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Abstract

For a number field K, the associated Dedekind zeta function ¢k (s) has a simple pole
at s = 1, and we denote its residue by Rg. Ihara introduced the Euler—Kronecker
constant yx . Let £ be an odd prime. We establish lower and upper bounds for Rx and
yx when K is a cyclic extension of degree £ over Q. These bounds are stronger than
those known under the Generalized Riemann Hypothesis (GRH) and are shown to be
sharp. However, the trade-off is that they hold only almost surely. Finally, we compute
the average of the Euler—Kronecker constants for cyclic fields K of degree £.
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1 Introduction

Let K be a number field. We define the Dedekind zeta function associated with the
field K:

1
Ck(s) =) Ny r i > 1.

a

where a runs over non-zero integral ideals in the ring of integers Ok . It is well-known
that ¢k (s) has meromorphic continuation to the complex plan C with only one simple
pole at s = 1 with residue Rx [12, Ch.7, §5].
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From the Laurent expansion of (g (s) ats = 1

Rk

(s—=D

lk(s) = +C()+61(S—1)+cz(s—1)2+...’

we define the Euler—Kronecker constant yx to be co/ Rk, which is also given by

;== lim <%(s) + ;>
VK.__SHI 194 s—1)°

In this article, we study the value distributions of the residues Rx and Euler—
Kronecker constants yg of cyclic fields of prime degree £ > 2.

Let us review some known results for these invariants. For a quadratic field K =
Q(+/D), the residue Ry is given by the L-value L(1, xp), where xp = (2) is the
quadratic character.

Littlewood [11] showed the bound

£(2)
— 2> <L, <2 MeY loglog | D
7 loglog | D] = (1, xp) < 2+ o(1))e” loglog | D|

1
(2 +o(1))
under GRH, where y is the Euler-Mascheroni constant. However, it was believed
that the true sharp bounds would be those by replacing the numbers 2 and 1/2 in GRH
bounds both by one.
We call a number field K of degree n an S,-field if its Galois closure over Q is
an S, Galois extension. The first named author and Kim [2] showed that the bounds
below

(o) — Ry < (1 +o()e” loglog Dk )™ (L1)
e’ loglog | Dk |

hold for S3-, S4-, and Ss-fields! except for a small number of fields when they are
ordered by discriminant. Moreover, they showed that the bounds are sharp by gener-
ating infinitely many number fields with extreme residues.

We define our family of number fields by, for a prime £ > 2,

F(Z/tZ, X) .= {K: cyclic extension of degree { | X < f(K) < 2X},
where f(K) is the conductor of K, and let N(Z/¢Z, X) := #F(Z/{Z, X). In Sect.2

2, we see that N(Z/4Z, X) =<¢ X.
We note that for K in F(Z/¢Z, X),

{—1
L(s, px) = ¢k (9)/5(s) = [T L(s. xk)-
i=1

! For Ss-fields, we assume the strong Artin conjecture.
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where g, XIZ(, ... X,é_l are {-th order primitive Dirichlet characters associated with
the field K, and Ry = L(1, px) = [['Z] L(1, x'). We extend the results in [2] for
the family F(Z/¢Z, X).

_ o _logX
Theorem 1.1 Let £ > 2 be a prime. Then, except for Og(Xe © PelogX ]Ogloglogx)ﬁelds
in F(Z/CZ, X) with some constant ¢’ > 0, we have

S L C R VY (N
e¥ loglog f(K) (loglog f(K))% -

< (e” loglog f(K))*! (1 +0 (%)) )
(loglog f(K))2

Moreover, we show that the upper bound and the lower bound in Theorem 1.1 are
sharp.
Theorem 1.2 (1) The number of cyclic extensions K in F(Z/LZ, X) for which

i (ot
Rk = (e” loglog f(K)) (1 +0 <1oglogf(K)))

log X
> Xe~ log ¢ % —log ¢ logloglog X

(2) The number of cyclic extensions K in F(Z /L7, X) for which

e |
= @ loglog £ (K) ( +o <loglog f(K)>>

log X
S Xe—log %%—logllogloglogx

It was Ihara [7] who introduced the Euler—Kronecker constant for the first time. In
[7], it was shown that the main order terms of the upper bound and lower bound for
yr under GRH are

log «/|D
2loglog+/|Dr|, —2(n —1)log <Og—|1L|>
n—
The first named author and Kim [1] improved the upper and lower bounds
loglog |Dr| + O(logloglog Dy) — (n—1)loglog Dp, + O(logloglog|Dprl)
(1.2)
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under Artin conjecture, GRH and a certain zero-density hypothesis [1, CONJEC-
TURE 10.4].
We have extended (1.2) to our family almost surely.

_ o _logX
Theorem 1.3 Exceptfor O | Xe © TogloeX loglog 10gX> number fields K in F(Z/{Z, X)

with some constant ¢ > 0, we have

— (¢ = D) loglog f (K) + O((loglog f (K))?)
< v = loglog f(K) + O((loglog f (K))? ).

We also show that the bounds in Theorem 1.3 are sharp.

Theorem 1.4 (1) The number of cyclic extensions K in F(Z/€Z, X) for which

— —(t—1)loglog f(K) + 0<(loglog f(K))%)

logl -+ loglogX —log £ logloglog X.

>0 Xe

(2) The number of cyclic extensions K in F(Z/1Z, X) for which

v = loglog f(K) + O((loglog f (K))? )

> Xe~ loge 1Wflogﬁloglog]ogx

As afirst step toward understanding the distribution of Euler—Kronecker constants,
we computed their average over our family. We have the following beautiful formula
for the average of Euler—Kronecker constants.

Theorem 1.5 Let £ be an odd prime. The average Euler—Kronecker constant y; for
the family F(Z/¢Z, X) is

_ 1 log p
ve = lim —— vk =y + =1y (TS, —=L-
X N(ZJCZ, X) KeF(%:eZ " 2 Zp: Pipt—1

where

e fr=t
% otherwise.

TSyl =
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Furthermore, we have
lim yy = .
£— 00

In Sect.2, we recall a recent result on the count of cyclic fields of degree £ > 2
satisfying certain local conditions. In Sect.3, assuming a large zero-free region, we
estimate the L-value L(1, pg) using a short partial Euler product. In Sect. 4, we prove
Theorem 1.1. In Sect.5, we express the logarithmic derivative of L(s, pg) ats = 1
as a short sum, again under a large zero-free region. In Sects. 6, 7, and 8, we prove
Theorem 1.5, Theorem 1.3, and Theorems 1.2 and 1.4, respectively.

2 The count of cyclic fields of prime degree £ > 2

In this section, we present results recently established by the first author and Oh [3].
Let K be a cyclic extension of prime degree £ > 2. Then a prime p can be totally split,
inert, or totally ramified in the field K. Let us denote the corresponding decomposition
types of p by T'S,, IN, and T R, respectively. We call them the local conditions at
prime p.

We introduce some notations first.

emi() I 5000 T 00)

p=1 (mod ) p£1

= ifp=¢,

ITSpl =\ o= ifp=1 (mod o),
% otherwise.
o itp=2¢,

ITR,| = pi;l_l if p=1 (mod ¢),
0 otherwise.

and [IN,| = (£ — 1)|TS,].

Let S = {p1, ..., p} be afinite set of prime numbers, and let LC = {LCp|p € S}
be a finite collection of local conditions, and let N(Z/¢Z, X, LC) be the number
of cyclic extensions K /Q of degree ¢ such that their conductor f(K) < X and they
satisfy all the local conditions in LC.

The first named author and Oh estimated N(Z/¢Z, X, LC) as follows,>

2 In [3, Theorem 1.1] the condition on the conductors is f(K) < X. It is clear that our condition X <
f(K) < 2X gives the same estimate.
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58 Page6of 32 P.Cho, G.Kim

Proposition 2.1 [3, Theorem 1.1] For a given ¢ > 0, we have

N(Z/¢Z, X, LC)

=1

& t¢
= [T 1LCpleex +0ce [ 25— e+ DR | [ T] X te
LCyeS pes
=1
7
11e] x|l @.1)
peS

where I is the number of primes p in S such that LC, = I N, and R is the number
of primes p in S such that LC, = TR,

To prove Theorem 1.5, the following auxiliary lemma on character sums is neces-
sary.

Let Dy(X) := {x : £-th order primitive Dirichlet character | f(x) < X}, where
f(x)isthe conductor of x. Thereis anoneto ({—1) correspondence from F(Z/{Z, X)
to Dy¢(X) as follows:

F(ZJZ, X) — D¢(X)
K, ¢k (s)/¢(s) = L(s, xg)L(s, X2) - L(s, Xk ) —> XK+ XEo-eos Xk s

the corresponding field K and characters X};, i =1,2,...,¢ — 1 have the same
conductor.

Let xox (n) = xx(n) + XI%(n) + -+ Xf(_l(n) for n in N. By the one-to-one
correspondence above, we have

Yo =) xm).

KeF(Z/(Z,X) x€D¢(X)

We will apply the following proposition for the estimation of the sum ) ;. F(ZJUZ,X)
X,O[( (n)
Proposition 2.2 [3, Lemma 3.1] Letn = p{' --- pi*. We have

> xm

X€De(X)
k , k

k =1 =1
= =DIJm [[TSpI€X + O ((2@)" {]‘[ p;° tex e 4 [1»:* XHED ,
i=1 i i=1
(2.2)

where J(n) = 1 if n is a £-th power full, and zero otherwise.
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3 Product expression of L(1, pk) under a large zero-free region

To prove Theorem 1.1, we first show that under a certain large zero-free region
L(1, px) appears as a short Euler product. To get such an Euler product, we fol-
low the argument in [2, proposition 3.1]. It is known that Dirichlet L-functions are
entire and for N(s) > 1, we have

o]

-1 i -1
L(s, px) = HH (1 - %) _and log L(s, px) = Z A(n) Xpx (n)’

n®logn
p i=1 n=1 g

where xp () = xx (1) + -+ x& ' ().

Lemma 3.1 Suppose that K isin F(Z/¢Z, X), and L(s, px) # 0 whens = o +it €
[, 1] X [ —x, x], where x = (logX)‘6 and B(1 — a) > 4. Then we have

A(n n log log X)?
log L(1, pi) = Y. X8 4 o, (EREST) G.1)
= N logn (log X)
Proof We use Perron’s formula [9, Theorem 7.2] to get
1 c+ix K A 1
— 10gL(1+S,PK)x—ds =ZM+ Oe<£), (3.2)
270 Jo—ix s ~ nlogn X
where ¢ = ; le. Now, we move the contour using the Cauchy’s Residue Theorem.

Then, the left hand side of (3.2) is

1 a—1+c—ix a—l+c+ix ctix x5
— / +/ +/ log L(1 +5, p) —ds +log L(1, p).
Tl c—ix a—l+c—ix a—l+4c+ix s

Next, we follow the proof of [6, Lemma 8.1] to estimate | log L(s, px)| fora+c <
N() <c+ 1.

We note that for N(s) > %, log L(s, px) = O¢(1), and for N(s) < 2, consider the
circles with centre 2 + it and radii 7 := 2 — ¢ and R := 2 — «. Then the smaller
circle passes s, and by assumption, log L(s, pg) is analytic inside the larger circle.

For § < Re(s) < 3, we have, by [4, Lemma 1],

L(s. px) <o FK)2(Is| + )2
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Then, we obtain S)i<log L(s, px)) =log|L(s, px)| K¢ log f(K) +log(|s| + 1) K¢
log X + log(|s| + 1). By applying the Borel-Caratheodory theorem we get that

R+ .
|log L(2 + it, px)|
R—r

log L(s. p)l < max  9M(og L(z, px)) +
R — r |z—2—it|=R

1
<y (log f(K) +log(|s| + 1)) + ——
o —o

o —u
<¢ logx(log f(K) +log(ls| + 1))
< loglog X (log X + log(|s| + 1))

fora +c <N(@s) <c+ 1.
Thus, we have that

a—1+c—ix X3 a—1+4c
/ log L(1+s, px)—ds < logx/ (log f(K) + logx)x”*ldcr
c § c

—ix

< (log f(K) +logx)x~! <

(log X)B=1"
and, since 8(1 — «) > 4,
a—l+c+ix x$
/ log L(1 + s, pg)—ds
a—14c—ix s
X xa—l
< 10x/ lo K)+logx)———dt
¢ log _x( g f(K) +log )|a—1+c|+|t|
(loglog X)?

2 —1
& (logx)~(log f(K) +logx)x*"" < (log X)3

and

c

c+ix K
/ log L(1 + s, pK)x—ds <y logx/ (log f(K) + logx)x"_ldo
a—14c+ix s a—1+c
1
—1 -
K¢ (log f(K) +logx)x™" < Tog X)P—T"

By combining three inequalities above, we obtain that

1 a—l4c—ix a—l4c+ix c+ix x$
_</ +f +f )1ogL(1+s,pK>—ds
27l c—ix a—l+c—ix a—1+4c+ix s

(loglog X)?
(log X)?

and it completes the proof. O
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We show that L(1, pg) can be estimated as a short Euler product when it satisfies
the zero-free region condition in Lemma 3.1.

Lemma 3.2 Suppose that K is in F(Z/¢Z, X), and L(s, px) # O whens = o + it €
[a, 1] x [—x, x], where x = (log X)ﬁ and B(1 — &) > 4. Then, we have

x'(p) 1
L(1, 1+0| ——— ) ). 3.3
o) =[] ]‘[( ) ( +0; (10g10gX)> 3.3)
p=xi=1
Proof First, we rewrite the sum

A()xpx (n) x'(p)
3 e () _yy v ! (2 )-

n=<x P=xi= ]k logx
—logp

By the Taylor expansion of log(1 — x), we find

LixX'®Y _ XYy 1 (x'(p)
2 (57) = (-0 2 (50)

—log p Tog p

Here, we have

v x"<p>"<ZL< 1 logp
~ k - kp¥ ~— xlogx1— p~ 1"
k> lop g 7

By Chebyshev’s estimate,

Am) xpx(n) (p) 1 log p
Z nlogn ZZ]Og( >+Ol(xlogx[;1—p—l>

n<x p=xi=1
) 1
=— Z Zlog + Oy 1 .
pP=xi=1 0gx

By Lemma 3.1, we have

—1
1
log L(1, pK)_10g<l_[1_[< * (P)> >+0@ <logx>'

p=xi=1

@ Springer
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Thus, we have

L(1, p) = exp (log(]_[l_[< ’ (p)) >+0e(lo;x))

P=xi=1

—1

M=) (o (i)

pP=xi=1

4 Proof of Theorem 1.1

We follow the ideas in [2] for the proof of Theorem 1.1. We define L(X) to be the set
of L-functions associated with fields K in F(Z/¢Z, X):

-1

L(X) := {L(s, px) = [ LG5, ) | K € F(Z/EZ, X)),
i=1

In order to have the zero-free region required for Lemma 3.2, we appeal Kowalski-
Michel’s density theorem [10, Theorem 2]. Since the observation that most L-functions
in L(X) have a broad zero-free region near s = 1 in crucial throughout the paper, we
state the setting and the main result in [10] in detail.

Let n > 1 be a fixed integer. We assume we are given, for all ¢ > 1, a finite set
(possibly empty) S(g) of cuspidal automorphic representations of GL(n)/Q which
satisfy the following conditions:

(1) The forms f € S(g) satisfy the Ramanujan-Petersson conjecture at the finite
places, namely all the local components f}, of f at a prime p are tempered.
(2) There exists A > 0 such that for all f € S(g), the conductor Cond(f) of f
satisfies
Cond(f) < ¢™.

(3) There exists d > 0 such that
1S@)] < ¢*

for all ¢ > 1, the implied constant depending only on the family.
(4) All the f in S(g) have the same component at co, hence the same gamma factor
in the functional equation.

For a cuspidal automorphic representation f on GL(n)/Q, we define
N(f;a,T)={p € CIR(p) = o, [S(p)| < T, L(f, p) =0},
where the zeros are counted with multiplicity. Then, we have
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Theorem 4.1 [10, Theorem 2] Let S(q) and g > 1 be as above. Let o > % and T > 2.
Then there exists co > 0, depending only on the family, such that

S N(fro.T) < TBg0d
feS(q)

forall g > 1 and some B > 0 (depending only on the family). The implied constant
depends on the family and the choicee of cqy, and one can choose any cy > cy’, where

We can view a primitive Dirichlet character x as a cuspidal representation of
GL(1)/Q. However, the isobaric sum x + x2+- - -+ x~! is not cuspidal, we cannot
apply [10, Theorem 2] directly to L(X). Instead, we define

Dy(X) :={x | x: primitive Dirichlet character of £-th order, X < f(x) < 2X}.

Then, by [10, Theorem 2], we have

70{

Y NGaT) < TExie
X€D¢(X)

This means that every L-function in Dy (X) is zero-free in the region [, 1] x [T, T']
except for O(TBX 3 aaeT ) L-functions.

Since L(s, px) = ]_[Z 'L (s, x K) and each primitive Dirichlet characters g
appears as a component of L (s ok ) uniquely, still we can say that every L-function in

L(X)iszero-free intheregion [o, 1] x[—T, T] except for O (TBX% %) L-functions.
By taking T = (log X)#, except for such O ((log X)PBx3 %> L-functions, we can
apply Lemma 3.2 to L-functions in L(X) to get

LQ, pK)—l_[]"[( X(”)) <1+0z(@>>.

p=xi=1
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58 Page 12 0f32 P.Cho, G. Kim

Let y = ¢y log X for some constantc; > 0. To estimate [, ]_[f;ll (1— @)_1,
we look at the product over primes bigger than y:

y=p=xi=1 y=p=xi=I

:exp( Z Xox (D) + 0@( Z >>
yep=x P yp<x P
—exp( Y MKT®)<1+0[<y1;gy)>. @.1)

y=p=x

[T 1022y _exp( > S lex(i- “’”))

The last equality in (4.1) follows, using Chebyshev’s estimate, from

R L 2
< .
, logt ylogy

y<l’

We will show that the sum Z <p<x Xox P) 5o almost surely negligible. Before pro-

ceeding, we introduce the followmg key lemma.

Lemma4.2 [2,Lemma4.3] Lety = c1 log X with some constant ¢ > 0. Assume that
4 +rmtrmpr ooty =2rwithry=---=rp, = land gy, ..o 1 > 2,
and 1 < u < 2r. Then we have

u r
1 1 yt (dogy)” _ 1

- 4.2
wl ryl e r ey (log y)* T or! 4.2)
Using Lemma 4.2, we prove the following proposition.
Proposition 4.3 Assume r < czk)lgo]% for some ¢y > 0. Then
»\” ) X
r)!
> ( > M) < 27 - 1)4’—‘ﬁ. 4.3)
Les.poelx) \v=p=x P re (ylogy
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Proof By the multinomial formula, we have

3 (z )"

Les,pel(x) \y<p<x P

- 3 Z ) @r)! )3 X/r)k(pl)-~-XZ?((pu)
ol T

1
Lm0 imt W g T Ty P P
Tyl =1 Pi#Dj

2

Loy ey
- u! ril...ry! "L ph

u=1 Flebr, =2r 1 W y<piy.pusx Pi Pu

Flyeens ru>1 Pi?épj

S XD X ().

L(s,pg)eL(X)

Suppose that r; > 2 for all i. Since L(X) <, X, we have

Z T l Tu Z XpK(Pl)

YEPl,oPuSXPi£Dj PrPu s pryel(X)

x;‘,;(pu)<<(£—1)2rx( 3 L)( 3 1 )

vepex P! vepex P
1 1
y1=llogy  yu~llogy

— (e _ 1)2r22rX <;>r (logy>r_u .
ylogy y

Since r; > 2foralli =1, ..., u, we have u < r. Then we have

r! r! i y \'
— < —=r(r=10)---(r—u+1<r <
ulry!---ry,! u! logy

log X .
because r < ¢ %. Equivalently, we have

1 logy\"™" < 1
wr!---r Uy rl
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Hence
2r)! 1 . Y
TR > o Do KD X ()
U y<plo..pu<x ¥l U L(s,px)eL(X)
Pi#Dj
2r)! 1
< (- 1)2’22’)(( 1 (4.4)
rl (ylogy)”
forr; > 2foralli =1, ..., u.

Now, suppose that for some i, r; = 1. Then we may assume that r; + --- +
Fm +tme1 + - +ry =2rwithry = -+ =ry, = land rpgq,...,1y > 2.1
some p; is totally ramified, then x,, (p) = 0. Thus, we can assume that py, ..., p,
are unramified. Fix local conditions at primes p», ..., p,. Let LCp, (LCa, ..., LC),)

denote the finite collection of all the local conditions at the prime p; with the local
conditions at primes. Then, we have

Y XD Ko (Pt () -+ X (Pu)
L(s,px)EL(X)

= Z Z Xok

LCs,....LCy KeF(Z/CZ,X,LCp,(LC,...,LCy))

X 5(PD) Xox (P2) + Xox (P) Xp ™ (Pmt1) -+ X (Pu).-

Tm+1

Note that x,x (P2) - Xpx (Pm) Xox (Pmt1) -+ X;L;( (py) is a constant if K €
F(Z/0Z, X, LCp, (LC2, ..., LC,)). Therefore, this fact and Proposition 2.1 implies
that the main term of the inner sum vanishes. The contribution from the error term in
Proposition 2.1 is at most

A
[\)
<
L
Py
~
|
—
N
[N
[\®)
=
Py
~
|
—_
N—
<
P
—=
=
S———"
5
+
®
<
i
o
+
o
+
P
<
=
\—/
.
S
l—
+
£

So we find that

2r)! 1
;' Z e Z oo

N2 1 .. Fu
Wirps - y<pipusx P1 Pu L(s,px)eL(X)
Pi#Dj
(P Xox P Xp ™ (Pm1) -+ X (Pu).- (4.5)
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is

4r 4r @n)! e %Jrg %Jﬂc
et L e D

Y=P1=x Y=Pm=Xx

=

T e Elrte
pm+l e p”

Y=Pm+1=X Y=pu=x
=5 o= =1 =1
5+e . T 7 TTm+1 = Tu
E Py § Pm E Pt s Pu .
Y=P1=X Y=Pm=x Y=Pm+1=X Y=Ppu=Xx

By Chebyshev’s estimate, we have

X - X
2:176+8<<521 , and Zp4 Le 2 —,
Y=p=x 0 Y=p=x 0
forr > 2
=1 -1
-1 x 6 ¢ -1 x &
Z pe Tt ox! ; , and Z pF & 2x1_’1—.
y<p<x 0gx y<p<x ogx

Then (4.5) becomes

o\ U =1\ U
< 2070 -yt (e (X ) e (2D
ulry! - ry! log x log x

_ -1 u =1\ U
25— 0 (Y N (e (X T oy (T

r! logy log x log x
<<£ 26"(6 1)4}’ (2r) y <X£1§+8 (.X % +8) + Xz-‘ré‘ ( 7)”)

! _ _
<0 2 (0 — ¥ —( ) (XF* og )6+ 1 X3+ (log X) 5 P

< 26r(e 1)4r( ) (X/z+5 +e (log X)ZV(( Lie)g+1) + X2+g (log X)zr( /3+1))

The second and third inequalities follow from Lemma 4.2 and m < u, respectively.

Now, if we take ¢ < min( 3{;f;f%8)%+3, @ 1{)2}3/2_‘_3) then we have

(X757 (log X)>r(FHIBHD L x 3+ (1og X) > (TAHD)  — =
(ylogy)

@ Springer



58 Page 16 of 32 P.Cho, G. Kim

Hence, we have

1 @ 1
O e r)| Z P Z Xoi PV - X (pu)  (4.6)

ulrq!---ry! .
! wy<pr,pu<x Pl Pu L(s,pg)eL(X)
DiFDj

r)! ¥ 24r

261’6_147' [ —
<= X oy

forri4- - -4ry+rmyer1+---+ry, =2rwithry = --- =ry, = landrygq, ..., 1y > 2.
Together with (4.4) and (4.6), we finally get

2’ 1@ 1 )
DR D s S DR s D DI ALCIRREY Y0

ry! .
u=lri+-+r,=2r U y<pi,..pu<x Py Pu L(s,pg)eL(X)
Flyeens ry>1 Pﬁépl

4 (20! 24

2870 —1 _
<= oy

because the number of compositions of 2r is 2271, O

Xog (P)
y=p=x 14

Now, we can say that the sum »_ is almost surely negligible.

logloglog X

Corollary 4.4 Except for O¢(Xe - 1"g IOgX ) L-functions in L(X) we have

1
(loglog X)% '

4.7)

Z ka (P)

vep<x P

Proof Take r = ¢; 1olg01go§X' By Proposition 4.3, the number of L-functions in L(X)
. ) 1 ;
with | Xox IP)) is
nypfx P (loglog X)%

<<€ 212r(£ _ 1)4}‘er

(log X)"
lo
K¢ Xexp (% (121og?2 + 4log(€ — 1) + log c; — logloglog X))
oglo
< Xe~ l%l%x logloglog X
where the first inequality follows from Stirling formula. O

Since except for O (Xe - log logx logloglog X) L-functions in L(X) have the zero-free

region we require, by Lemma 3.2, (4.1), and Corollary 4.4, those L-functions with the
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zero-free region satisfy that

-1

oI 42) (o)) o

P=yi=1

1 1
A1+ o | ———) ) (1+0 [ —s——
( ‘ ((loglogX)i)) < ‘ <logXloglogX>>
x(p)> 1
= 1+0, | ———1 ).
HH( ( £<(10g10gx);)>

p=yi=1
We note that
-1 i -1 (1_l>*(H) if p is totally split
(1_x(p)) _ » p1s totally spt,
i=1

p a-1/pH7!

W if P is inert.

(1-x)*
1—xt

1 AN = VP UM AN
1——)(1-— 1 - 1—— :
( p)( pz) SE( p) 5( p>

So we have

Since

< 1for 0 < x < 1, we have the inequalities

Applying Mertens’ Theorem

[10-5) =i (14

pP=y

(7))

and the partial Euler product approximation of ¢ (£)

—1 1
H(l——) =¢(0) (1+o<ﬂ>)
p=y Y

@ Springer



58 Page 18 of 32 P.Cho, G. Kim

to the product above, we have obtained

O (ipo(——)) <2000
e” loglog X (loglog X)2

_ 1
< (eV logIOgX)l ! (1 + 0 (M)) .

Since f(K) < X for K in F(Z/¢Z, X), we have

20 !
- |1+ 0| ———— | | = L{,
e? loglog f(K) ( ((loglogf(K))%)) e

< (e" loglog f(K))l_1 (1 +0 (11)) ,
(loglog f(K))2

and Theorem 1.1 follows.

5 Formula for "T’(1 s PK)

In this section, we show that when the L-function L(1, pg) satisfies the zero-free
region condition given in Lemma 3.1, the logarithmic derivative of L(s, pg) ats = 1
can be accurately approximated by a short sum. To deal with L-functions that may
not satisfy the required zero-free region condition, we also establish an upper bound
for their logarithmic derivatives. The arguments presented here are standard and well
known. Nevertheless, for the sake of completeness, we provide the full details. We
begin with the following two lemmas.

Lemma 5.1 [5, Lemma 2] Assume f(z) is a holomorphic in |z — zo9| < r and satisfies

R(f () = f(z0)) = M.

Then there is an absolute constant B>0 so that for |z — zo| = ro < r we get

, BMr
lf @ < m-

Lemma 5.2 [8, Theorem 5.10] There exists an absolute constant ¢ > 0 such that for

any primitive Dirichlet character x modulo q, L(s, x) has at most one zero in the
region

c

) L — (5.1)
logq(r] + 3)

The exceptional zero may occur only if x is real. In particular, for cyclic Galois
extension K of degree £ > 2, L(s, pg) has no exceptional zero.
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Using Lemmas 5.1 and 5.2, we give an unconditional bound for LT/(l, PK).
Lemma 5.3 We have
/

L
7 (1K) K¢ (log FK))?. (5.2)

e . .
Proof Letog = 1 RS for some 7y > 0, where c is the constant in Lemma

5.2. By the known convexity bound for Dirichlet L-function [8, Theorem 5.23], there
is an absoulte constant C > 0 such that

=1

| L01/2. ) < (CTT Y1+ D)

Hence, Phragmén-Lindelof principle implies that

_1)3=20

4 (€
| LG, pr) << (€T £ + 1)

for % < o0 < 3, where s = o + it. In particular, we have

3 - 3 -
M(log L(s)) = log|L(s)| < (¢ — D= log fF(K)(lr] + 1) +

logC
for% <o < %
Then there is a constant C’ > 0 such that
! 3—0 3 — ,
R(log L(s, pg) —logL(3/2, pg)) < (£ —1) log f(K)(t] + 1) + log C

1 3
f0r§<o§2

Letr =3 — %t andletrg = 2 — #. By lemma 5.1 there is a constant A > 0

2 2 2
such that for |s — —| =ro<r,
L' 8(2 — 00) 3—0 3-20 ,
—@) < —>ACl-D log f(K)(|t] + 1) + log C
L (1 —o00)
< (log f(K)(to] + 3))°
forall s € [og, 1] x [ —t9, to] . Taking t9p = 5 we finish the proof. O

From now on, we assume that L(s, px) has the zero-free region given in Lemma
3.1.
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Lemma 5.4 Suppose that L(s, pg) # 0whens = o +it € [«, 1] X [ —x, x], where
x = (log X)# and B(1 — «) > 4. Then we have, for y = x" withany 0 < n < 1,

/
Loy == 3 2enPl08P 5 X (PYIOE P
L P=y p 2 P
= y<p=x
ka(pk)logp —pk/x
— Z Te
pr<x
k>2
oun () »
C,a,B m . .
Proof Using the Mellin inversion of I'(s), we have
-1 2+4i00 L =1 oo X (p)
— —(1 +s, p)T($)x’ds = Z Zl e~ P /x' (5.4)
2l Javies P i=lk=l1

For k > 2 we have

£—1 oo k
DY o p e = 5 LU
P oi=l k=2 p

i= p/‘ <x

k=2

ky1
+ Z XpK(PISOgPefpk/x

x<pk§x2 p
k>2
lo
+ 0 Z gkpe_,,k/x
pk>x2 k>2 p
For the error term above, we can handle it as below.
k
Z logf e_pk/x < Z logne_n/x
p n
pt=x? nzx?
k>2
o0 o0
< / 108! /x4y < ZIO;gx / e”*dt
2 t X X2
log x
< O8L x,
X
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The second term is bounded by

1 1 1
Z Z ngp < Z % < YR

VX<p=<xo<k< zlé‘;g; Vx<p=<x

For those terms with k = 1, we apply the following two inequalities

lo
S PGy« - Zlogp <=
P=y p<)

and

—t/x

do(t)

Z loﬂe*p/x — /Oo
)4 2

X
p>x2

0 2 oo —t/x —t/x
- (xz)e—x—/2 9(;)(—et2 ¢ )dt &L e ¥,
X

X tx

where we used Chebyshev’s estimate 6 (¢) < 2¢. Thus, (5.4) is equal

1 24i00 L
307 - f(l +s, px)L(s)x%ds
—10Q0

prK(p)Ing Z Xox(P)logp _ /.
J— —_— — —e

P<y p y<p<x? P
k1o 1 1
-3 M o (v n). 6
k<2 p S
X
pkgz

Let T be a fixed positive real number sufficiently smaller than x. Then we move the
contour to obtain

1 2+iT
— — r d
27t i L( + s, p)T(s)x"ds

/

L o1t |
==, pK>+—f —(1+s k)L (5 ds
2

O‘“ 1+zT
—(1 r Sd
27”] i L( + 5, oK) (s)x°ds

2+ZT L/

+— —(1 + 5, pg)T (s)x"ds.
2i Jed _yyir L
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From the proof of Lemma 5.3, we have, for % < N(s) < 3,

L(s, px) <e (fOX)(Is] + 1) T
Then, for < NR(s) < %
NRlog L(s, px)) = log|L(s, px)| K¢ log(f(K)(Is| + 1)),
and for N(s) > %, trivially we have
log| L(s, px) | = O¢(1).
Thus, we have
Rdog L(s, pg) —log L2 +it, pk)) K¢ log(f(K)(|s| + 1))

for N(s) > 1.
By assumption on the zero-free region, for any ¢ > 0, log L(s, pg) is holomorphic
oz—H

inls —2—it| <r:=2—afor|t| <T.Applying Lemma 5.1 withrg =2 — to
log L(s, pg), we have

L/

lf(s’ pk)| K¢ log f(K)(Is| + 1) (5.6)
for |s — 2 — it] < 2 — 2L with |7| < T, and we conclude that (5.6) holds for all

se[%H 1] x [—T,T].
Hence, by (5.6) and the estimate F(“‘T'|rl —1+4in K ]++1’
-

14T P T
/ —(1 + 5, pr)L(s)x*ds < 1 / log (f(K)(t + 2))dt
i Jest g L 1- % 0

Ko x T T log (F(K)(T +2)).
Fors = o £+ iT with % — 1 <o <2,by (5.6) and Stirling formula, we have

/

L
7 (45, p0) e log F(K)(TI +2), T(s) < T lem2

Then
1 2+iT /

— — (1 +s, pg)L(s)x’ds <y Tflefg log(f (K)(T + 2)x2.
2i Je_y1y+ir L
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Thus, we combine the computations above to get
1 2+iT L
— — , r *d
el (I+s, pr)T(s)x"ds
L -1 I 2
= f(l, PK) + Opo(T™ e 2 log(f(K)(T +2))x
a+l
+xT T log (f(K)(T +2))).
Since
1 24io0 L’ o0
— —(1+s, pr)T(5)x%ds < x2/ e 12dr « x2e” T2,
2mi Joxir L T
by the Stirling formula I'(s) < e~ !"1/2, we have
L[ B gs pored
— — S, s)x'ds
2mi (2) L PK
L 2 L [4-1
= T(L o) + Or g (x27F [T~ log(£(K)(T +2)) +1])
o+l
+x T T log (f (K)(T +2))). 5.7)
1
Let us take T = x2#. Since B(1 — ) > 4, (5.7) is
! L/(1+ )W (s)x*d L/(l )+ O ! (5.8)
— — s, s)x*ds = —(1, — ). .
2mi ) L PK L PK top «/IOgX
Combining (5.5) and (5.8) completes the proof. O

To prove Theorem 1.3, only weaker result than Lemma 5.4 is sufficient. By slightly

modifying the proof of Lemma 5.4 we can easily have the following result.

Lemma 5.5 Assume the condition as in Lemma 5.4. Then we obtain

L _ N\ Xex(p)logp
- () = Z—p + 0,(1).

p=x

Proof The proof of Lemma 5.4 shows that

e (0 JE S X' (P logp
DD D logptgme M=) Y A e T 4 01
P oi=1k=2 P i1 phey? p

k>2

(5.9)
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For the first summation we have

-1 ik
x'(pHlogp _ )y log p log p
BPPRE LI S I S L
i=1 ph<y? p=x k=2 p=x
k>2
Thus we obtain
-1 oo ik
I IPITTL R
p i=1 k=2 14

We note that

-1 i
ZZIng%e_p/x = Z M _ Z Xﬂk(l’)logp (1 _e_[,/x)

p i=l1 p=<x p p=<x p
Xpx(P)logp _ /x
R L L
p>x

From the following two inequalities

XpK(p)Ing _ —p/x l
Z—p (1=e™P) <o =) logp <1

pP=x p=x

and

XpK(p)Ing —p/x logp /OO 1
E _ E —dt =1,
» e <L x 7 <X e

p>x p>x

the claim follows.

6 Proof of Theorem 1.5

In order to prove Theorem 1.5 it suffice to estimate

1 L
— Z —(1, pg)
N(Z/tZ. X) KeF(Z/tZ,X) L

1 ’ " L
= D DB D A (o8

KeF(Z/(Z,X) KeF(Z/(Z,X)
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I
where Z runs over the corresponding L-function of K has the zero-free region in

Lemma 5.4, and Z” runs over the corresponding L-function of K which might not

have the zero-free region.
We take « such that o > 19—1 so that % . 21a_—a1 < 1. Then, as explained in Section 4,

I—a

except for the O ((log X VBB X R ) L-functions in L(X), every L-function in L(X)
is zero-free in [«, 1] x [ —(log X)P, (log X)ﬁ] , where 8(1 — «) > 4.
Using the trivial bound in Lemma 5.3, we can estimate the second sum as follows:

L _
> T <o Gog X)TPEX DI ©.1)
KeF(Z/¢Z,X)

Now, it is left to compute the first sum. Let x = (log X)? and let y = x" for
any 0 < n < 1. By Lemma 5.4, the computation of the first sum is reduced into the
estimations of the following three summations:

Z/ prK(p)Ing’ Z/ ) pr(p)Inge_p/x’
p

KeF(Z/IZ,X) p<y p KeF(Z/0Z,X) y<p<x?

and

Z’ Z Xok (Pk)IOgPe_pk/x
— .
KeF(Z/UL,X) pk<x p

k=2
By Proposition 2.2 and Chevbyshev’s estimate, the first summation satisfies
/ Xok (P) 1o o2 e
NS A PIORE o, xEETY T e logp
KeF(Z/UZ,X) P<y P p=(log X)P7

Kpe XESTE (log X)P1CT+e),

and the second summation satisfies

1 -

KeF(Z/UZ,X) y<p<x> p y<p=<x?

Ko XTEH (log X) 5+,
Now, we estimate the third summation. Since P = xxk (P + )(12( 5 +

S Xf(_l (p*) where x is a primitive Dirichlet characters associated with the field
K, Proposition 2.2 says, for pk < X,

/ -1 o2
S x P = €= DIGHUTS, X + O (pTHXT) . (62)
KeF(Z/¢Z,X)
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Then, the contribution of the error term in (6.2) to the third summation is

042 =1 42 =19
X[+5+8 Z pe k+e logp < X[+5+8 Z po +e logp
pk<x.k=2 p<Jx

Kee XTI (log X)PTH0),

Now, we compute the contribution of the main term in (6.2) to the third summation.

pk

2k
For the prime powers p* in the range p* < x, wehavee™* =1+ 0 (’;—2>, which
is plugged into the third summation; then it becomes

0TS, 2tm
€-Dex Y 'p—“)gp(uo(px ))

pimfx

where the error term contribution is < % D pxtielogp o eer 1y M_
= =Tlogp (log x)?=0)
Then the main term contribution is
—nex Y Ars, 1ng+0 X oy logp 6.3
( ¢ ITSpl el 7 1 (6.3)
p<xl/t p<xl/t
=(-DEX > E|TS| +0 X
¢ 1 ¢
p<xl/t
log p X
= - I)Q:ZXZHTSP'W + Oy ¢ (W) .
p

After combining (6.1) and (6.3) with error terms we conclude that

L' log p X loglog X

> (1 pg) = (£ = DX > EITS,,|87+0“<7),
- ’ B(1-1/6)

KeF(Z/Z,X) L ) pr—1 (log X) /

and Theorem 1.5 follows.

7 Proof of Theorem 1.3
Now, we find the upper and lower bounds of the Euler—Kronecker constant for the

number fields K € F(Z/¢Z, X). For this purpose, we need the following technical
lemma, which is an analogue of Proposition 4.3.
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. log X
Proposition7.1 Lety =cjlog X, r < czwfor some constants ¢y, ¢y > 0. Then
we have

2r P
Z (Z x,oK(pP)Ing) < 2710 — 1)4r(2r) (10gy) X

L(s.pr)eL(X) \y=p=x Y
(7.1

Proof We use the similar argument of the proof of Proposition 4.3. By the multinomial
formula, we obtain

2r
Xox () log p < @r)!
pomomr) Ly e

: Fy'
Ls,px)eL(X) (y<p<x P w1 =20 > 1 "

(log p1)"1 -+ (log pu)'™ : .
> g r1 & Pu D Xk (1) X (pu)-

e ru
YEP1son Pusx Py Pu L(s.pg)eL(X)

Suppose that r; > 2 for all i. Then Chebyshev’s estimate shows that

ri ri—1 ri— 00
3 log p)'" _ / (logt) (Zlog ) 2(ogy) / _ _11/2 .
y y '

ri
y=p=x p p<t y2

lo il
<<2( gy) .
y

Then, by using the fact that L(X) =<, X and the above inequality, we have

) (logl’l)”- - (log pu)™ > a1 X ()
Tu PK PK u

yszi[l)»%})puq p " Pu L(s,pg)€L(X)
i7=Pj
(log p)"! (log p)™
< (£—1)2’X< o == > ——
y<p=x P y<p=x P
<< 22r(£ )2rX <10gy> <10gy>r_u.
y y

Then, by the similar argument of proof of Proposition 4.3 we obtain

1 2r)! 1 (1 L)
C > Gog pi)” -+ og pu) Do a1 X (pu)

| ... | r Ty
WoTE Ty ) pusx Py Pu L(s,px)eL(X)
Di#Dj
2r)! lo "
<o 22 (0 — 1)”@){ ( gy) . (1.2)
r y

Next, suppose that r; = 1 for some i. Then we may assume that ry + - - - + 1y, +
Pl + -+ +r, =2rwithrp =---=ry, =landry41,...,r, > 2. If one of the p;
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is ramified, say p1, then x,, (p1) = 0. Thus we may also assume that py, ..., p, are
all unramified. Then, the same argument in the proof of Propsition 4.3 shows that the
main term vanishes, and so

1 2r)! 1 e | uru .
et Z (og p1) og pu) Z Xo (P1) - X (Pu)

Lrleeop! ... Tu
ulryl---r,! ysm,;é.,pusx Py Pu L(s.pr)eL(X)
Pi#Pp;j
1 @2r)! =2 =7
<2~ 1>4ru,ﬁ<xe+5“< Y. n° logp
! " y<pi=x
H+£ b—rm 1+€
Z P’ log pm Z Pm6+1 !
Y=pm=x Y=Pm+1=X
—ry+e 1 5
(0g pry)™ -+ Y P <logpu>’u)+xz+e( > pt logpi
YEPusXx y=pi1=x
=5
Z Pm’ 108 pm (7.3)
Y=pm=x

1, (S5
D by "og pr) ™ Y p T T (log pu)

Y=Pm+1=X Y=Pu=Xx

We have the following inequalities, for r > 2,

3 P T logp < f 15+ (Zbgp> < 2T Y p e (log p)

y<p=<x p<t y<p=<x
=5
< Y p T Hlgp <2 T, Y p T logp <<f t75d (Zlogp>
y<p<x y<p<x p<t
-1
< 2T, Y pT T logp)
y=p=x
=5 =1
< Z p¥logp<e2x .

y=psx

Then (7.3) is

!
< 24r(f—l)zlri& Xﬁﬁ"’a (=t +8)u+X2+ Ly
M!VI!AH}’M!

4r 4r @)L y V" L2 4e ( Lte)u e T
L2M(L-1) T Togy X5 6 +Xz
! — —
< 24i’(e_ 1)4r (27;)(y]0gy)r (X%"’a(]ogx)(%'ﬁ?)ﬁu +X%+£(10gX)%ﬂ“>
r.

< 2% - 1)4’@(1ogy)’ (X%“(log x)(FHB+2Be+Dr | X%+€(1og X)<%ﬂ+1>’> .
r:
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Thus, in this case we have

1 (2n)! (log p1)"! - - - (log pu)™

En!..-ru! Z L..plu Z

YEP1oons PuSx Py o Pu L(s.pg)eL(X)
Pi#Pj

Xk (PD - Xp% (Pu)

<2 - >4r( ) (log y)" (XHSH(IOgX)( FHBF2BeDr L x5+ (10g x) (T ﬂ+])r>.

: 1 3 1 1
If we take ¢y < min (Wm(m — 8), m(i — 8)), then

1@ 3 (log p1)" - - - (log pu)"™ 3

s Xk (P1) == X5 (Pu)
P p; PK Xpg \Pu

u‘ rl' .. .r '
Y Uy <Pl Pu=x
Pi#Dj

2r)! lo "
r! y

L(s,px)eL(X)

(7.4)

Combining (7.2) and (7.4) we get the desired one

2r r
3 (Z XpK(pllegp> <<26r_1(z_1)4r@ (logy> ¥

L(s,pg)eL(X) \y=p=x y

Note that we have, for r < czmlgﬂ%, some constant ¢, ¢y > 0,

2r
5 (Z XpK(p)logp) <<<(€_1) gy) X
p y

L(s,px)eL(X) \y=p=x

by the Stirling formula and Proposition 7.1.Taker = c» 101;%, and then by the proof

of Corollary 4.4, except for O (Xe - 10% logX logloglog X

that

) L-functions in L(X), we have

3 W < (loglog f(K))?.

y=p=x

For such a L-function L(s, pg), by Lemma 5.5,

L 1
Loy = =3 2 8 46, (oglog £ (KDY,
P=y p
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Since —1 < xpx (p) < £ — 1 forall primes p, Mertens’ theorem shows that the upper
and lower bounds for %(1, pK) are

loglog £(K) + O((loglog f(K)?).  —(¢ — 1)loglog £(K) + O((loglog f(K))?).

8 Proof of Theorems 1.2 and 1.4

Since we know when L(1, pg) and %(1, pk ) respectively attain their maximum and
minimum, Theorem 1.2 and Theorem 1.4 directly follow from Proposition 2.1 .
Indeed, let y = clog X for some constant ¢ > 0. By Proposition 2.1 we have

=1 £4+2
N(Z/Z, X, LC) = [] ILCpl€eX + 04,5(2@‘(@ -ple+ R[] p e Exaste
LCpeS PES

@.1)
+([I» T x2*).

peS

Let LCy ={T'S, : p < y}andlet LC; = {IN, : p < y}. Then, (8.1) implies that the
main term of N(Z/¢Z, X, LCy) is

>0 X ( log ¢ 28X )H(l 1>H > X ( log ¢ 28X )
exp | —1lo - — —— —exp| —lo ,
¢ P ¢ loglog X p ¢ (loglog X)¢-1 P & loglog X

pP=y

and the main term of N(Z/IZ, X, LC3) is

X £ log X
¢ ——————exp| —log—————
(log log X)¢—1 ¢ — 1loglog X

because |[IN,| = (£ — 1)|TSp|. Thus, the number of cyclic extensions K in
F(Z/tZ, X) for which

- -1 _
L(1, px) = (¢” loglog f (K)) <1+0<loglogf(1<)))

and

/

L
7 (L. px) = —(€ = Dloglog f(K) + O((loglog FEN?)

is

;) _logX

logiloglogx—log@logloglogX _ Xe € ToglogX logloglog X

>0 Xe

< Xe —log¢ 1%1%)( —log £logloglog X
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and the number of cyclic extension K in F(Z/{Z, X) for which

L1 )—L<1+0<;>>
P = o loglog f£(K) loglog f(K)

and

L/
7 (. px) = loglog f(K) + O((loglog FEN?)

is

S Xe~ —lo g[ IloglogX —log ¢ logloglog X _ Xe —c k)glogxlogloglogX

- Xe~ log (Tl %—logi logloglog X
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