some C > 0. In view of (2.2), Grönwall-type reasoning, as in the proof of Lemma 2.13, again guarantees the

existence of C > 0 such that

sup
t∈(0,Tmax)

‖∇u(⋅, t)‖L2(Ω) ≤ C. (2.15)

Next, we use the smoothing estimates for the Stokes semigroup (see, e.g., [19, Lem. 2.3]) andHölder’s inequal-

ity to obtain 𝜇 > 0 and C > 0 such that

‖‖A𝛼u(⋅, t)‖‖L2(Ω)
≤ ‖‖A𝛼u0‖‖L2(Ω)

+ C

t

∫

0

(t − s)𝛼e−𝜇t‖u‖L∞(Ω)‖∇u‖L2(Ω)ds

+ C

t

∫

0

(t − s)𝛼e−𝜇t‖∇Φ‖L∞(Ω)‖𝜌‖L2(Ω)ds.

Pick q ∈ (2,
1

1−𝛼 ]. From the Gagliardo–Nirenberg inequality and the well-known embedding D(A𝛼) ↪ W
1,q(Ω),

we find C > 0 satisfying

‖u‖L∞(Ω) ≤ C‖u‖1−𝜃
L2(Ω)

‖‖A𝛼u‖‖𝜃L2(Ω)
, 𝜃 = 1

2
(
1− 1

q

) ∈ (0, 1). (2.16)

It then follows by (2.1), Lemma 2.13, and (2.15) that with some C > 0

sup
t∈(0,Tmax)

‖‖A𝛼u(⋅, t)‖‖L2(Ω)
≤ C + C

(
sup

t∈(0,Tmax)

‖‖A𝛼u(⋅, t)‖‖L2(Ω)

)𝜃

.

Therefore, due to Young’s inequality, we obtain (2.12). The bound (2.13) is immediately obtained by combining

(2.1) and (2.12) with (2.16). □

Lemma 2.15. Suppose that (1.9) holds. There exists C = C(𝛾) > 0 such that

sup
t∈(0,Tmax)

‖𝜌(⋅, t)‖L3(Ω) ≤ C.

Proof. Testing (1.1) with 𝜌2 and employing Hölder’s inequality and (1.8), we have

1

3

d

dt∫
Ω

𝜌3 + 8kD
9 ∫

Ω

|||∇𝜌 3

2
|||
2

≤ −4

3∫
Ω

𝜌
3

2∇𝜌
3

2 ⋅ S(x, 𝜌, c) ⋅∇c

≤
4

3
‖‖S0‖‖C([0,𝛾])‖𝜌‖ 3

2

L4(Ω)

‖‖‖∇𝜌 3

2
‖‖‖L2(Ω)

‖c‖W1,8(Ω).

By the Gagliardo–Nirenberg interpolation ‖c‖W1,8(Ω) ≤ C‖c‖ 1

2

W2,4
‖c‖ 1

2

L∞(Ω)
with (1.6) and the standard elliptic reg-

ularity theory, we can find C > 0 satisfying

‖c‖W1,8(Ω) ≤ C

(
‖𝜌‖ 1

2

L4(Ω)
+ ‖u ⋅∇c‖ 1

2

L4(Ω)
+ ‖𝛾 − c‖ 1

2

W
3
4
,4
(𝜕Ω)

+ 1

)
,
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which infers via the trace embeddingW1,4(Ω) ↪ W
3

4
,4(𝜕Ω), (2.13), and Young’s inequality that with some C > 0

‖c‖W1,8(Ω) ≤ C

(
‖𝜌‖ 1

2

L4(Ω)
+ 1

)
.

From Lemma 2.12 with ( f , p, 𝜀) = (𝜌, 3, 1) and Corollary 2.11, we obtain C > 0, independent of s > 1, such that

∫

Ω

𝜌4 ≤
C

log s∫
Ω

|||∇𝜌 3

2
|||
2

+ (4C)
3

2

⎛⎜⎜⎝∫Ω
𝜌0

⎞⎟⎟⎠
4

+ 6s4|Ω|.

Combining the above estimates, taking sufficiently large s, and using Young’s inequality, we can find C > 0 such

that
d

dt∫
Ω

𝜌3 + kD
∫

Ω

|||∇𝜌 3

2
|||
2

≤ C.

This implies, by the Gagliardo–Nirenberg type inequality

‖ f ‖3
L3(Ω)

≤
‖‖‖∇ f

3

2
‖‖‖
2

L2(Ω)
+ C‖ f ‖3

L1(Ω)
for all f ∈ 

1(Ω),

and (1.5), that with some C > 0,
d

dt∫
Ω

𝜌3 + kD
∫

Ω

𝜌3 ≤ C.

Hence, the desired result follows. □

Proof of Theorem 1.1. We first establish the uniform-in-time bound

sup
t∈(0,Tmax)

‖∇c(⋅, t)‖L∞(Ω) ≤ C. (2.17)

To this end, we apply the elliptic regularity to the equation for c in (1.1) and use (1.6). This yields with some C > 0,

‖c‖W2,3(Ω) ≤ C

(‖𝜌‖L3(Ω) + ‖u ⋅∇c‖L3(Ω) + ‖𝛾 − c‖
W

2
3
,3
(𝜕Ω)

+ 1
)
.

By the trace inequality ‖𝛾 − c‖
W

2
3
,3
(𝜕Ω)

≤ C‖𝛾 − c‖W1,3(Ω),

together with (1.6), (2.13), and Lemma 2.15, we infer that

‖c‖W2,3(Ω) ≤ C
(‖∇c‖L3(Ω) + 1

)
.

Moreover, the Gaglairdo–Nirenberg inequality

‖∇c‖L3(Ω) ≤ C‖∇c‖ 3

4

L2(Ω)
‖c‖ 1

4

W2,3(Ω)

combined with Young’s inequality and (1.7) ensures the uniform-in-time boundedness of ‖c‖W2,3(Ω). Since

W
2,3(Ω) ↪ W

1,∞(Ω), (2.17) follows.
Finally, for p > 1, we compute Lp-estimate for 𝜌. Applying Hölder’s inequality, we observe

1

p

d

dt∫
Ω

𝜌 p + 4kD( p− 1)

p2 ∫

Ω

|||∇𝜌 p

2
|||
2
≤ −2( p− 1)

p ∫

Ω

𝜌
p

2 ∇𝜌
p

2 ⋅
(
S(x, 𝜌, c) ⋅∇c

)

≤
2kD( p− 1)

p2 ∫

Ω

|||∇𝜌 p

2
|||
2
+ ( p− 1)2

kD p
‖S(x, 𝜌, c) ⋅∇c‖2

L∞(Ω)∫

Ω

𝜌 p.
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Therefore, in view of (1.8) and (2.17), by applying a Moser-type iteration, we can deduce

sup
t∈(0,Tmax)

‖𝜌(⋅, t)‖L∞(Ω) ≤ C

with some C > 0. Hence, Tmax = ∞ by Proposition 1.1, and we complete the proof. □

3 Proof of Theorem 1.2

Throughout this section, we consider the system (1.1) with 𝜅 = 0 in a smooth bounded domainΩ ⊂ ℝ3.

Lemma 3.1. Suppose that (1.10) holds with some M > 0. Then, there exists K4 = K4(𝛾,M) > 0 such that

d

dt∫
Ω

𝜌2(⋅, t)+
∫

Ω

D(𝜌)|∇𝜌|2(⋅, t) ≤ K4 +
‖‖S0‖‖2C([0,𝛾])

M ∫

Ω

𝜌2|∇c|2(⋅, t) for all t ∈
(
0, Tmax

)
. (3.1)

Proof. Multiplying the first equation in (1.1) by 𝜌 and integrating overΩ yield

d

dt∫
Ω

𝜌2 + 2
∫

Ω

D(𝜌)|∇𝜌|2 = −2
∫

Ω

𝜌S(x, 𝜌, c)∇c ⋅∇𝜌.

By Young’s inequality and (1.8), this implies

d

dt∫
Ω

𝜌2 +
∫

Ω

D(𝜌)|∇𝜌|2 ≤ ‖‖S0‖‖2C([0,𝛾])∫
Ω

𝜌2

D(𝜌)
|∇c|2.

Owing to (1.10), we can choose L = L(M) > 0 such that D(𝜉) ≥ M whenever 𝜉 > L. Set

kD :=min
𝜉≥0

D(𝜉 ) > 0. (3.2)

Splitting the last integral over {𝜌 ≤ L} and {𝜌 > L} and using (1.7) for the first part, we obtain

∫

Ω

𝜌2

D(𝜌)
|∇c|2 ≤ L2

kD ∫

{𝜌≤L}

|∇c|2 + 1

M ∫

{𝜌>L}

𝜌2|∇c|2

≤
L2

kD

𝛾2|𝜕Ω|+ 1

M ∫

Ω

𝜌2|∇c|2.
Combining these estimates proves (3.1). □

The last term in (3.1) can be estimated by means of the diffusion contribution ∫Ω D(𝜌)|∇𝜌|2 and the fluid
term ∫Ω |u|6, as stated below.
Lemma 3.2. Suppose that (1.10) holds with some M > 0. Given any 𝜂 > 0, there exist K5 = K5(𝛾, 𝜂) > 0 and K6 =
K6(𝛾, 𝜂,M) > 0 such that

∫

Ω

𝜌2|∇c|2(⋅, t)+
∫

Ω

𝜌3c2(⋅, t) ≤
(
𝜂 + 4𝛾2

M

)
∫

Ω

D(𝜌)|∇𝜌|2(⋅, t)+ K5
∫

Ω

|u(⋅, t)|6 + K6 for all t ∈
(
0, Tmax

)
.

Proof. Testing the equation for c in (1.1) with 𝜌2c gives

∫

Ω

𝜌2|∇c|2 +
∫

Ω

𝜌3c2 =
∫

𝜕Ω

𝜌2c
𝜕c

𝜕𝜈
− 2

∫

Ω

𝜌c∇𝜌 ⋅∇c −
∫

Ω

𝜌2c(u ⋅∇c). (3.3)
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For the boundary term, the trace embeddingWr+ 1

2
,2(Ω) ↪ L2(𝜕Ω) for r > 0 (see [37]) along with c ≤ 𝛾 ensures

the existence of C > 0 such that

∫

𝜕Ω

𝜌2c
𝜕c

𝜕𝜈
=

∫

𝜕Ω

𝜌2c(𝛾 − c)

≤ 𝛾2‖𝜌‖2
L2(𝜕Ω)

≤ C𝛾2‖𝜌‖2
W

r+ 1
2
,2
(Ω)

.

Fix r ∈ (0,
1

2
). By the fractional version of Gagliardo–Nirenberg inequality [37, Lem. 2.5], there is C > 0 such that

‖𝜌‖2
W

r+ 1
2
,2
(Ω)

≤ C‖∇𝜌‖2𝜃
L2(Ω)

‖𝜌‖2(1−𝜃 )
L1(Ω)

+ C‖𝜌‖2
L1(Ω)

,

where 𝜃 = 2r+4
5

∈
(
r + 1

2
, 1
)
. Let L = L(M) > 0 be as in the proof of Lemma 3.1. Given 𝜂 > 0, combining the

above two estimates and using Young’s inequality and (1.5), we have

∫

𝜕Ω

𝜌2c
𝜕c

𝜕𝜈
≤
𝜂kD
6 ∫

Ω

|∇𝜌|2 + C

≤
𝜂

6∫
Ω

D(𝜌)|∇𝜌|2 + C

(3.4)

for some C = C(𝛾, 𝜂) > 0. We now split the domain Ω into {𝜌 > L} and {𝜌 ≤ L} and apply Young’s inequality
along with (1.6) and (1.7) to obtain

− 2
∫

Ω

𝜌c∇𝜌 ⋅∇c

= −2
∫

{𝜌>L}

𝜌c∇𝜌 ⋅∇c − 2
∫

{𝜌≤L}

𝜌c∇𝜌 ⋅∇c

≤
2𝛾√
M ∫

{𝜌>L}

√
D(𝜌)𝜌|∇𝜌||∇c|+ 2𝛾L√

kD
∫

{𝜌≤L}

√
D(𝜌)|∇𝜌||∇c|

≤
1

2∫
Ω

𝜌2|∇c|2 + 2𝛾2

M ∫

Ω

D(𝜌)|∇𝜌|2 + 𝜂

6∫
Ω

D(𝜌)|∇𝜌|2 + 6𝛾4L2|𝜕Ω|
𝜂kD

.

(3.5)

Finally, for the last term in (3.3), an integration by parts together with Young’s inequality gives

−
∫

Ω

𝜌2c(u ⋅∇c) = 2
∫

Ω

𝜌c2(u ⋅∇𝜌) ≤ 1

2∫
Ω

𝜌3c2 + 𝜂

6∫
Ω

D(𝜌)|∇𝜌|2 + C
∫

Ω

|u|6 (3.6)

with some C = C(𝛾, 𝜂) > 0. Combining (3.4)–(3.6) with (3.3) yields the desired result. □

The following bounds for u can be found in ref. [23, Lem. 4.1].

Lemma 3.3. Suppose that (1.10) holds with some M > 0. For any 𝛿 > 0 and 𝜆 > 0, there exists C > 0 such that

T

∫

0

∫

Ω

e
𝜆t
(|∇u|3 + |u|6) ≤ 𝛿

T

∫

0

∫

Ω

e
𝜆t|∇𝜌|2 + Ce

𝜆T for all T ∈
(
0, Tmax

)
.
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Now, we obtain a uniform L
2(Ω)-bound for 𝜌 in the following lemma.

Lemma 3.4. For each 𝛾 > 0, one can chooseM = M(𝛾) > 0 such that whenever D satisfies (1.10)with thisM, there

exists C > 0 fulfilling

sup
t∈(0,Tmax)

‖𝜌(⋅, t)‖L2(Ω) ≤ C (3.7)

Proof. We fix 𝛾 > 0 and chooseM = M(𝛾) > 0 sufficiently large to ensure

M > 2𝛾‖‖S0‖‖C([0,𝛾]). (3.8)

Here, we may assume that ‖‖S0‖‖C([0,𝛾]) > 0. Let K4 be as in Lemma 3.1. Since M2 > 4𝛾2‖‖S0‖‖2C([0,𝛾]), we can pick

𝜂 ∈ (0, 1) small to satisfy

𝜂 <
M

3‖‖S0‖‖2C([0,𝛾])
(
1−

4𝛾2‖‖S0‖‖2C([0,𝛾])
M2

)
. (3.9)

For this choice of 𝜂, let K5,K6 be from Lemma 3.2, and apply Lemma 3.3 with 𝜆 = 1 and 𝛿 = 𝜂

K5

. This yields

K7 = K7(𝛾, 𝜂) > 0 such that

K5

T

∫

0

∫

Ω

e
t|u|6 ≤ 𝜂

T

∫

0

∫

Ω

e
t
D(𝜌)|∇𝜌|2 + K7e

T for all T ∈
(
0, Tmax

)
, (3.10)

Next, Ehrling’s inequality combinedwith the compact and continuous embeddingsW1,2(Ω) L2(Ω) ↪ L1(Ω)

and (1.5) gives K8 = K8(𝛾, 𝜂) > 0 such that

∫

Ω

𝜌2 ≤
𝜂‖‖S0‖‖2C([0,𝛾])

M ∫

Ω

D(𝜌)|∇𝜌|2 + K8 (3.11)

Combining (3.3) and (3.11) with (3.1) gives

d

dt∫
Ω

𝜌2 +
∫

Ω

𝜌2 +
∫

Ω

D(𝜌)|∇𝜌|2 ≤ ‖‖S0‖‖2C([0,𝛾])
M

(
2𝜂 + 4𝛾2

M

)
∫

Ω

D(𝜌)|∇𝜌|2

+
K5

‖‖S0‖‖2C([0,𝛾])
M ∫

Ω

|u|6 + K9,

(3.12)

whereK9 = K4 + K8 +
K6‖S0‖2

C( [0,𝛾] )

M
> 0.Multiplying (3.12) by et, integrating over (0, T), and using (3.10), we deduce

e
T

∫

Ω

𝜌2(⋅, T )+
(
1−

3𝜂‖‖S0‖‖2C([0,𝛾])
M

+
4𝛾2‖‖S0‖‖2C([0,𝛾])

M2

) T

∫

0

∫

Ω

e
t
D(𝜌)|∇𝜌|2 ≤

(
K7

‖‖S0‖‖2C([0,𝛾])
M

+ K9

)
e
T +

∫

Ω

𝜌2
0

for all T ∈
(
0, Tmax

)
. Finally, thanks to (3.9), this in particular implies that with some C > 0

∫

Ω

𝜌2(⋅, T ) ≤ C for all T ∈
(
0, Tmax

)
.

□
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As a preparation for deriving an Lp-estimate for 𝜌, we establish boundedness properties for u and∇c.

Lemma 3.5. For each 𝛾 > 0, there exists M = M(𝛾) > 0 such that whenever D satisfies (1.10) with this M, there

exists C > 0 such that

sup
t∈(0,Tmax)

‖u(⋅, t)‖L∞(Ω) ≤ C (3.13)

and

∫

Ω

|∇c(⋅, t)|6 ≤ C for all t ∈
(
0, Tmax

)
. (3.14)

Proof. The variation-of-constants formula for u reads

u(⋅, t) = e
−tA

u0 +
t

∫

0

e
−(t−𝜏 )A

(𝜌(𝜏 )∇Φ)d𝜏 .

By the continuous embedding D(A𝛼) ↪ L
∞(Ω)3 for 𝛼 ∈

(
3

4
, 1
)
, it follows that with some 𝜇 > 0 and C > 0

‖u(⋅, t)‖L∞(Ω) ≤ C‖‖A𝛼u0‖‖L2(Ω) + C

t

∫

0

(t − 𝜏 )−𝛼e−𝜇𝜏‖𝜌(⋅, 𝜏 )‖L2(Ω)d𝜏 .

This entails (3.13) by (3.7). Next, the Sobolev embedding W2,2(Ω) ↪ W
1,6(Ω) and the elliptic regularity for c

together with (1.8) yield

‖∇c‖L6(Ω) ≤ C‖c‖W2,2(Ω) ≤ C

(‖𝜌‖L2(Ω) + ‖u∇c‖L2(Ω) + ‖𝛾 − c‖
W

1
2
,2
(𝜕Ω)

+ 1
)

with some C > 0. The trace embeddingW1,2(Ω) ↪ W
1

2
,2(𝜕Ω), (3.7), (3.13), and (1.7) imply (3.14). □

It turns out that the regularity properties of u and c established in Lemma 3.5 are sufficient to derive Lp(Ω)-
bounds for 𝜌 for all p ∈ (2,∞).

Lemma 3.6. For each 𝛾 > 0 and p > 2, there exists M = M(𝛾) > 0 such that whenever D satisfies (1.10) with this

M, there exists C > 0 such that

sup
t∈(0,Tmax)

‖𝜌(⋅, t)‖L p(Ω) ≤ C. (3.15)

Proof. Let kD be the positive constant in (3.2). Testing the equation for 𝜌 in (1.1) by p𝜌
p−1, adding ∫Ω 𝜌

p to both

sides, and using (1.8) and Young’s inequality, we obtain

d

dt∫
Ω

𝜌 p +
∫

Ω

𝜌 p + 4( p− 1)

p ∫

Ω

D(𝜌)
|||∇𝜌 p

2
|||
2

≤ 2( p− 1)‖‖S0‖‖C([0,𝛾])∫
Ω

𝜌
p

2
|||∇𝜌 p

2
||||∇c|+ ∫

Ω

𝜌 p

≤
( p− 1)kD

p ∫

Ω

|||∇𝜌 p

2
|||
2
+ C

∫

Ω

𝜌 p
(|∇c|2 + 1

)

≤
p− 1

p ∫

Ω

D(𝜌)
|||∇𝜌 p

2
|||
2
+ C

∫

Ω

𝜌 p
(|∇c|2 + 1

)

(3.16)
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with some C = C(p, 𝛾) > 0. By Hölder’s inequality and (3.14), we find C = C(𝛾,M) > 0 such that

∫

Ω

𝜌 p
(|∇c|2 + 1

)
≤

‖‖‖|∇c|2 + 1
‖‖‖L3(Ω)

‖𝜌 p‖
L
3
2 (Ω)

≤ C
‖‖‖𝜌 p

2
‖‖‖
2

L3(Ω)
. (3.17)

Applying the Gagliardo–Nirenberg inequality, we have

‖‖‖𝜌 p

2
‖‖‖
2

L3(Ω)
≤ C

‖‖‖∇𝜌 p

2
‖‖‖
2𝜃

L2(Ω)

‖‖‖𝜌 p

2
‖‖‖
2(1−𝜃 )

L

2
p (Ω)

+ C
‖‖‖𝜌 p

2
‖‖‖
2

L

2
p (Ω)

,

where 𝜃 = 3 p−2
3 p−1 ∈ (0, 1), and thus by Young’s inequality and (1.5), we infer

‖‖‖𝜌 p

2
‖‖‖
2

L3(Ω)
≤

p− 1

p ∫

Ω

D(𝜌)
|||∇𝜌 p

2
|||
2
+ C (3.18)

with some C = C(p) > 0. Substituting (3.17) and (3.18) into (3.16), we obtain the following inequality for y(t) =
∫Ω 𝜌

p(⋅, t):
y
′(t)+ y(t) ≤ C,

which entails (3.15). □

Proof of Theorem 1.2. For any 𝛾 > 0, letM = M(𝛾) > 0 be chosen according to (3.8), and suppose that (1.10) holds

with this M. To begin, we establish that ∇c ∈ L
∞(0, Tmax; L∞(Ω)). Fix t ∈

(
0, Tmax

)
and p > 3. As in the proof

of (3.14), elliptic regularity for c, along with (1.6), ensures the existence of C > 0 such that

‖c‖W2, p(Ω) ≤ C

(‖𝜌‖L p(Ω) + ‖u∇c‖L p(Ω) + ‖𝛾 − c‖
W

1− 1
p
, p
(𝜕Ω)

+ 1
)
.

Thus, thanks to the trace embeddingW 1, p(Ω) ↪ W
1− 1

p
, p
(𝜕Ω) as well as the bounds (3.13) and (3.15), we deduce

that ‖c‖W2, p(Ω) ≤ C
(
1+ ‖∇c‖L p(Ω)

)
for some C > 0. From Ehrling’s inequality along with the compact and continuous embeddingsW1, p(Ω)

Lp(Ω) ↪ L2(Ω), we note that for each 𝜀 > 0, there exists C𝜀 > 0 such that

‖∇c‖L p(Ω) ≤ 𝜀‖c‖W2, p(Ω) + C𝜀‖∇c‖L2(Ω).

Therefore, choosing 𝜀 sufficiently small, and using (1.7) and the Sobolev embeddingW2,p(Ω) ↪ W
1,∞(Ω), we can

find C > 0 such that

sup
t∈(0,Tmax)

‖∇c(⋅, t)‖L∞(Ω) ≤ C.

Finally, with the uniform L
∞(Ω)-bound on ∇c established, a standard Moser iteration argument applied to the

equation for 𝜌 completes the proof of Theorem 1.2. □

4 Proof of Theorem 1.3

Throughout this section, we consider Ω = BR ⊂ ℝn, R > 0, with n = 2, 3, and let S ≡ 𝕀n×n. The initial data 𝜌0 in
(1.4) are taken to be radially symmetric. We consider the following fluid-free system for (𝜌, c)(r, t) = (𝜌, c)(|x|, t):

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕t𝜌 = r
1−n(rn−1D(𝜌)𝜌r )r + r

1−n(
r
n−1𝜌cr

)
r
, r ∈ (0,R), t ∈

(
0, Tmax

)
,

0 = r
1−n(

r
n−1

cr

)
r
− 𝜌c, r ∈ (0,R), t ∈

(
0, Tmax

)
,

(D(𝜌)𝜌r + 𝜌cr )|r=R = 0, (cr + c)|r=R = 𝛾, t ∈
(
0, Tmax

)
,

𝜌|t=0 = 𝜌0, r ∈ (0,R).

(4.1)
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Note that 𝜌r|r=0 = cr|r=0 = 0 for t < Tmax. To detect blow-up of 𝜌, we analyze the time evolution of a suitable

functional 𝜙(t) (see Lemma 4.2), which is defined in terms of the mass accumulation function

𝑤(s, t) := 1

𝜔n
∫

B
s1∕n

𝜌(x, t)dx =
s
1
n

∫

0

r
n−1𝜌(r, t)dr.

The equation for𝜌 in (4.1)with its no-flux boundary condition then transforms to the followingDirichlet problem

for𝑤: ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑤t = n
2
s
2− 2

n D(n𝑤s )𝑤ss + ns
1− 1

n𝑤scs

(
s

1

n , t
)
, s ∈ (0,Rn ), t ∈

(
0, Tmax

)
,

𝑤|s=0 = 0, 𝑤|s=Rn = 𝜔−1
n
‖‖𝜌0‖‖L1(Ω), t ∈

(
0, Tmax

)
,

𝑤|t=0 =
s
1
n

∫

0

s
n−1𝜌0(s)ds, s ∈ (0,Rn ).

(4.2)

The next lemma ensures that cmaintains a positive lower bound at the boundary r = R.

Lemma 4.1. If the initial data 𝜌0 is such that (1.4) holds, then

c(R, t) ≥
𝛾

1+ R−n+1𝜔−1
n
‖‖𝜌0‖‖L1(Ω)

for all t ∈
(
0, Tmax

)
. (4.3)

Proof. Since 𝜌 ≥ 0 and c ≥ 0, we have

r
n−1

cr(r, t) =
r

∫

0

s
n−1𝜌(s, t)c(s, t)ds ≥ 0,

which shows that c(r, t) is nondecreasing in r. Along with the boundary condition for c in (4.1), we have

𝛾 − c(R, t) = cr(R, t)

= R
−n+1

R

∫

0

r
n−1𝜌(r, t)c(r, t)dr

≤ R
−n+1𝜔−1

n
‖‖𝜌0‖‖L1(Ω)c(R, t),

which directly implies (4.3). □

Wenow introduce amoment-type functional whose time evolution yields a differential inequality sufficient

for proving blow-up.

Lemma 4.2. Let m ∈
(
0,

2

n

)
and 𝛼 ∈

(
2− 4

n
, 2− 2

n
−m

)
. Then, there exists Λ = Λ(n,m, 𝛼,R) > 0 with the

property that whenever D satisfies (1.11), the initial data 𝜌0 is such that (1.4) holds, and 𝛾 > 0, then the functional

𝜙(t) :=
Rn

∫

0

s
−𝛼𝑤(s, t)ds

belongs to C0([0, Tmax)) ∩ C1(
(
0, Tmax

)
), and satisfies

d

dt
𝜙(t) ≥ −Λ‖‖𝜌0‖‖mL1(Ω)

+ 1

Λ
‖‖𝜌0‖‖2L1(Ω)(‖‖𝜌0‖‖L1(Ω) + 1

)3 𝛾 for all t ∈
(
0, Tmax

)
. (4.4)
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Proof. Letm ∈
(
0,

2

n

)
and𝛼 ∈

(
2− 4

n
, 2− 2

n
−m

)
. Then,𝜙(t) ∈ C0([0, Tmax)) ∩ C1(

(
0, Tmax

)
) by the dominated

convergence theorem.

We define

D̃(𝜉 ) :=
𝜉

∫

0

D(𝜎 )d𝜎 for 𝜉 ≥ 0,

and differentiate 𝜙(t) to obtain

d

dt
𝜙(t) = n

Rn

∫

0

s
2− 2

n
−𝛼𝜕s(D̃(n𝑤s(s, t)))ds+ n

Rn

∫

0

s
1− 1

n
−𝛼𝑤s(s, t)cs

(
s

1

n , t
)
ds

=: I(t)+ J(t).

(4.5)

Estimate of I(t). From (1.11), we have

D̃(𝜉 ) ≤ KD

𝜉

∫

0

(1+ 𝜎 )m−1d𝜎 ≤
KD

m
𝜉m.

Integration by parts then yields

I(t) = −n
(
2− 2

n
− 𝛼

) Rn

∫

0

s
1− 2

n
−𝛼
D̃(n𝑤s(s, t))ds

+
{
ns

2− 2

n
−𝛼
D̃(n𝑤s(s, t))

}||||
Rn

s=0

≥ −KD(2n− 2− n𝛼 )nm

m

Rn

∫

0

s
1− 2

n
−𝛼(𝑤s(s, t))

mds,

(4.6)

where the boundary term at s = 0 vanishes due to 𝛼 < 2− 2

n
−m. Applying Hölder’s inequality and using again

𝛼 < 2− 2

n
−m, we deduce

I(t) ≥ −C
⎛⎜⎜⎝
Rn

∫

0

s

(
1− 2

n
−𝛼

)
1

1−m

⎞⎟⎟⎠
1−m⎛⎜⎜⎝

Rn

∫

0

𝑤s(s, t)ds

⎞⎟⎟⎠
m

= −C‖‖𝜌0‖‖mL1(Ω)

(4.7)

with some C = C(n,m, 𝛼,R) > 0.

Estimate of J(t). We consider two cases depending on the value of c(0, t), separately. Let

𝛽 := 1

1+ R−n+1𝜔−1
n
‖‖𝜌0‖‖L1(Ω)

and

Sk :=
{
t ∈

(
0, Tmax

)
; c(0, t) ≤ 𝛽𝛾

k

}
,

where k > 1 will be specified later.

We first deal with the case t ∈ Sk . From the equation for c in (4.1), it holds that
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n𝑤s(s
n, t) = 𝜌(s, t) ≥ s

1−n(sn−1(ln c)s )s(s, t) (4.8)

for all s ∈ (0,R). Using (4.8) and integrating by parts, we estimate

J(t) = n

Rn

∫

0

s
1− 1

n
−𝛼𝑤s(s, t)cs

(
s

1

n , t
)
ds

= n

R

∫

0

s
2n−2−n𝛼𝜌(s, t)cs(s, t)ds

≥ n

R

∫

0

s
n−1−n𝛼𝜕s(s

n−1(ln c)s )(s, t)cs(s, t)ds

= −n(n− 1− n𝛼 )

R

∫

0

s
2n−3−n𝛼 (cs(s, t))

2

c(s, t)
ds

− n

R

∫

0

s
2n−2−n𝛼(ln c)s(s, t)css(s, t)ds

+ n
{
s
2n−2−n𝛼(ln c)s(s, t)cs(s, t)

}|||
R

s=0
.

(4.9)

By the equation for c, we obtain

− n

R

∫

0

s
2n−2−n𝛼(ln c)s(s, t)css(s, t)ds

= −n
R

∫

0

s
2n−2−n𝛼(ln c)s(s, t)

(
𝜌(s, t)c(s, t)− n− 1

s
cs(s, t)

)
ds

= − J(t)+ n(n− 1)

R

∫

0

s
2n−3−n𝛼(ln c)s(s, t)cs(s, t)ds.

The last term on the right hand side of (4.9) is nonnegative because the positiveness of c gives

lim
s→0

s
2n−2−n𝛼 c

2
s
(s, t)

c(s, t)
= 0.

Hence, we deduce

J(t) ≥
n2𝛼

2

R

∫

0

s
2n−3−n𝛼 c

2
s
(s, t)

c(s, t)
ds = 2n2𝛼

R

∫

0

s
2n−3−n𝛼

((
c

1

2

)
s

)2

(s, t)ds. (4.10)

We observe from Hölder’s inequality and the condition 2− 4

n
< 𝛼 that
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(
c

1

2 (R, t)− c
1

2 (0, t)
)2

=
⎛⎜⎜⎝

R

∫

0

(
c

1

2

)
s

(s, t)ds

⎞⎟⎟⎠
2

≤

⎛⎜⎜⎝
R

∫

0

s
2n−3−n𝛼

((
c

1

2

)
s

)2

(s, t)ds

⎞⎟⎟⎠ ⋅
⎛⎜⎜⎝

R

∫

0

s
−2n+3+n𝛼ds

⎞⎟⎟⎠
≤ C

R

∫

0

s
2n−3−n𝛼

((
c

1

2

)
s

)2

(s, t)ds

(4.11)

with some C = C(n,m, 𝛼,R) > 0. Combining (4.10) and (4.11), it follows from Lemma 4.1 that, for all t ∈ Sk ,

J(t) ≥ C

(
c

1

2 (R, t)− c
1

2 (0, t)
)2

≥ Ca

(
1− 1√

k

)2

𝛽𝛾 (4.12)

with some Ca = Ca(n,m, 𝛼,R) > 0.

On the other hand, if t ∉ Sk , i.e., c(0, t) >
𝛽𝛾

k
, then it follows that

cs(s, t) = s
−n+1

s

∫

0

r
n−1𝜌(r, t)c(r, t)dr ≥

𝛽𝛾

k
s
−n+1𝑤(sn, t),

which yields via integration by parts that

J(t) = n

Rn

∫

0

s
1− 1

n
−𝛼𝑤s(s, t)cs

(
s

1

n , t
)
ds

≥
n𝛽𝛾

k

Rn

∫

0

s
−𝛼𝑤s(s, t)𝑤(s, t)ds

= n𝛽𝛾

2k

Rn

∫

0

s
−𝛼𝜕s(𝑤

2(s, t))ds

= n𝛼𝛽𝛾

2k

Rn

∫

0

s
−𝛼−1𝑤2(s, t)ds+ n𝛽𝛾

2k

{
s
−𝛼𝑤2(s, t)

}|||
Rn

s=0

≥ Cb

‖‖𝜌0‖‖2L1(Ω)
𝛽𝛾

k
(4.13)

with some Cb = Cb(n,m, 𝛼,R) > 0. We choose

k =
(√

Ca

Cb

‖‖𝜌0‖‖L1(Ω) + 1

)2

so that the right-hand sides of (4.12) and (4.13) coincide. This choice guarantees the existence of C =
C(n,m, 𝛼,R) > 0 such that

J(t) ≥ C

‖‖𝜌0‖‖2L1(Ω)(‖‖𝜌0‖‖L1(Ω)
+ 1

)3 𝛾 . (4.14)

Combining (4.7) and (4.14) with (4.5) yields the desired result. □
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We are now in a position to complete the proof of Theorem 1.3.

Proof of Theorem 1.3. Letm ∈
(
0,

2

n

)
. Set 𝛼 ∈

(
2− 4

n
,min

{
2− 2

n
−m, 1

})
as

𝛼 =
2− 4

n
+min

{
2− 2

n
−m, 1

}
2

.

LetΛ = Λ(n,m,R) > 0 be as provided by Lemma 4.2. Given any L > 0, define

𝛾∗ := 2Λ2 (L+ 1)3

L1−m
. (4.15)

Now take 𝛾 ≥ 𝛾∗ and consider any radially symmetric initial data 𝜌0 satisfying (1.4) and ‖‖𝜌0‖‖L1(Ω) = L. Let (𝜌, c)

be the corresponding solution to (4.1) guaranteed by Proposition 1.1. From Lemma 4.2 and (4.15), the functional

𝜙(t) = ∫
Rn

0
s−𝛼𝑤(s, t)ds fulfills

d

dt
𝜙(t) ≥ −ΛLm + 1

Λ
L

(L+ 1)3
𝛾∗ = ΛLm for all t ∈

(
0, Tmax

)
. (4.16)

Therefore, using the fact 𝛼 < 1, integration of (4.16) over time yields

ΛLmt ≤ 𝜙(t) =
Rn

∫

0

s
−𝛼𝑤(s, t)ds ≤

L

𝜔n(1− 𝛼 )
R
n(1−𝛼 )

for all t ∈
(
0, Tmax

)
, which induces that Tmax must be finite, as desired. □
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