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ABSTRACT: We extend the study of relevant deformations connecting 2d (0, 2) gauge theories
on D1-branes probing toric Calabi-Yau 4-folds beyond pure mass deformations. The underlying
geometry provides powerful insights when field-theoretic tools are still lacking. We observe
that the volume of the Sasaki-Einstein base of the Calabi-Yau 4-fold grows towards the IR,
signaling the relevance of deformations. We exploit the map between gauge theory fields
and GLSM fields to compute scaling dimensions directly from divisor volumes, allowing
for a sharper determination of whether terms in the Lagrangian are relevant or irrelevant.
Moreover, this map provides a systematic way to determine the precise set of terms needed
to realize a given deformation. We also explore the interplay between general relevant
deformations and triality, studying cases where non-mass deformations are mapped to mass
deformations in a dual theory, and resolving puzzles that seem to require non-holomorphic
couplings in one of the dual phases. Finally, we present evidence that when the Hilbert
series of the mesonic moduli space is refined only under the U(1) R-symmetry, it becomes
invariant even under non-mass relevant deformations of the brane brick models corresponding
to toric Calabi-Yau 4-folds related by a birational transformation, extending previous results
to a broader class of deformations.
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1 Introduction

An infinite class of 2d (0, 2) gauge theories can be engineered on the worldvolume of D1-branes
probing toric Calabi-Yau (CY) 4-folds. The understanding of these theories has significantly
expanded with the introduction of brane brick models [1, 2], a class of Type IIA brane
configurations related to D1-branes at toric singularities via T-duality.

Brane brick models elegantly encode the structure of the 2d theory while simultaneously
simplifying the connection between the gauge theories and their corresponding toric CY
4-folds, reducing it to a combinatorial problem. For additional developments on brane brick
models, see e.g. [3-15].



A systematic investigation of mass deformations of 2d (0,2) gauge theories realized on
D1-branes at CY4 singularities was carried out in [16], focusing on the class of deformations
for which the initial and final theories are associated to toric CY 4-folds. This work examined
various aspects of these deformations, including their combinatorial description, the associated
global symmetry breaking patterns, and their impact on the volume of the Sasaki-Einstein
7-manifold forming the base of the CY 4-fold. The first example of this type of deformations
was presented earlier in [5]. These deformations are generalizations to 2d of the famous
Klebanov-Witten deformation relating the 4d N' = 1 gauge theories for D3-branes probing
C2?/Zy x € and the conifold [17]. More examples of mass deformations for 4d theories
associated with toric CY 3-folds were studied using brane tilings [18, 19] in [20].

In this paper, we extend this investigation to a broader class of relevant deformations that
connect two toric theories without involving mass terms. The analogous problem involving 4d
gauge theories described by brane tilings has been studied in [21]. The first known example
of a pair of brane tilings corresponding to different toric CY 3-folds connected by a non-mass
relevant deformation can be traced back to the original paper introducing brane tilings [18].
In that work, a toric phase of PdP3 and another one for dP; which share the same quiver
were considered. The two theories differ in their superpotential. From a current point of
view, they are related by a relevant deformation. These deformations were systematically
studied in significantly greater detail in [21]. Our primary strategy is to analyze the interplay
between relevant deformations and triality, focusing on higher-order relevant deformations
that map to mass terms in a triality dual.

Interestingly, the effect of mass deformations on the underlying CY 4-fold can be un-
derstood as a subclass of combinatorial and algebraic polytope mutations acting on the
corresponding toric diagrams [22, 23]. These mutations are also referred to as birational
transformations of the associated toric varieties. It was shown in [22, 23] that when mass
deformations of brane brick models realize such birational transformations of the toric CY
4-fold, they preserve both the Hilbert series of the mesonic moduli space refined only by the
U(1)r symmetry and the number of mesonic generators. This is consistent with previous
studies on CY 3-folds [24-27]. We further show that the relevant non-mass deformations
explored in this paper are governed by the same class of polytope mutations.

This paper is organized as follows. Section 2 presents a quick review of 2d (0,2) gauge
theories on D1-branes on toric CY 4-folds, brane brick models and triality. Section 3 discusses
how divisor volumes can be exploited to determine the scaling dimensions of quiver fields,
and how the volumes of the Sasaki-Einstein bases of CY 4-folds can be used to establish the
UV—IR direction of RG flows. In section 4, we study a non-mass relevant deformation and a
deformation involving both mass terms and higher-order contributions. Section 5 initiates
the study of the interplay between relevant deformations and triality, showing that non-mass
deformations in a theory can map to mass deformations in a triality dual. In section 6, we
study deformations in triality-dual theories that appear to require non-holomorphic terms
in one of the two descriptions, and we resolve this apparent puzzle. Section 7 investigates
deformations to theories containing additional irrelevant terms. In section 8, we generalize
the correspondence between birational transformations of toric Calabi-Yau 4-folds and
mass deformations of brane brick models observed in [22, 23] to include non-mass relevant



deformations. We present our conclusions in section 9. Various appendices collect explicit
information about the (fast) forward algorithm applied to the theories we study in the paper.

2 2d (0,2) gauge theory and brane brick models

Brane brick models have considerably streamlined the correspondence between toric CYy4’s
and 2d (0, 2) gauge theories, in both directions. One key reason is that the GLSM fields, which
provide a symplectic description of the mesonic moduli space of the gauge theory, partially
admit a combinatorial realization known as brick matchings in the brane brick model [2].!
Moreover, various practical methods have been developed to construct the 2d (0,2) gauge
theory and the brane brick model corresponding to a given toric CYy (see e.g. [1,2, 4, 5,7, 9]).2

2.1 GLSM fields and the P- and P-matrices

A distinguishing feature of the 2d (0,2) gauge theories on the worldvolume of D1-branes
probing toric CY 4-folds is that the J- and F-terms associated to each Fermi multiplet
A;; have a binomial structure,

Aij : J;g - Jj;-,
A.. - Bt - (2.1)
Ay« B — Ej,

where Jjjl? and Ef; are holomorphic monomials in chiral fields. This property is often referred
to as the toric condition [1].

When all gauge groups are U(1), the classical mesonic moduli space M™® of the brane
brick model is defined by the quotient

M® = Spec (C[X;,]/Z5% ) /U1, (2.2)

where C[X;;] is the coordinate ring in terms of chiral fields X;; and Z1 is the irreducible
component of the toric ideal formed by the J- and E-terms. Only G — 1 of the U(1) gauge
groups are independent to each other explaining the quotient by U(1)¢1.

The forward algorithm [1] allows us to identify the mesonic moduli space M™ in terms

of GLSM fields pg,

M = Spec (Clpd]//Qie) / /@D, (2.3)

where a = 1,--- ,c and c is the total number of GLSM fields [1]. The J- and E-terms as well
as the U(1) gauge charges are expressed in terms of a collection of U(1) charges on GLSM
fields which are given by the Q- and Q) p-matrices, respectively. These charge matrices are
obtained as part of the forward algorithm. They are defined as follows,

Qi = ker P, CZ:QD'PTa (24)

'For simplicity, throughout this paper we reserve the term “gauge theory” exclusively for the quiver theory
on D1-branes.

2More precisely, multiple brane brick models can correspond to the same underlying toric CY4. Such
models are related by triality [3].



where d is the reduced incidence matrix of the quiver. The P-matrix is an important piece of
information coming from the J- and E-terms under the forward algorithm, since it summarizes
the map between chiral fields in the quiver gauge theory and GLSM fields.

Defining the total charge matrix ); as the concatenation of Qg and Qp, the toric
diagram of the underlying CY 4-fold is given by

G = ker Q¢, (2.5)

where each of the columns of G give the position of the point in the toric diagram associated
to the corresponding GLSM field. In general, the forward algorithm also produces extra
GLSM fields. These additional fields behave like an over-parameterization of the mesonic
moduli space M™ and are not part of the corresponding toric diagram. However, they
play a crucial role in determining the correct ;g and (Qp charges in the symplectic quotient
definition of the mesonic moduli space. We refer the interested reader to [1] for further details.
Brane brick models offer an alternative combinatorial approach to determining the toric
CY 4-fold associated with a given gauge theory. This method circumvents some of the
more computationally intensive steps of the forward algorithm. The central objects in this
construction are the brick matchings, defined as follows [2]. First, we define the gauge-
invariant plaquettes as the monomials in the J- and E-terms combined with the corresponding

Fermi field or conjugate Fermi field,
Aij : Jj-"; s Aij : Jj; s Kij . E—; s Kij . E; . (2.6)

?, 1,

Then, a brick matching is defined as a collection of chiral, Fermi and conjugate Fermi fields
that covers exactly every plaquette in the brane brick model by satisfying the following
three conditions:

e The chiral fields in a brick matching cover either the plaquettes (A;; - J7 , Ay - J;;) or

- i
the plaquettes (A;; - EZ ,

Aij - E;;) exactly once each.

e If the chiral fields in a brick matching cover the plaquettes (Kij . E:Jr ,Xij . E;) , then
the brick matching should include A;; .

o If the chiral fields in a brick matching cover the plaquettes (A;; - th A Jj;-) , then
the brick matching should include Kij .

We refer to [8, 10] for alternative, yet equivalent, definitions of brick matchings.
Remarkably, brick matchings coincide exactly with the non-extra GLSM fields obtained
via the forward algorithm. Together with a prescription for assigning coordinates in the toric
diagram, they furnish an alternative and efficient procedure for determining the toric CY
4-fold from the gauge theory, known as the fast forward algorithm [2].
We will denote by P the matrix encoding the map between chiral fields in the quiver
gauge theory and brick matchings.? In general, P is defined as follows,

_ 1 if X; € pg,
PXij,a = . ’ (27)
0 if Xj; ¢ pa,

3Equivalently, P is obtained from the P-matrix introduced above by removing the columns corresponding
to the extra GLSM fields.



for a = 1,--- ,¢ and ¢ being the total number of brick matchings. The P-matrix can be
extended to include the (conjugate) Fermi field content of brick matchings [2], by including
new rows associated with Fermi and conjugate Fermi fields as follows.

1 if AZ']' € Da
=41 if Kij € Pa - (2'8)

0 otherwise

B,
( A Aij or Aij,P

In the following work, we refer to the above matrix as the extended P-matrix.

For all the models studied in this paper, we have carried out both the forward and fast
forward algorithms, confirming that they yield consistent results. For brevity, we will present
only the extended P-matrices. Including the extra GLSM fields, namely presenting the
extended P-matrices, would be impractical, as these matrices are generally prohibitively
large for the examples we will study.

2.2 Mass deformations of brane brick models

As shown in [16], mass deformations can relate brane brick models associated to different toric
CY 4-folds. SUSY-preserving mass terms in 2d (0,2) theories are gauge invariant quadratic
couplings between a chiral and a Fermi field, hence constraining the brane brick models
undergoing mass deformation in this way. Given a pair of chiral and Fermi fields connecting
to the same pair of nodes in the quiver, the choice of the mass term introduced in the J- and
E-terms depends on the type of chiral-Fermi pair in the quiver of the 2d (0,2) theory. In
general, mass deformation of a brane brick model involves the following mass terms,

(Aij,Xij) €Q: J/ = J]z; Ez{j = :I:mXij + Eij

2.9
(AU,X )EQ: J]{i:iiji-i-in, Ez{j:Eij7 ( )

where J}; and Ej; are the J- and E-terms corresponding to the Fermi A;; after the mass
deformation, and Jj; and E;; indicate the original J- and E-terms. We can integrate out
the massive pair of chiral and Fermi fields, leaving the following replacement of the chiral
fields in the remaining J- and FE-terms,

1 N 1 _
Xij = ¢%(E;§ —E;) or Xj= ;E(Jjg —J5). (2.10)

Change of variables.

Note that the replacement of chiral fields in (2.10) sometimes violates the binomial property
of the J- and E-terms [1]. We rectify this issue by further deforming the interactions with
higher-order couplings among the chiral fields. In [16], this remedy deformation is referred to
as a redefinition of holomorphic interactions, which generally takes the form,

A;j . j,k U ]k‘ + ZC J )X hth (211)

(JF)

where X' ik and A are the new fields after the redefinition and ¢;"’ are the coefficients
specific to the redeﬁnition.



In this paper, we introduce a more general redefinition of holomorphic interactions, which
we refer to as a change of field variables, in order to recover the toric property of the J- and
FE-terms. This more general redefinition of field variables involves the following redefinitions
of chiral and Fermi fields,

Xij — lej = (IXZ‘J' + bXZ] ,
Aij — A;j = SAZ']‘ +aX;. k- Akj + BN - Xk...j 4+ X A - Xl...j , (2.12)

where a, b, s, a, B and «y are collective notations for numerical coefficients, and Xj...; denotes
a holomorphic monomial consisting of chiral fields, namely an oriented chain of chiral fields
in the quiver, whose start and end nodes are labelled ¢ and j, respectively. The notation
suppresses the node labels inside the chain.

The change of chiral fields in (2.12) leads to the following transformation of J- and E-terms,
J(X};) = J(aXij +bXi5), B(X;) = E(aXy +bX;.5), (2.13)

where the gauge group indices of the J- and E-term are suppressed for clarity. The change
of Fermi fields in (2.12) affects the J- and E-terms in a less straightforward way. For the
E-terms, the deformation affects the chirality constraint for the Fermi fields in the form
E;; = E+Aij. This results in the following new E-term,

1
Ejj(X) = — [Ei-(X’) — aXip - Erj(X") o1
— BEg(X") - Xy — ¥ X - Ert(X') - Xl...j] .

For the new J-terms, let us recall the Lagrangian of 2d (0, 2) gauge theories, where the J-term
is introduced through a holomorphic coupling with the Fermi field as follows,

L= —/d2y o™ {A”J]Z(X) + Akljlk(X) + - } —c.c, (2.15)

where Jjj, stands for the other J-terms coupled to Fermi fields Ay;. Substituting A;; with A;j
as defined in (2.12), we have a change in the holomorphic coupling involving Asj, Aji, A,
and Ay next to the A;;J;(X) coupling. By rearranging the J-terms, we have,

Ji(X) = sJu(X'),

Jip(X) = Tin(X') + aji(X') - X, (2.16)
Jui(X) = Jpi(X') + BX . - Tji(X'), '
Jl/k(X) = Jlk(X,) —+ ’7Xl...j . Jj'(X/) . Xi...k,

where J%; , Ji,, and Jj, stand for the new J-terms coupled to the redefined Fermi fields
Akj, Aki, and Ay, respectively.



In summary, the change of field variables that we introduced in (2.12) result in the
introduction of higher-order interactions to the holomorphic J- and E-terms as follows,

Eij(X) — s Eij — aXi - Exj — BEik - Xy — ¥ Xk - Ert - Xi5]
Jii(X) = sJji
Tin(X) = Tk + aJji - Xiok
Jii(X) = Ji + BXpj - Jji
(X)

Ji(X) = T + v Xy Jji - X (2.17)

where the holomorphic functions on the right-hand side above are to be understood as those
resulting from the change of field variables in (2.13).

Brick matchings and mass deformations.

Brick matchings correspond to vertices of the toric diagram of the toric Calabi-Yau 4-folds
as well as are combinatorially related to chiral fields of the brane brick model, forming a
natural bridge between toric geometry and the 2d (0,2) gauge theory. This connection allows
us to describe the effects of mass deformations on the brane brick model in terms of the brick
matchings that parameterize the toric Calabi-Yau 4-fold, as first described in [24]. Mass
deformations have an effect on the geometry of the toric Calabi-Yau 4-fold, which in turn
affects the shape of the corresponding toric diagram and the positions of the its vertices which
correspond to GLSM fields associated to brick matchings. This effect puts brick matchings
into the following 3 categories as observed in [24]:

e Massive brick matchings contain chiral fields that become massive under the mass
deformation. Consequently, their chiral field content changes under the deformation.
Before we turn on the deformation, these brick matchings correspond to an extremal
vertex in the toric diagram. Under the deformation, the relative position of the
corresponding vertex in the toric diagram remains unchanged with respect to the other
vertices, up to an SL(3,Z) transformation.

e Moving brick matchings correspond to extremal vertices of the toric diagram whose
position relative other vertices changes with the deformation. For all the examples
studied so far, the vertex associated to a moving brick matching lies at the end of the
edge of the toric diagram containing multiple segments, namely an edge of the toric
diagram with more than two collinear points. The effect of the deformation is to reduce
the number of collinear points. Moving brick matchings do not contain any of the chiral
fields that become massive under the mass deformation.

e Unaffected brick matchings refer to the remaining brick matchings that are neither
massive nor moving. Their chiral field content is partially, and sometimes entirely,
preserved under the mass deformation. They can correspond to both extremal and
non-extremal vertices in the toric diagram.



2.3 Triality

2d (0, 2) supersymmetric gauge theories exhibit a low energy equivalence known as triality [28].
The term “triality” follows from the fact that, in its simplest form, it relates three 2d SQCD-
like theories in the IR. Alternatively, applying three consecutive triality transformations to
the same gauge group takes the theory back to its original form.

Similarly to Seiberg duality for 4d A/ = 1 gauge theories [29], triality has a combinatorial
description when applied to quiver gauge theory as we shall review in this section. A string
theoretic realization of triality in terms of brane brick models was introduced in [3]. This
understanding was deepened in [4], where triality was connected to geometric transitions
in the mirror geometry. This perspective led to the proposal of new dualities in various
dimensions and to a beautiful geometric unification of them [30, 31].

We refer to each of the seemingly distinct quiver theories related by triality as a phase.
In the special class of theories described by brane brick models, triality manifests as different
quivers with distinct J- and F-terms that share the same mesonic moduli space. Phases
that can be described by brane brick models — or equivalently, by periodic quivers on T3
— are referred to as toric phases.

The rules of how triality acts on the 2d (0,2) quiver of a brane brick model generalizes
to transformations of quivers arising in the context of 0d N' = 1 theories corresponding to
toric Calabi-Yau 5-folds [4] — also referred to as quadrality between 0d N = 1 theories [30].
These rules have been shown to generalize to a graded quiver mutation in [31], where Seiberg
duality, triality and quadrality have been shown with their respective 4d N' = 1, 2d (0, 2) and
0d N =1 quivers to special cases of a general graded quiver mutation across dimensions.*
Below, we summarize the triality transformation rule on the quiver of a 2d (0, 2) theory.

2.3.1 Ranks

In a quiver with several gauge nodes, triality is a local transformation, acting on the dualized
node 7 and the fields charged under it. The rank of node ¢ transforms as follows

N =Y nSN;j—N;i. (2.18)
j

Here, N; and N/ denote the rank of the dualized node before and after triality, respectively;

X
nj;

of node j. In short, the new rank is equal to the total number of incoming chiral fields

is the number of chiral arrows incoming into node 4 from node j; and Nj is the rank
minus the original rank.

2.3.2 Mutation of the quiver

Let us now explain how the quiver transforms under mutation.

4More concretely, m-graded quivers with potentials exhibit order-(m + 1) dualities. For m < 3, this
corresponds to supersymmetric gauge theories in 6 — 2m dimensions. Specifically, m = 0, 1, 2 and 3 correspond
to 6d N = (0,1), 4d N =1, 2d N = (0,2) and 0d N =1 field theories, respectively [8, 31, 32]. For general
values of m, including m > 3, the graded quivers and their mutations describe the open string sector of the
topological B-model on CY (m + 2)-folds [31, 32].



Figure 1. Mesons resulting from the composition of an incoming chiral field with an outgoing chiral
or Fermi field at node 1.

1. Flavors. We refer to the fields connected to the mutated node as flavors. They transform

as follows
Incoming chiral — Outgoing chiral Xji — X5
Fermi — Incoming chiral Nij — X (2.19)
Outgoing chiral — Fermi Xij — Ayj

In the table above, it is irrelevant whether a Fermi field is incoming or outgoing relative to
the mutated node. This is because 2d (0,2) theories are invariant under the conjugation
of any Fermi field accompanied by the exchange of its J- and E-terms (see e.g. [1]). Thus,
without loss of generality, we will assume that the Fermi field attached to the mutated
node is oriented outward.

2. Mesons. We introduce mesons by composing incoming chiral fields with outgoing chiral
fields and Fermi fields. For every chiral field X; and every outgoing chiral field X;z, we obtain
a new chiral field Xz, when we apply triality on node . For every Fermi field A;; connected
to node 7, we get a new Fermi field Ajk.S Figure 1 illustrates the overall deformation of
the 2d (0,2) quiver under triality on node i.

3. J- and E-Terms. Let us summarize the rules that control the transformation of the
J- and E-terms under triality. It is convenient to describe the effect of triality on the J-
and F-terms in terms of plaquettes. Furthermore, to simplify our discussion, we introduce a
new notation involving gauge sub-indices where a plaquette of order k goes through quiver
nodes i1, ...,1, with 71 being the node on which triality acts.

(a) Cubic meson-dual flavors couplings. The first rule concerns new plaquettes that
are in one-to-one correspondence with the mesons obtained under triality. For each
meson, we add a cubic coupling involving the meson itself and the dual flavors. Figure 2
illustrates how these plaquettes are formed involving the two types of mesons in the
2d (0,2) quiver as shown in figure 1.5 We emphasize that figure 2 illustrates actual
plaquettes as contributions to the J- and E-terms, not merely the transformation of
the quiver itself.

5As mentioned earlier, Fermi fields are not really oriented. If we use a convention in which a Fermi field
terminating on node i is actually Ay;, we first switch it with its conjugate and then apply this composition rule.
SWith the orientation of the Fermis that we consider, there new couplings are contributions to J-terms.
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Figure 2. Plaquettes representing cubic couplings between mesons and dual flavors.

(a) (b)
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Figure 3. Transformation of plaquettes containing monomials of fields giving rise to mesons. We
illustrate the two possible cases: a) chiral meson and b) Fermi meson. We indicate the dualized node
in purple.

In addition to adding these new plaquettes to the J- and E-terms, the original plaquettes
in the J- and E-terms are also directly affected by triality. Plaquettes in the original theory
that do not contain the mutated node remain unchanged. For plaquettes that involve the
mutated node, there are two possibilities, depending on the type of fields in the plaquette
that are connected to the mutated node. The first possibility is discussed in (b), whereas
(c¢) and (d) discuss the second possibility.

(b) In existing plaquettes, we replace every monomial of fields that compose to give a meson
by the corresponding meson. These monomials involve an incoming chiral field and an
outgoing chiral or Fermi, namely they are of the general form X, ;, X; 4, and X, 4, Ai 4.
Figure 3 provides a graphical representation of this rule.

The following two rules relate to plaquettes that involve the mutated node under triality,
but do not contain any chiral fields that end on it. These plaquettes contain monomials
of the form AikilXiliQ'

(c) A monomial of the form A;,;, Xj;,i, in a plaquette is replaced by the monomial of the
corresponding dual flavors according to (2.19), which takes the general form X, ;, Aj i, .
Figure 4 illustrates this replacement.

(d) Additionally, if there is an incoming chiral field Xj;,;, from a node iy to the mutated
node i1, we introduce an additional plaquette which is a copy of the original plaquette
with instances of the form Aj;,;, X; i, replaced with the products of mesons that are

,10,
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Figure 5. Transformation of a plaquette in the presence of an additional chiral field incoming into
the dualized node.
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obtained by introducing A;,;, and Xi1i2‘7 This composition of the new plaquette is
illustrated in figure 5.

Whenever we apply (c), we also have to apply (d). (c¢) and (d) are new features of 2d (0, 2)
triality with no analogous counterpart in 4d N/ = 1 Seiberg duality. As we are going to see in
the following sections, these new rules have important implications for relevant deformations
of 2d (0,2) theories given by brane brick models. We also note that if the above rules under
triality on a quiver node generate mass terms in the J- and FE-terms, the corresponding
massive fields are integrated out as discussed in [1].

3 Divisor volumes and relevance of deformations

A primary goal of this paper is the study of non-massive relevant deformations of 2d (0, 2)
gauge theories associated to toric CY 4-folds. Such deformations modify the J- and E-terms
of a theory, while leaving the quiver invariant. As explained in section 2.2, it is possible
to redefine fields such that the final J- and F-terms satisfy the toric condition, leading to
a new brane brick model.

The theories under consideration are strongly coupled in the IR, so the dimensions of
operators do not follow from naive counting of fields, i.e. from the free field dimensions. At
present, we do not know of field theoretic methods to determine these dimensions in 2d (0,2)
theories. As a result, it is in principle not known whether a general deformation is relevant
or not. This stands in contrast to, for example, the case of 4d N = 1 theories, where they
can be determined via a-maximization [33].

In [16], it was found that the volume of the Sasaki-Einstein (SE) 7-manifold at the base
of the CY 4-fold under consideration grows under mass deformations. This suggests that

"Where Ai, i, needs to be conjugated as necessary to form the composition.
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these volumes of SE 7-manifold YYV and YIR, more broadly, satisfy
Vol(YYV) < Vol(YiR) (3.1)

and can thus be used to determine the UV — IR direction of RG flows under general
deformations.

The analogous monotonicity in the volume of SE 5-manifolds is well understood in the
context of the RG flows among 4d N = 1 gauge theories, since the central charge a of 4d N =1
theories turns out to be inversely proportional to the volume of a SE 5-manifold [34-36]. The
more detailed dictionary between CY3 geometry and 4d N' = 1 theory enables the calculation
of the scaling dimension of operators as well (see e.g. [35-37]).

Inspired by such progress, we are going to extend the results of (3.1) in two directions:

e Investigate the change of the volume of the SE7 under non-massive deformations.

e Establish a map between divisors in the SE; base and fields in the 2d (0,2) quiver.
This, in turn, allows us to map the volumes of these divisors to the scaling dimension of
fields in the quiver, from which we can determine whether a deformation of the brane
brick model is relevant or not.®

Besides these two directions, given that we focus on toric Calabi-Yau 4-folds characterized
by 3-dimensional toric diagrams, we are going to investigate with the use of toric geometry
how global symmetry breaks under a deformation.

3.1 From geometry to scaling dimensions

The non-compact toric CY 4-folds that we consider are cones over SE 7-manifolds. They

contain a basis of 5-cycles, which are in one-to-one correspondence with extremal points of

the toric diagram. The volumes of these cycles can be calculated from the toric data via an

extremization procedure (see e.g. [40, 41]). These volumes can then be used to determine

the scaling dimension of fields. Let us review how this is done.

To every extremal vertex of the toric diagram, we associate a 4d vector v, = (1,7,), with

0, the 7.3 position vector of the extremal vertex. Next, we consider a clockwise (when looking

into the toric diagram) sequence of n, adjacent vectors w, for v =1,...,n,. To compute
the volume of the 5-cycle X, associated to the extremal vertex, we consider

ny—1

Vol(S,) = Z (Vi Wy—15 Wy, Wy 1) (Vpsy Wiy W, W, )

, 3.2
v—2 <Uuab7wl/7wy+1><1)u7b7 wl/—17wu><v,u7b7 wlawn,) ( )

where the volume has been normalized by the volume of S?. We also have (v, v2,v3,v4),
which is the determinant of a 4 x 4 matrix whose columns correspond to the 4-dimensional
vectors v1,...,v4 inside the bracket. Lastly, we have the Reeb vector of the general form
b= (n,b1,ba,bs3) [40, 42]. Here, given that we are considering affine toric Calabi-Yau 4-folds,
due to the Gorenstein condition the vectors v, corresponding to extremal vertices of the toric
diagram are all co-planar allowing us to set n = 4 in the Reeb vector b [40, 42].

81n principle, the computation of scaling dimensions using volume minimization for toric divisors should be
related to c-extremization in 2d (0,2) theories [38, 39]. We leave this investigation about the connection to
future work.
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Additionally, we consider the function

Ny
Znasy =y Vol(Z,), (3.3)
pn=1

where the sum runs over the N, corners of the toric diagram. Minimizing this function
determines the remaining components of the Reeb vector and the volume of the SE; base
manifold. The latter is given by

1 m
VO](Y7) = ZVO](SY) ZMSY = EZMSY . (3.4)

Before translating the volume data of divisors into the scaling dimension of matter fields, it
is worth noting that each extremal vertex with vector v, in the toric diagram corresponds
to an extremal GLSM field p,. The scaling dimension of such an extremal GLSM field is
obtained from the volume of corresponding 5-cycle as follows®”

7 Vol(E,) Vol(S%) _Vol(Z,,)

A, = =
76 Vol(Yy) Znvsy

(3.5)

Given the gauge-invariant deformation plaquettes A;; - AJ;; and Kij - AFE;j, we determine
their relevance by summing over the contribution from chiral, Fermi and the conjugate
Fermi fields,

A[AZ] . AJﬂ] = A[Aw] + A[AJJJ for J-term deformation ,

_ — 3.6
A[Ai; - AE;;] = A[Aj] + A[AE;;]  for E-term deformation . (3.6)

To read each contribution, we use the extended matrix Py defined in (2.8). The scaling
dimension of chiral field X;; reads

Ny
A[Xl]] = Z AN ' (PA)XZ‘J‘,/J ) (37)
pn=1
and they are summed to the scaling dimension of deformation terms A[AE] and A[AJ]. The
contribution of Fermi A;; and that of the conjugate Fermi field Kij read

N, N,
AN = Au- (Pa)ayp, ARG =) Ay (PA)g, 0 (3.8)
p=1 p=1

Note that the sum ranges over N, GLSM fields that correspond to the extremal vertices
in the toric diagram, not over all GLSM fields appearing in the forward algorithm referred
to in section 2.1.

4 Examples

In this section, we illustrate the previous ideas with two explicit examples.

9We used the following facts: Vol(S°) = n*, Vol(S7) = % .
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Figure 6. Toric diagrams for P, _(SPP/Zy) and P?_(PdP3). We have labeled points anticipating
the corresponding brick matchings.

4.1 A relevant non-mass deformation from P,_(SPP/Z,) to Pi_(PdP:;)

The first example we consider features a relevant deformation composed entirely of cubic
plaquettes. That is, the deformation involves no masses and thus serves as a pure prototype
of the new class of deformations explored in this paper. Since no masses are turned on, the

quivers of the initial and deformed theories are identical.

Figure 6 shows the toric diagrams for the two geometries connected by the deformation,
P, _(SPP/Z5) and P?_(PdPs3). The naming convention was first introduced in the classifi-
cation of brane brick models corresponding to toric Fano 3-folds in [12] and is based on a
technique known as orbifold reduction [5] that enables the construction of brane brick models
from brane tilings associated to toric Calabi-Yau 3-folds. This method has been generalized
to arbitrary toric Calabi-Yau 4-folds and is known as 3d printing [7].

Starting point: a gauge theory for P,_(SPP/Z2)

The quiver diagram for a toric phase of Py_(SPP/Zs) is shown in figure 7. We have
constructed this theory using the 3d printing algorithm of [7]. The analysis that we will
present below will show that there is a toric phase for Pi, (PdP3) with the same quiver
but different J- and E-terms.

The J- and E-terms for this theory are

J E

Agy X13 - X302 — Xi5 - X2 Pag - U1 — Qos - Va1

Asg : X1 - X15 - X53 — Xeg - Xg1 - Xa3 P39 - Ugs — Q39 - Voo

Ag7 - Xrg - Xog — X711 X118 Va1 - Q17 — Ug1 - Pir
Agra:  Xio7- X7 X9 — Xio10 - Xio,7 - Xvg Vos - Q6,12 — Uge - Fs,12

Ag: Vea - Xa1 — Ve - Xe1 Pi7-Ur - Qos — Q17 - Ura - Pog
Agar e X118 Vee - Xoa — X11,9 - Xog - Vaa Py10-Uios - Q511 — Qa0 Utos - Ps 11
Ao 1o X107 - Uz — Uios - X3+ X32 Pog - Vey - Qa10 — Q28 - Vaa - Py 10
A 1o : X12,10 - Uros - X52 — X127 - Uro Pog - Vg - Qe,12 — Qas - Vgg - Po,12
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Figure 7. Quiver diagram for a toric phase of P,_(SPP/Z,).

Afg: Xog -
Afg: Xosg -
AL’I’)S : Ugl
Adg: Va1
Ay : Ura - Qos -
Af;: Ura - Pog -
Agg : Ugg - Xo1
AZg Vos - X61
Agy : X711 X119
Agy : X711 - X119
Afqy: Xi1,9 - Ugs -
A%y Xi1,9 - Vog -
Ag 0 Uo,5 - Xs52 - Qos -
A%,lo : Ui P51 - X118

- Vse

Us1 — Ugg -
Va1 — Vs -
- X3 — Vag -
- X13 — Vag -
Vg — X9
Vag — X9 -
- X5 — Xos -
- X5 — Xos -
Ugsg — Ura -

Vog — Ura -

Xoa - Xa1

Xea - X1

Q4,10 - Ur0,5 - X3
Pyro - Uros - Xs3
Uge - Xoa

Vos - X4

Ves - Q4,10 - Uros
Vsa - Py1o - Uros
Q25 - Vss

Pag - Vag

Xe1 — X118 Usi
Xe1 — X118 Vi
Vae — X10,7 - X79 - Ugs

Adg : Vs - Q6,12 - X12,10 - U105 — Ust -
Az : Vse - Xe4 - Pa10 Utos — Va1 -

— Xi0,7 - X79 - Vs

X5
X5

X392 - Qos
Py10 - X107
X1 - Q17
Psi11- X119
X53 - Q39
Ps2- X127
Xe1 - Q17
Pi7- X711
Xi5- Q5,11
P12 - X12,10
Xoa - Q4,10
Psq1- X118
X52 - Q2g

9 — X13- P39

- Q17 X79

— X32- Pos

— Q39 - Xog

- X Pi7

— Q4,10 - X107
— X3 - Psg

— Q511 X119
— Xe1 - P17

— Qe,12 - X12,7
- X15- B
— Q17 X711
— Xe4 - Py 10
— Q6,12 - X12,10
— X52 - Pag

— Q511 - X118

(4.1)

From the quiver and J- and E-terms, we determine the following extended P-matrix with an

extra column showing the contribution of each field to the scaling dimension. The rightmost

column is obtained by the procedure outlined in section 3.
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(4.2)

NN DDDDDDANNDDDD DRI WO 0 ND Ao A= I DI DI DD = T A n e n DD T s DD T
NN DO D DD NHNND DD NNHMNMNDNDAIEMNMNMDIN D OO 00O OOITDIDIBDWWIIBBRRSITHTagaD®RSHSo o
110000441100441172627210000000000000737373211144444411444411
DD o o o = O O = 4 O VWO FIEHO T ANHIDBDDDHHIBBBBRMIENEnE S0 I oo w0
S O A AN AN MM OO NNMMO OV F VIO F ONDDDDDDDDDDDRNEME MM DO DD pno 0w WADD oo DD
AT FFT F LB AT A LT RNAANS DL SN LRDDDRNRDDDINRDRMIBD®IDmDIARRBEBRIRBAADDBBAADD
o M M M) MDD o H MDD e D 0N A0 H N DD DDDD DD DAANIIDIBDAICES FIEELEEES T FEE S S I F
QT T T OO T TLO O MMIEOo Mo F Y Y YO Y Y Y Y Y YO Y VIO O Yo N RS R G AN E S AN D
MAITITIITAANRRETTAN®G®NRIDE RN LNRNRNNNNNNNNMNN— O~ R~~~ 55 0o o 500NN
=== =E=R=R=R=R=E=R=R=R=R=R=R=-R=R=R=R=R=R=R=E=R=R=R=R=R=R=R=R= R =R =R == R R e = R = B T =R = Tt i i = R = R o R i = i e R S
mUOOOI0001100010010001000000100000100101001100000110011001100
m000000001000100010001010000101000101101101110000110011001100
MOOOOOOOO].000100010101010000001000001101110110000000011001100
-
m000100000000000101000100010000010000010110110011000000000011
%010000010000000100000000011000011000110010111111001100000011
,.W.“Ul0000000001000000000000011010011010110011111111001100110011
WOOIO01000100001000000000101010101010011011001111111111110011
mOI1000010000001100100000001000001000010010001111001100000011
m011000000001001000100000001010001010010011001111001100110011
WIOOOO1100100001000000000100010100010001011001100111111110011
m1100001OOOO1001000100000000010000010000010001100001100110011
%10000100011OOO0000010000100000100000001011001100110011110000
Qlt O 0O 0O 00000~ "0 0 0000000000 0040000 A0 0O A0 —Hmd—HO OO A—HOO A A A A~ DD
S5m0 00000000 0000000000000 T00 A0 4100 "0 A0 4 A -dmdeodm+ed—o+HOO0 - 00 A —-H--—HOo O
%000000001100110010001010000000000000101000100000000011001100
%000011001100000010011000000000000000101001000000110011000000
%110000110000001100100000000000000000000010001100001100000011
oo 1 0O 000000000~ HO A "00 1000000000000 O0O 0O ~"AHOO0O0OOHHOOOOOODOOO O — o
g 71 00000000 1000000 —"A"F000000000000000C 00O "THOOHAHODODOOODODOOHHOOO O
moooooooooooooo0011001111000000000000111100110000000000000000
wOOII11001100001100000000000000000000000000000011110011000011
Ol 1 00000000 1000000000000 0000000000C 000000 A—HHHODODOOODODODOHHOOO O
”001100000011110000100000000000000000000010000011000000111100
m000011110000000010001001000000000000101000010000111100000000
o 0 0 0 000D 00D 00000001 1000000000000 A A~~~ A~~~ ~0 A0 A0 040 ~0 A0~ O
WOOOOOOOOOOOOOOOOOOOOI100111111000000111111111010101010101010
MOOOO00000000000011111100000000000000111111000000000000000000
m000000110000110010101000000000000000101010000000001100001100
m110000001100001100000010000000000O00000000101100000011000011
m001111000011000000000001000000000000000000010011110000110000
~ o ~ — S ) 0 o ~ o o - o ~ ~ o o -~ = o o
39281)137115141_,2)162v1646789]1r789111167181119988779977111188
S E &SR BT S BR S 8dS T anm A 8RR8I ERBE DTS 8B8T AR s 28 20 28a@ BB S BaB Bl 2 22 2 BalR
= = — s N = =1 < a8 < 3 S o < & oo —_—— N S S
XVAXXXXXXXXXVAvAVAXvAUUUUVVVVPPPPPPQQQQQQAAAAAAAA = =

In figure 6, we have indicated the point in the toric diagram associated with each of these

brick matchings. The complete forward algorithm introduced in [1] confirms that the gauge

theory has the desired geometry as its mesonic moduli space.
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U(1)r | fugacity
p1 r3 ty =13
p2 | r1HT3 | ta=1tit3
D3 r1 t3 =1
D4 r4 ty =14
D5 r2 ts = lo
De r2 te = Lo

Table 1. Charges under the U(1)r symmetry of the P,_(SPP/Z) model of the extremal GLSM
fields p,. Here, U(1)r charges r1,79,r3 and r4 are chosen such that the J- and E-terms coupled to
Fermi fields have an overall U(1) g charge of 2 with 2r; + 2rg + 2r3 + 74 = 2.

The volume of the base SE; manifold of P,_(SPP/Zy) geometry is
Vol(Py_(SPP/Z3)) = 3.75366 . (4.3)

Note that here and throughout the paper, we will often refer to the CY, and its SE7 base
using the same name. Their distinction would be clear in the context.
The U(1)g charges are summarized in table 1. The Hilbert series refined only under the
U(1)r symmetry using the fugacities in table 1 takes the following form,
P(£17"'7E4)

gk, .. Fa; Pr_(SPP /7)) = __ - L)
. (1= BLI)(1L - BBBNL (1 - BER)

where the numerator is given by,
P(t1,...,t)) = 1 + 383114 + TH315131, — 1381151584 + 205151301, + 2835t5 — 10t tatats
— AV + AR — AREE] + ARG + 10855 — 20°656 ]
— 2VEt5E) + 3R BHE — THOBE - 3NLUR" — L. (45)
Relevant non-mass deformation to P_f__(PdPg,)

Let us now consider the following deformation of the J-terms, where the new contributions
are indicated in blue,

J + AT E
Az : Xo1 - X5 - X53 — Xea - Xa1 - X13 — pp Xe1 - Xu3 P39 - Ugs — Q39 - Vos
Ag 12 X127 X711 X119 — Xi2,10 - X107 - X7g — X127 - Xrg Voo - Q6,12 — Uge - P12
JIVETE: X118 Voo - Xeoa — X119 Xog - Vaa + X118+ Vag Q1,00 - Uros - Pspi1 — Puio-Uros - @511
Az 10 : X107 - Urz — Unos - X3 - X2 + uUios - X2 Pag - Vag - Qu10 — Q2s - Vaa - Paio
Ay : Xog - Us1 — Uge - Xoa - X41 — pUgs - X1 Pi7- Xpg — X13- P39 . (4.6)
Ay : Xog - Va1 — Vog - Xea - Xa1 — 1 Vos - Xe1 X13- Q39 — Q17 - Xr9
Ad7 X711 X119 - Ugs — Ura - Qas - Veg — i1 X79 - Ugs Ps12 - X127 — Xe1 - Pir
A X711+ X119 - Voo — Urz - Pag - Vag — 11 X79 - Vogg X1+ Q17 — Qo2 X127
Alg: Vee Qo2 X12,10 - Uros — Ust - Xi5 + 11 Vaa - Qa0 - Uros P51 - X118 — X2 Pog
A Va6 - Xeoa - Pajo-Uios — Va1 Xis + pVsa - Paao - Uros X2 - Qas — Q511 - X118

Here, we only list the Fermi fields whose interactions are deformed. Since the deformation
involves only cubic and quartic plaquettes, no fields become massive. Therefore, the quiver
of the theory remains the same as the one in figure 7. As sketched in section 3, we use the
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extended P-matrix in (4.2) to determine that all the deformation plaquettes have the same
extremal GLSM field content; p; - pa - p3 - p5. Using the scaling dimension rule in (3.6), we
find that these plaquettes have the following scaling dimension A[A - AJ] ~ 1.68195 < 2,
which implies that the deformation in (4.6) is relevant.

Next, we introduce the following change of field variables,

1 1
X52 = ——Xs52+—X53-X32,
1 1
1 1
X11,8—+——X11,8+—X11,9-Xos,
m M
1 1
X13 = ——X13+—X15-Xs3,
1 #
1 1
X79—=——X79+—X711-X11,9,
m 1
1 1
Xe1— —Xe61——X64-Xa1,
u n
1 1
X127 —X12,7——X12,10-X10,7,
" 1
1 1
Va4 — —Vsa——Vs6-Xea,
u i
1 1 1 L1 ,
Az10 = —A210+—A2,12-X12,10— — Q258 Vee-Ag 10— — P25 Vs6-AG 10,
7 I b 1
1 Ty, 10 1 1
Asg———Agg+—Ag59-Xos+—Xs53-Ags,
1 1 1
2 1o 1.5 1 2
Ajs = ——A5g+—NA5g-Xos+—Xs3-Asg,
M M M
1 1. 1.4 1 1
Ajg———Ajg+—A7 11 X110+ —X15-A5g,
m M m
2 1o 1.5 1 2
Afg—=——Afg+—A7 11-X11,0+—X15- A5,
1 1 1
1 1. 1.4 1 1
Agr = —Ng7——Ng 10-X10,7— — Xea-Ayq,
1 1 M
1 1 1
A§7—>;A§7—;A§)10'X10,7—;X64'A4217- (47)

Some of the J-terms remain non-toric after the change of variables. Nevertheless, their
binomial property is restored by applying the vanishing F-term relations of other Fermi fields.
Note that the quiver diagram remains the same as in figure 7, and the J- and E-terms become

J E

Aoy : Xi5- Xiy — X3+ X2 Pos - Us1 — Qs - Va1

Asg X1 - X1z — Xoa - Xa1 - Xu5 - X3 Pyg - Ugs — Q39 - Voo

Ag7 : Xra1-Xiyg — Xpg - Xog Va1 - Q17 — Us1- Pir
Ag 12 : Xio7 - Xig — X120 - X107 - X711 - X119 Vo - Q6,12 — Uogs - Po 12

A : Via - X — Vag - X Pi7-Urz - Qas — Q7 - Urz - Pag
Agr: Xi1,9 - Xos - Ve - Xoa — X118 Vau Py0-Utos - @511 — Qa0 - Uros - P51
Ao X107 - Uz — Uros - X&o Pog - V4 - Qa0 — Qas - Viy - Pao
A2t X210 Utos - Xsa - X3 — Xio7-Un Pog - Vg - Qo,12 — Q2s - Vag - Po 12

A{:) H Ugﬁ . Xél - ng . Ugl P17 . Xég - X{g . ng

Ay Voo - X1 — Xos - Var Xi3- Q39 — Q17 Xig

Alg: Vhe Qo2 X1210 - Uros - X53 — Ust - Xi3 Psg - Xog — X32- Pos

Adg: Vs + Xoa - Pao - Uros - Xs3 — Var - X1 X3z Qas — Q39 - Xos . (48)

Alg: Urz - Qas - Vg4 — X711 - X119 - Ugs - Xoa Pyio- X107 — Xa1- Pi7

A3 : Ury - Pog - Vgy — X711 - X119 - Voo - Xoa Xa1- Q11 — Qa0 X107

Ay Xos - Vae - Q12 - X120 - Utos — Ugs - Xoa - Xa1 - X15 P511- X119 — Xs53- P

AZy: Xos - Va6 - Xea - Pajo - Uros — Voo - Xoa - Xa1 - X5 K53 Q39 — Q511 X119

Al Xtg-Uss — Urz2 - Qas - Ve Po2- Xio7 — Xg - Pir

Ay Xtg - Voo — Ura - Pos - Ve X1 - Q17 — Qe12 - Xiag
A%,u : X118 Usi — X119 - Ugs - Xoa - Xa1 Pi7- X711 — Xi5- P11
Ay Xi1s- Va1 — Xi1,9 - Voo - Xoa - Xan Xi5- Q511 — Qur- X
Ao : U5+ X53 - X32 - Qas - Ves — Xio0,7 - X711 - X11,9 - Uoe P2 - X12,10 — Xea - Puio
AZ o Uros - P51 X119 - Xos - Vae — Xao0,7 - X711 - Xa1,9 - Vos Xoa-Qu10 — Qo12 - X12,10

Alg: Usi - X15 — V§y - Qa10 - Uros P Xiyg — Xiy - Pas

AZ Va1 - X15 — Vgy - Pato - Uros X5 Qos — Q511 X118
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The extended P-matrix is as follows, with an extra column for the scaling dimension of

chiral fields,

(4.9)
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1

0
1
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0 1
1

1
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1
0 0 0 0 0 0)0.36448494

1
1

0 0 0 |0.36448494

1

1 10.364484937

0 0 0 0 0 0]0.364484937

0 0 1
00 0 0 0 O O 0 01]0.200199517

1
1

0 0 0 1]0.200199517
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0
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U(1)r | fugacity
D2 r1 to =11
p3 | 71 t3 =1
D4 T4 ty =14
Ds r2 ts = ta
De r2 te = L2
pr| T3 | tr=13
D8 T3 tg =13

Table 2. Charges under the U(1)z symmetry of the P?_(PdP3) model of the extremal GLSM fields
po. Here, U(1)g charges r1,79,73 and r4 are chosen such that the J- and E-terms coupled to Fermi
fields have an overall U(1)g charge of 2 with 2r; + 2rg 4+ 2r3 + 74 = 2..

The vertices of the toric diagram in figure 6 are labelled with the corresponding brick matchings
in the extended P-matrix. The complete forward algorithm independently confirms that the
new theory has P?_(PdP3) as its mesonic moduli space.

The volume of the SE; base manifold of this model is

Vol(P2_(PdP3)) = 3.99667 . (4.10)

Comparing to (4.3), we see that

Vol(P}_(PdP3))  3.99667 _
Vol(Py_(SPP/Zs))  3.75355

1.06 > 1, (4.11)

which is consistent with the observed increase in the base volume from the UV to the IR,
as summarized in (3.1). This provides further geometric evidence that the deformation
under consideration is relevant.

The Hilbert series of the mesonic moduli space refined only under the U(1)p symmetry
with fugacities summarized in table 2 takes the following form,

P(£17"‘7£4)

t,...,ta; P?_(PdP3)) = __ ~ ,
o +-(PAP)) = (B - ABB0)R( - GaR)

(4.12)

where the numerator is given by,

P(t1, ... ty) = 1 + 382015 + TE12121, — 1363151514 + 200151301, + 2638382 — 1041151412
— ARG + ARG — ARGEE + ARG + 100106°1] — 20°585'1]

_ ofTEE 4 13BERE — TEORA2E _ 3r000R _ 12 (4 3)

Note that the Hilbert series in terms of only U(1)r charge fugacities in (4.12) is identical
to (4.4). This is in line with the observations made in [22, 23] that brane brick models whose
associated toric Calabi-Yau 4-folds are related by a birational transformation share the same
Hilbert series when it is refined only under the U(1)r symmetry. As discussed in detail
in [22, 23], this is in part due to the fact that birational transformations on toric varieties
leave the number of generators of the mesonic space invariant.
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Ps Pe

p2 P7
P4 P3

Figure 8. Toric diagrams for SPP x C and D3. We have labeled points anticipating the corresponding
brick matchings.

2

Figure 9. Quiver diagram for SPP x C.

4.2 A mass deformation from SPP x C to D3

Let us now consider a deformation from SPP x C to D3. While the original theory SPP x C
has (2, 2) supersymmetry, the deformation halves the number of supercharges, preserving
(0,2) supersymmetry for the D3 theory. Figure 8 shows the corresponding toric diagrams.
Once again, we observe that the effect of the deformation is to reduce the collinearity of
points on edges.

Starting point: a brane brick model for SPP x C

Since this CY} is of the form CY3 x C, the corresponding gauge theory can be obtained by
dimensional reduction from the 4d N' =1 theory corresponding to SPP [43]. The resulting
2d (2,2) theory was first presented in [1] and its quiver diagram is shown in figure 9.

The J- and E-terms take the following form,

J FE
A1 X13- X31 — X12- X1 D1y - X1y — Xyp - Py
Ao Xio-Xo3- X3z — X171+ X2 Dog - Xo1 — Xo1 - @1y
A Xog-X30-Xo1 — Xo1- X1 D1y - X9 — Xyo- P2 (4.14)
Agy : X1 - X13 — X3 - X329 - Xo3 P33+ X31 — X31- Py
Az : Xs31-X11 — X32- Xog - X1 D11 - Xy3 — Xy3- Pag

Azp: Xor- Xi2- Xog — Xoz- X31- X3 P33 X320 — X39 - Do
Aozt Xzo-Xo1-Xi2 — X31- X3+ X3 Doy - Xo3 — Xo3 - P33
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U(1)r | fugacity

D1 ro t1 =12
D2 o to = 1o
p3 | 71 ts =1
D4 r1 ty =1

-2
D5 279 ts =17

Table 3. Charges under the U(1)g symmetry of the SPPxC model of the extremal GLSM fields p,.
Here, U(1)r charges r; and r3 are chosen such that the J- and E-terms coupled to Fermi fields have
an overall U(1)g charge of 2 with 2rq + 4ry = 2.

_ From the above J- and E-terms, we obtain combinatorially the following extended
P-matrix,

P1 P2 P3 P4 Ps5|q1 G2 A
®,1/0 0 0 0 1]0 0 0.5
P00 0O 0O O 10 O 0.5
P3310 0 0 0 1]0 0 0.5
X11/0 0 1 1 0|0 0]0.633975
X130 1 0 0 0]0 1]0.433013
X311 0 0 0 0|1 010.433013
Xo3/0 0 1 0 0|0 0]0.316987
X32/0 0 01 0[]0 0]0.316987 (4.15)
X211 0 0 0 0|0 110.433013
X21/0 1 0 0 01 0]0.433013
Ai7]0 01 1 1{0 0] 1.13397
A0 1 0 0 1]1 010.933013
Ai2/1 0 0 0 1]/0 110.933013
As;/1 0 0 0 1|1 010.9330130
Ai3/0 1 0 0 1]0 110.933013
A3 0 0 0 1 1]0 0]0.816987
Aoz|0 0 1 0 1]0 0]0.816987

In addition, the complete forward algorithm separately confirms that the theory has SPP x C
as its mesonic moduli space. The vertices in the toric diagram on the left-hand side of figure 8
are labelled by the associated brick matchings in (4.15).

The volume of the SE7 base manifold is given by

Vol(SPP x C) = 12.4976 , (4.16)

according to the computation in section 3.

The charges under the U(1)g symmetry are summarized in table 3. The Hilbert series
refined only under the U(1)g symmetry with fugacities summarized in table 3 takes the
following form,

1+ 41

g(fl,%g;SPP X (C) = — — — .
(1-1)(1 - 5)%(1 - hi))

(4.17)
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2

Figure 10. Quiver diagram for Dj.

Relevant deformation to D3

Let us now consider the following deformation to the J-terms, indicated in blue in (4.18).
In contrast to the previous example, this deformation simultaneously involves both mass
and cubic terms.

J +AJT E
A1 X13- X31 — X2 - Xo1 + Py @11 - Xq1 — X971 - Py
Agz i Xo1- Xq2- Xog — Xo3- X31- X13 — 1 Pon - Xog @33 X39 — X309 P
Aoz i X3zo-Xo1- X1 — X31- X3 X390 — 1 P33+ X0 Qoo - Xo3 — Xog - P33
(4.18)

Using the extended P-matrix in (4.15), we find that all the deformation plaquettes have
the same extremal brick matching content; ps3 - py - pg . Its scaling dimension obtained by (3.6)
is A[A-AJ] >~ 1.63397 < 2, which implies that the deformation is relevant. This is of course to
be expected, since one of the deformation terms is a mass term. However, it is more interesting
to note that all the other deformation terms that share the same extremal perfect matching
content must be turned on simultaneously to deform a theory to another brane brick model.

Upon integrating out massive fields Aj; and ®11, we proceed with the following re-
placement,

1
(1)11 = E(Xn . X21 — X13 . Xgl) . (419)

The resulting quiver is shown in figure 10. Furthermore, we perform the following change
of variables,

1 1
Dog = ——Pog + —Xo1 - X2,
I 7

. . (4.20)
P33 — — P33 — — X371 - Xy3.
u M

Next, we relabel some of the Fermi fields as follows: A}y = Asp and A3; = Agz. The relabeling
must be accompanied by the swap of J and E-terms associated to Ass. This leads to the
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following J- and FE-terms,

J E
Aoy : Xi12 - Xo3 - X32 — X11 - X2 i(Xm - X1z X31 — Poz - Xo1)
A2 : Xoz - X32- Xo1 — Xo1-X11 i(X12"I>22 — X3+ X31 - X12)
Az : X1 X3 — Xz - X3z - Xos i(¢33'X31 — X371+ X2+ X01)
A3 : X31 - X11 — X32- Xo3 - X31 i(Xu - Xo1 - Xi3 — X3 - ®33) . (4.21)

i(‘l’:;:; “X32 — X3zo-Xo1- X2

23 4 Xgp - o — Xa1 - Xug - Xao) 22 + X23 23 + X31 13
1
=(Xo1 - X12-Xo3 — X3 - P33
Ay X3 Xo1- X2 — $33- X il
» - 2 ' % - +Xo3 - X31- X153 —  Poz- Xo3)

The J- and E-terms in (4.21) still violate the toric condition by the contributions shown
in red. We can remedy this issue by an extra rotation of the Fermi fields. Specifically, we
introduce fields Ads, A2, which are connected to Ady, A2, via

A%3 pol A%g
= i 4.22
<A§3) (1 —u) \A% 422

Let us now determine the J- and E-terms for these new Fermi fields. Recall that the
original Fermi fields couple to terms Ji, and J3, via £ = — [ d?yd0T (A; - Jh + A35 - J2,).
Implementing the substitution in (4.22), we arrive at
Ty = pJip + T35,

/ 1 4.23

o= b1 -

Since the E-term is defined by the deformation on the chirality condition, we have

/ 11
E3 = 5(*E213 + E33)
H (4.24)
o 1. 2
Eys = 5(E23 - ME23) .

Finally, we rescale the chiral and Fermi fields in the following way,

X111 — pXi, Xoz — uXosg,

1 1 1 o 9 1 (4.25)
Aoy — —Ao1, A2 — —Ai2, Azt — —Asr, Ay — —pAy3, Az — —Aigs.
2 2 2 2
By renaming Al; as Als, we obtain the following J- and E-terms,
J E

Aoy : Xi2 - Xoz - X3z — Xi1 - X2 Xo1 - X153+ X31 — P2 - Xo1
Ara: Xo3 - X320 Xo1 — Xo1- X1 Xi2 - @22 — Xi3- X31 - X12
Aszp: X111 X913 — X3 - X32 - Xo3 B33 - X31 — X31- X2 X0 . (4.26)
Az : X31 - X11 — X3z Xoz - X3 Xi12 - Xo1 - X13 — Xi3 - ®33
Ags X3z - Poz — X31-X13- X32 %(Xm - X192 - Xo3 — Xog - ®33)

A33: 2(X32 - Xo1 - X12 — P33 - X32) Xo3 - X31 - X13 — Po2 - Xo3
+X32 - Poa — X371 - X13- X32 +2(Xo1 - X2+ Xog — Xog - Pss)

N[
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The terms in red correspond to the J- and E-terms above them, and therefore vanish on-shell.
Thus, on the moduli space we have the following independent set of J- and E-terms. By
introducing additional constant scaling of factor 2, we have

Aot :
A12 .
A31 .
A13 :
Ads
A3

X2 - Xo3
Xo3 - X32
X11
X31
X3z
X32 - Xo1

- X3o —
- Xo1 —
- X13 —
- X111 —
c Doy —
- Xio —

X1
Xo1

X3 -

X32
X31

- X12
- X1

X3z

X3z -
- Xos -
X1 -
(UEE

Xa21

Xi2
Xo21
Xa3

Xy -
X2~
(R

- Xo; -

X1 -

X1 -

which are the known J- and E-terms for the D3 model [1].

the D3 theory is

P2 P3 P4 D5 pe 7| A
X111 0 0 0 0 1(0.666667
P[0 0 0 1 1 0]0.666667
P33(0 1 1 0 0 0[0.666667
X13/0 0 0 0 1 0/0.333333
X510 0 0 1 0 010.333333
Xo3/1 0 0 0 0 00.333333
X300 0 0 0 0 10.333333
X12/0 1 0 0 0 0/0.333333
X510 0 1 0 0 0/0.333333
Ay [0 01 110 1
Ai2|0 10110 1
A1 {0 11100 1
Az3[01 1010 1
A1 11000 1
A3;/1 00110 1

- Xo1
- X31
- X1
- B33
- ®33
- Xos3

- X12
- Xo1

(4.27)

The extended P-matrix for

(4.28)

The vertices in the toric diagram for the D3 model in figure 8 have been labelled by the

associated brick matchings in (4.28).

The volume of the base SE; manifold reads

Vol(Ds3) = 13.6982..

Comparing to (4.16), we see that

VO](Dg)

~13.6982

~ 1.10

Vol(SPP x C)  12.4976

>1.

(4.29)

(4.30)

As expected, the volume of the corresponding SE; manifold increases as the gauge theory

is deformed.

The Hilbert series refined only under the U(1)r symmetry with fugacities summarized

in table 4 takes the following form,

g(t1,t2; D3) =

1+41,

,25,

(1)1 —B)%(1 — 0afy)

(4.31)



U(1)r | fugacity
D2 ro to = 1o
p3 | 71 t3 =1
D4 r1 ta=1t
Ds r2 ts = ta
De r2 te = L2
pr| T2 | tr=1t2

Table 4. Charges under the U(1)g symmetry of the D3 model of the extremal GLSM fields p,. Here,
U(1)g charges 1 and 7 are chosen such that the J- and E-terms coupled to Fermi fields have an
overall U(1)g charge of 2 with 21 + 4ry = 2.

Figure 11. Toric diagrams for P_(PdP3,) and P?_(dP3). We have labeled points anticipating the
corresponding brick matchings.

Note that the Hilbert series in (4.31) is identical with (4.17). This extends the observation
made in [22, 23] for mass deformed brane brick models corresponding to birational trans-
formations of the associated toric Calabi-Yau 4-folds, which leave the Hilbert series of the

mesonic moduli space refined only under the U(1)g symmetry invariant.

5 Connecting non-mass and mass deformations via triality

In this section, we examine the interplay between triality and relevant deformations. In
particular, we show how non-mass deformations in one toric phase can be mapped to mass
deformations in another phase related by triality.'? Below, we illustrate this phenomenon
with an explicit example.

5.1 From P, (PdPjy,) to P?_(dPs3)

We will study relevant deformations from P;_(PdPs;) to PZ_(dP3), whose toric diagrams
are shown in figure 11. Like the examples we studied in section 4.1, orbifold reduction
techniques [5] and the more general 3d printing algorithm [7] can be used to construct 2d
(0,2) theories corresponding to these two toric CY 4-folds from the 4d N/ =1 gauge theories
associated to the toric CY 3-folds dP3 and PdPg;, respectively.

10 An interesting question in both brane brick models and brane tilings is whether every relevant deformation
connecting two toric geometries can be realized as a mass deformation in at least one toric phase.
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The cone over the del Pezzo surface dP3 has played a prominent role in the study of gauge
theories on D3-branes probing toric CY 3-folds. For its phase structure and the corresponding
brane tilings, we refer the readers to, e.g. [18, 44-46]. The notion of pseudo del Pezzos was
introduced in [47]. In short, PdP,, corresponds to a blow-up of dPy at n non-generic points.
As a result, PdP,,’s contain non-isolated singularities, namely more than two collinear points
on the boundary of their toric diagrams, which is a central feature of theories that admit
deformations of the type studied in this paper. In general, there are multiple inequivalent
ways of blowing-up three non-generic points in dPy. In this section, we will focus on the
one studied in [47], which was dubbed PdPg;, in [48].

Before considering these CY 4-folds and their associated 2d gauge theories, it is instructive
to first review the underlying PdPg; and dP3 geometries and the corresponding 4d theories.
Interestingly, these geometries can be connected by either non-mass or mass deformations,
with the two types of deformations related by Seiberg duality. While each geometry admits
multiple toric phases, we focus on those summarized in figure 12. For phase labeling, we

adopt the notation introduced in [48], to which we refer the reader for additional details.'!

In the second row of figure 12, we observe that Phase (a) of PdPgy, is connected to Phase
(a) of dP3 by a non-mass relevant deformation. The interesting fact that both theories share
the same quiver but have different superpotentials satisfying the toric condition was first
noted in [18]. A detailed analysis of the deformations was later presented in [21].

Applying Seiberg duality to Phase (a) of PdPg;, leads to Phase (b), depicted in the
third row of figure 12, where the original non-mass deformation is mapped to a mass term.
Integrating out the massive fields yields Phase (b) of dPs, which is itself related to Phase
(a) of the same geometry by another Seiberg duality.

Below, we will show that the CY 4-folds constructed from these geometries exhibit
a similarly rich structure of RG flows, with non-mass deformations turning into masses
under triality.

A non-mass deformation

Let us consider Py _(PdPsp), whose toric diagram is given in figure 11. Our starting point is

a 2d theory for this geometry constructed using orbifold reduction from Phase (b) of PdPg,

in [48]. Figure 13 shows the quiver diagram for this theory. We will call this theory Phase (a).
The J- and E-terms of this theory are given by

J FE
Aqa: Xos - X5 - Xa1 — Xos - X1 Pi7 U2 — Q7 - Wra
Aea : Xuz - Xao - Xog — Xa1 - Xi13 - X36 Ps,12-Ui2,a — Qs,12 - Wiza
Az X36 - Xo1 — X32- Xos - X551 Pi7-Urz — Qir-Wrs
Ass : Xs51 - X13 — Xsa - Xu3 Psg - Ugs — Q39 - Wos
Azs: Xg11 - X11,10 - X1o,7 — Xg,12 - Xio,7 Wi - Q2 — Ura - Pog

1 This notation is not standard in the literature, but we follow it for consistency.

— 27 —



PdPsb

quartic
deformation

mass
deformation

dPs

2]

Figure 12. Web of connections between some toric phases of PdP3, and dP3 via Seiberg duality and
relevant deformations. For the superpotentials for these theories, see e.g. [18].

Xi10,9 - Xog - X312
Xog,12 - X127
Xi1,7 -

Ui2,4 - Xu3 -
Wig,a - Xusz -
Urs -

Was -

Xog - Xg,12 - Ur2,4
Xog - Xg12 - Wiz
Xi2,7 - Urs

Xig7 - Wrs

Xi11,10 - X10,7 - Ur2
Xi1,10 - X10,7 - Waa

Xi0,7 - X79 - Xo,12
Xog - Xg11 - X117

Xi1,10 - X10,9
Xi2,7-Ura
Xi2,7 - W
Urz - Xo6
Waa - Xoe
Uogs - X4
Wos + X554

Ui2,a - Xa1- X13
Wiz - Xa1 - X13
Xi11,7 - Urs - X32
X117 - Wrs - X2
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Wi2,a - Q4,10
Wzs - Q3o
Wos - Q5,11
Pog - X312
Xog - Q6,12
Ps,12 - X127
Xe1 - Q17
P10 - X109
Xa3 - Q39
P39 - X912
X36 - Q6,12
Pog - Xg 11
Xos - Q5,11

— Ui2,4 - Ps,10
— Urz - P3g

— Ugs - P5,11
— Xo6 - Ps,12
— Q28 - X312
— Xe1- P17

— Q6,12 - X12,7
— Xu3z - P3

— Q4,10 - X10,9
— X36 - Ps,12
— Q30 - X912
— Xos - Ps 11
— Q28 - Xg11



Figure 13. Quiver diagram for Phase (a) of P, _(PdP3;). We will later consider a relevant deformation
of this theory to a gauge theory for Pii(dpg). Since this will be a non-mass deformation, the new
theory will share the same quiver.

= >
[ SR

A4117 .
A47 .
A38 :

2
A3S

2
A19

5,10 *
5,10 *
Aks
A%
Alg :

Ura - Xo5 -
Wra - Xos -
Xg12-Ui24-
Xg 12 - Wiza -
Xi0,7 - Ura -
Xi0,7- Wra -
X9 -

X9 -

Ugs -

Wos -

- Xo.12 - Ui2,a Py 10 X107 — Xa1 - Pir
- Xo,12 - Wiz Xu1- Q17 — Qu,10 - X107
- X117 Urs Psg - Xgg — X32 - Pss
- X117 - Wars X32 - Q28 — Qa9 - Xog
Xi0,9 - Ugs Ps 11 - Xi1,10 — Xs4 - Pajio
X10,0 - Wos Xs54 - Qa0 — Q5,11 - X11,10
3 X32 - Xos P51 - X117 — Xs1- Pir
- X32 - Xo5 Xs51-Q17 — @511 - X117
Xo12 - Ui24 - Xa1 Pi7 - X79 — Xi3 - Ps
Xo,12 - Wiza - Xa1 X13- Q39 — Q17 - X9

(5.1)

Let us now consider the following deformation on J-terms, where the new contributions
are indicated in blue. Note that all the deformation terms correspond to cubic plaquettes,

hence, they are not mass terms.

Xo5 - X540 - X1

J +AJ
— Xog - Xo1 + 1 Xo5 - X51

Xu3 - X32 - Xog — Xg1 - X13 - X36 — pp Xuaz - X36
Xg 11 - X11,10 - X107 — Xg12 - Xio7 + p Xg 11 - X1,z

X10,9 - Xog - X312

— Xi0,7 - X79 - Xo12 — 1 X10,9 - Xo,12

Xog - X812 - Urgq — Ugs - Xsa — 1 Xo 12 - Ur24

Xog - Xg 12 Wigg — Wos - Xsq — 1 Xog 12 - Wing
X127 Urz — Uroa - Xa1 - X1z — pUr2a - Xy3
Xio7 - Was — Wigyg - Xy1 - X1z — pWiog - Xy3

Xi11,10 - X107 - Ur2
Xi1,10 - X10,7 - Wro
X9 - Ugs
Xr79 - Wos

— Xi1,7-Urg - Xao +pu X117 - U2
— X7 - Wez- Xgo+p X117 - Wea
— Urz - X32 - Xos + pUra - Xos

— Wars - Xso - Xos + pWra - Xos
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Pi7 - Urp
Fs 12 - Uiz
Wiz - Qog
Wiaa- Q10
Py 10 - X109
Xu3- Q39
Psg - X912
X6 - Q6,12
Py - X311
Xos5 - Q5,11
Psi11- Xy
51 Q17

E

— Q17 - Wr

— Qe,12 - Wi24
— Uz - Pag

— U124 Py10
— Xy3- P

— Q4,10 - X109 -

— X36 - 5,12
— Q39 Xo12
— Xos5- P11
— Q25 Xg11
— X51- Pi7

— Q511 X117

(5.2)



Additional higher-order couplings should be introduced by the change of variables in the

form of (2.12).

First, we change chiral fields as follows,
1 1
Ura = —=Ur2 + —Urz - X32,
m 1
1 1
Wi = —=Wra + —Wrs - Xs2,
m 1
1 1
Xaz = —Xaz — —Xa1 - Xus,
1 1
1 1
X1 = = X1 — = Xsa - Xaa,
S (5.3)
X36 — ——X3z6 + —X32 - Xos,
1 1
1 1
Xi0,9 = —X10,9 — —Xi0,7 - X79,
[ [
1

1
X117 = —X11,7 — —X11,10 - X107,
[ [

1 1
X912 = ——Xo,12 + —Xos - Xg,12.
[ 1

Next, we modify the J- and F-terms by changing the Fermi field variables, following the

rule in (2.17),

1 1
Az = ——Ai2 + — A3 - X,
1 [
1 1 1 L1 )
Arg = ——A7g + —Arg - Xog + —Urz - Agg + —Wrs - Asg,
1 [ 1 I
1 1,1 1,1 1 1
Agg = —Ngo — —Ayr - Xr9 — —Xa1 - Ajo,
[ 1 1
2 1,2 1.2 1 2
A9 — —Ajg — —Ai7 - X7g — —Xu1 - Afg,
12 . H . M . (5-4)
Azls,lz — **Aé,lz + —Ajs - Xs,12 + — X352 Aé,lZ )
1 1 1
2 1,2 1,2 1 2
A312 = ——A5 10+ —A5s - Xs 12+ — X352 - AZ 12,
1 1 1
L1 14 1 )
As7 = —Ag7 — — A5 10 - X107 + —Xsa - Aur,
[ [ [

1 1 1
A% — =A3; — —A3 10 Xior + —Xsa- Ad7 .
H M H

After change of variables followed by the rescaling of J-terms to remove the overall %

factor, we obtain a theory with the same quiver diagram in figure 13 but with the following
J- and FE-terms,

J E
Xo6 - X1 — Xo5 - X1 Pi7-Urz — Qi7-Wra
Xu3 - X36 — Xa1 - X13 - X32 - X6 Ps12 - Ui2a — Q6,12 - Wiz
X3+ Xo5 - X54 - Xg1 — X36- Xo1 Pi7-Uzs — Qi7-Wrs
X51 - X135 — X4 - Xus Psg - Ugs — Q39 - Wos
Xg12 - X127 — Xg11 - Xu1,7 Wi - Q2 — Ura - Pog
Xi10,9 - Xo,12 — Xi0,7 - X7g - Xog - X312 Wiza - Qa0 — Uir2a - Pao
Xog - X511 - X11,10 - X10,7 — Xo,12 - X127 Wzs - Qa9 — Urs - Pag
Xi11,7 - X79 — Xi11,10 - X10,9 Wos - @s5,11 — Uos - Ps11
Xi2,7-Ura — Ui2,a - Xa1 - X3 - X320 Pog - Xg 12 — Xo6 - Ps,12
Xio7 - Wre — Wiga - Xar - Xaz - Xs2 Xo6 - Q6,12 — Q28 - X312
Urz - Xog — Urs - X36 Ps12 - X127 — Xe1- P17
Wea - Xog — Wrz - X3e X61- Q17 — Qs,12 - X127
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Figure 14. Quiver diagram for Phase

acting the inverse triality on node 11.

1.

Ao :

2 .

A49 .

1 .

Az 2
2

Xo12 - U124
Xo12 - Wiz

Uiz,4 -
Wiz -
- X329
- X320
- X554
- X4

Xi1,10 - Xi0,7 - Urs
Xi1,10 - Xio,7 - Was
Urz - X32 - Xos
Was - X2 - Xos

Xg,11 - X11,10 - X10,7
Xg11 - X11,10 - X10,7 -

Xi0,7 - Urs - X32
Xio,7 - Wz - X32

Ugs
Wos

Xu3
X3

Urs
W3

- Xos
- Xos
X9 -
X7 -

Uos
Wos

- Xs1
- Xs51

(b) of P._(PdP3;), obtained from the one in figure 13 by

Ugs - Xs54

Wos « X554

Xi2,7-Urs

X127 - Wrs

Xi1,7 - Ur2

Xi1,7 - W

Xrg - Xog - Xg12 - Ur2,4
X790 - Xog - Xg,12 - Wiz
Xg12 - Ur2,4 - Xu1 - Xa3
Xg12 - Wiz X1 - X3
Xi0,9 - Ugs

X10,9 - Wos

Ura - Xos

Waa - Xos

Xog - Xg,12 - Ur2,4 - Xu1
Xog - Xg12 - Wiz - Xan

Py10 - X109
Xa3 - Q390
Psg - X912
X36 - Q6,12
Pog - Xg 11
Xos - Q5,11
Py 10 X107
X1 - Q7
Psg - Xog
X32 - Q28
Ps11 - Xi1,10
X554 - Qa,10
P51 - X117
Xs1 - Q17
Pi7 - X79
X3 - Q39

— Xa3 - P3o

— Q4,10 - X10,9
— X36 - FPs,12
— Q39 - X912
— Xos - Ps 11
— Q28 - Xg,11
— Xa1 - Pr7

— Q4,10 - X10,7
— X32- Pag

— Q39 - Xos

— Xs4 - Pa10
— Q5,11 - X11,10
— X51- Pi7

— Q5,11 - X11,7
— X3 P3o

— Q17 X79

(5.5)

The forward algorithm confirms that this theory corresponds to P?_(dP3), whose toric
diagram is presented in the right-hand side of figure 11. The extended P-matrices for these
theories are collected in appendix A. We call this theory Phase (a) of P?_(dP3) to distinguish
its other phases to be mentioned later.

As the attentive reader may have realized-much like in other examples discussed in this

paper-the choice of the theory to deform and the specific deformation implemented are not

arbitrary, but are instead guided by a clear understanding of the desired final result. In fact,
the final theory we obtained can be directly constructed via 3d printing, starting from Phase
(b) of dP3 in [48]. In other words, the non-mass deformation we presented descends from

the theories in the first row of figure 12 through 3d printing.
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Mass deformation in a triality dual phase

Let us return to the starting point of the deformation considered above, Phase (a) for

P,_(PdPs), whose quiver is shown in figure 13. Node 11 has two outgoing arrows, so

the inverse triality operation on it results in another toric phase, which we call Phase (b).

Figure 14 shows the quiver for this phase.

The J- and E-terms for this phase are

Xo5 - Xsa - Xa1
Xz - X32- Xog
X36 - X61

Xs51 - X13

Rg 10 - X10,7
X10,11 - X11,9 - Xog - Xg,12
X912 - X127

Ui - Xy3 - X320
Wiz - Xy3 - X32
Urs - X36

Wrs - X36

Xog - Xg12 - U124
Xog - Xg12 - Wiz
X277 - Urs

X7 - Wrs

Urz - Xo5 - X54
Wira - Xo5 - X
X512 - Ur2s
Xg 12 - Wiga - Xu3
Ugs - X51

Wos - X51

Rg 10 - X10,11
Xi1,2 - Xos

Y112 - Xos

X107 - Uro

Xi0,7- Wro

X711 X112
X711 Y110

4
- Xy3

ot

J

— Xog -
- X1 -
— Xg9-
— X4

- X36
- Xs51

— Xg12- X127

— Xio7 - Xra1 - X119 - Xoj12
— Xog - Var

— X127 -Upa

— X127 Wro

— Urz - Xog

— Wra - Xog

— Ugs - X54

— Wos - X4

— Ur24- Xq1- X3

— Wigs - Xg1 - Xu3

— X711 Xi1,9 - Xo12 - Ui2a
— X711 X119 - X912 - Wiay
— Va7 - Urs

— Va7 - W

— X912 - U2 - X1

— X192 Wigg - X

- Ver- Xr 1

— X119 - Uos

— X119 - Wos

— X011 X112

— Xio,11 - Y112

— Urz - X32

— Wes - Xao

Pi7- Uz

Ps12 - Ui2.4
Pi7-Urs

Psg - Ugs

Wra - Q28

Wia4 - Qa10

Was - Qs

Pog - X512

X6 - Q6,12

P12 - X127

Xe1 - Q7

Pyi0- X1011 - X119
X3 - Q39

P39 - X912

X36 - Qe,12
Py10- X107

Xa - Q7

Psg - Xog

X32 - Q28

Pi7- X711 - X9
X13 - Q39

X112 - Pog

X51- Pir- X711
Xs4 - Qq,10 - X10,11
Pys - Rg 10

Xos - X541+ Qu,10
Pog - Var

Xos - X551+ Q17

FE
— Q17 Wra
— Q6,12 - Wi
— Q17 Wy
— Q39 - Wys
— Ura - Pos
— Ui2.4- Py 10
— Urs - Pag
— Xog - Ps 12
— Qs - X312
— Xe1- Pi7
— Qe,12 - X127
— Xy3- P39
— Q4,10 - X10,11 - X119
— X36- Ps 12
— Q39 - X912
- Xy - Pri7
— Q4,10 - X107
— X39- Pog
— Q39 - Xog
— Xi13- P39
= Q17 X711 - X119
— Y112 Q2
— X514+ Pyi10- X10,11
— X51- Q17 X711
— Xo5 - X54- Py1o
— Q8- Rg 10
— Xos5 - X51- P17
— Qs Var
(5.6)

Under triality, the cubic deformation applied to Phase (a) of Py_(PdPg), as given

in (5.2), is mapped to a combination of mass and cubic deformations in Phase (b), as follows.

A12 H
A64 :

J +

Xos - X4 - Xg1 — Xog - Xe1 +

X3 - X32 - Xog — Xy1 - X13 - X36 —

Rg 10 - X107 — Xg12 - X127 +
X10,11 - X11,9 - Xog - X512 —

Xog - Xg 12 - U124 — Ugs - X54 —
Xog - Xg 12 - Wiga — Wos - X514 —
X127 -Urz — U2 - Xa1 - X13 —
Xio7 - Wiz = Wigg - Xg1 - X13 —
X7 X2 — Urg - X3 +

X711 - Y112 — Wes - X392 +

AJ

1 X5 - Xs1

X3 - Xs6

1 Var

X107 - X711 - X119 - Xo,12
X011 - X119 - Xo12
X912 - Uroy

X912 - Wigy

U124 - Xy3

nWigg - Xy3

Uz

W

- 32 —

Pi7- Uz
Ps12-Uroa
Wra - Qas
Wi24 - Qu,10

Py1o- X011 - X119
X3 - Q39

P39 - X912

X6 - Q6,12

Pog - Var

Xos - X1 - Q17

FE

— Qu7-Wr2

— Qg2 - W24
— Urz - Pog

— U2 P10

— Xy3- P

— Q410 - X10,11 - X119
— X36 - P12

— Q39 - Xo,12

— Xo5 - X51- Pi7

— Qas - Va7

(5.7)



There are three chiral-Fermi massive pairs — (Azs, Var), (Ad-, Urs), and (AZg, Wgy) — which
are shown in figure 14. Integrating them out, we replace the massive chiral fields as follows,

1

Var = E(Xs,u *Xiz7 — R0~ X10,7)
1

U72 = E(U73 . X32 - X?,ll : X1172) )
1

Wro = E(Wm - X2 — X711 - Y1 2).

Introducing the following changes of variables,

1 1
X43 — *X43 — *X41 ~X13,
I I

1 1
X51 — *X51 — *X54 . X41 s
I I

1 1
X36 — ——X36 + — X320 - Xog,
T I

1 1
X10,11 —~ leo,n - ;X10,7 - X711,

1 1
X912 = ——Xo,12 + —Xog - X512,
u I
1 1
Aig = ——Ao + —Ai3 - X3,
p u

1 1 1
Adg — —Ajg — ;A}w X7 X9 — ;X41 Ay,

1
2 Lo 1,9 1 2
Ay — ;A49 - ;A47 X7 Xag — ;X41 Ay,

1 1 1 1 1
Az 10— —pA3,12 + ;A?)S - Xg12 + ;X32 A3 19,
A3 19 — —lAg 12+ lA%s - Xg12+ lX32 A3 1

k) /J, k] 'LL ) )U/ k) ?

1 1
Aé,n — ;A%,n - ;X54 “Ajr - X7a1,

1 1
Ag,n — ;Ag,n - ;X54 A3 X7a1,

we obtain the following J- and E-terms,

A12 :

J
Xog - Xo1 — Xo5 - X551 Pi7- X711+ X112
Xy3+ X36 — Xu1 - X13 - X320+ Xog Ps12-Ui2a
X32 - Xos - X514+ Xg1 — X36- X1 Py7-Uzs
X51 - X13 — X4 Xy3 P9 - Ugs
X10,11 - X119 - Xo12 — Xio,7 - X711 - X11,9 - Xog - X312 Wig4 - Qa 10
Xog - Rg 10 - X10,7 — Xo,12 - X127 Wz - Q39
Xio7- X711 - Xi2 — Uigg - Xy - X3 - X Pyg - X312
X7 X711 - Yo — Wiog - Xy1 - X3 - X0 Xo6 - Q6,12
X711 X112 Xog — Urz - X36 Ps12 - X127
X711 - Y112 - Xog — Wrz - X6 Xe1 - Q17
X912 - Ur2a — Ugs - X4 Py X10,11 - X119
Xog12 - Wiza — Wos - X554 X43 - Q39
Ur2,4 - X43 — X127 - Uzs Psg - X912
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(5.8)

E

— Q17 X711 Y112
— Qe,12 - Wiz

— Q17-Wrs3

— Q39 - Wos

— U2 Pr10

— Urs - Psg

— X6 - Ps12

— Qs X512

— X1+ Pi7

— Q6,12 - X127

— Xu3- P39

— Q4,10 - X10,11 - X119
— X36 - Ps12



2
A3 o Wiga - Xaz — Xag7- Wrs Xs6- Q6,12 — Q39 - Xo12

Al Urs - X302 - Xos - X5a — X711 - X11,9 - Xog - Xg12 - U124 Py - X107 — Xa1- Pi7

A2 0 Wiz Xsa- Xos - Xsa — X711+ X119 - Xos - Xsj2 - Wiz Xu1- Q17 — Qa0 - X107

Al : Rg 10 X107 - Urs — Xg12 - Ur2a - X1 - X3 P39 - Xog — X2+ Pag

Adg Rg 10 X107 - Wrs — Xs12- Wiz - Xa1 - Xag X32 - Qas — Q39 - Xos

Aly: Ugs - X51 — Xog - Xg12 - Urag - Xu1 Pi7- X711 X119 — X13- Pag

A3y : Wos - X51 — Xog - Xg 12 Wiza - Xa1 X153+ Q39 — Qu7- X711 X119
Aig: Rg 10 - X101 — Xg12 - X127 - X711 X112 Pog — Yi12- Qs
A%,u : X112 - Xos — X119 - Ugs X51- Pr7- X711 — Xs4- Py1o- X10,11
A2 Yi12 - Xos — Xi1,9 - Wos Xs54 - Q410 - X101 — X51° Q17 - X7 1
RS X107 - Urz - X392 — X011 X11,2 Pyg - Rg10 — Xo5+ Xs4- Pa1o
A3 X107 - Wrg - X32 — Xi0,11 - Y112 Xo5 - X54- Q40 — Q28 - Rg 10

(5.10)

The complete forward algorithm verifies that this theory corresponds to another phase of
P?_(dP3). We therefore call it as Phase (b) of P?_(dP3). The extended P-matrix for this
theory, along with the scaling dimension information, is presented in appendix A. Moreover, it
is straightforward to show that Phase (b) of P?_(dP3) is connected to Phase (a) of P?_(dP3)
by triality on node 11.

Deformation and its relevance

Appendix A contains the extended P-matrices for all the models in this section. Based
on them, one can verify that in both Phase (a) and (b) of P;_(PdPs,), the deformation
plaquettes have the common extremal perfect matching structure; po - p% - P4 - p¢ which yields
a scaling dimension A[A - AJ] ~ 1.67662 < 2, confirming that the deformation is relevant.

Moreover, we can calculate the volume of the SE; bases of the initial and final geometry,
obtaining

Vol(P?_(dP3))  3.94587
Vol(P,_(PdP3,))  3.70274 —

1.07> 1. (5.11)

This is consistent with the growth in the volume of base SE7 under the deformation, providing
additional evidence that the deformation under consideration is a relevant deformation.

6 Triality and masses from seemingly non-holomorphic couplings

In section 5, we observed that triality can transform a non-mass relevant deformation into a
mass deformation. In this section, we explore another intriguing consequence of the interplay
between relevant deformations and triality: a set of mass terms in one phase can generate
additional mass terms in a triality dual. Interestingly, these new mass terms may appear, at
first glance, to arise from non-holomorphic couplings in the original theory.

Before turning to an explicit example, let us first discuss the general mechanism responsible
for the appearance of these mass terms. Their origin can be traced to step (d) of the process
of how triality affects the J- and E-terms as explained in section 2.3. Figure 15 shows
the portion of the quiver responsible for generating this term. Let us consider triality on
node i1 when the original theory contains a mass term of the form Xj ;,A,,, along with
an incoming chiral field X ;,. Triality generates mesons X, ;, and A;,;, and a mass term
XigiosNigiy- From the point of view of the original theory, this term would naively seem to
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Q

Figure 15. Triality generates a new mass term from a mass term in the original theory via rule (3.d).

(® () ® (2

Figure 16. Toric diagrams for Py (C3/Zy x Zs) and Py _(C/Zs3). We have labeled points anticipating
the corresponding brick matchings.

follow from a non-holomorphic quadratic coupling of the form (X;yi, Xi,i,)(Aigyiy Xigiy ), Where
the fields in parentheses combine to give rise to the mesons.

There is an analogue of step (d) for inverse triality, in which the additional chiral field,
incoming into the dualized node in figure 5, is replaced by an outgoing chiral field. As a
result, there is a discussion similar to the one above in the case of inverse triality, in which
Xiyi, is replaced by X; ;, in figure 15. Once again, inverse triality in a theory with mass
terms generates masses that would seem to arise from non-holomorphic couplings in the
original theory. This inverse version of the rule will play an important role in section 6.1,
where we analyze how deformations are mapped between two triality-related theories.

6.1 From P, _(C3/Z2 X Zs3) to Py_(C/Z2)

To illustrate the phenomenon discussed above, we will study a deformation from P, _(C3/Zy x
Zs) to Py_(C/Zs), whose toric diagrams are shown in figure 16.

Mass deformation of Phase A of P,_(C3/Z2 X Z3)

The starting point is P, _(C3/Zgy x Z3), for which a gauge theory can be obtained from the
4d N = 1 gauge theory corresponding to C3/Zsy x Zo using 3d printing. We will refer to this
theory as Phase (a) of P,_(C3/Zso x Z3). Its quiver diagram is shown in figure 17.

Its J- and E-terms are

J FE
Az : X34 - X41 — X32- Xo1 Pi5-Ys3 — Q15 - Zs3
As7: X7s - Xg5 — X6 - Xes Y53 - P37 — Zs3 - Q37
Ase : Y63 - X31 — You - Xa1 Q15 Zs2 - Pag — Pis - Zs2 - Q26
Ao : Yo3 - X34 — Xe5 - Ysa Pys - Zgo - Q26 — Qas - Zs2 - Pag
Aoz : Xrg - Zsa — Xr5 - Zs2 Q26 - Yo3 - P37 — Pag - Yo3 - Qa7
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We deform this theory by the

Figure

2_.
A25.

2_.
A35.

marked in blue,

A3
A57 :
A46 :
Azg :
Al
A3y

Xrg -
Ye3 -

Y54 - Qus -
Y54 - Pug -

Integrating out the

Ys4-

— X75-Yss

— Xs5 - Y53
— Xs5 - Zs3
— Ys53- X34
— Zs3 - X34
— Xe5 * Y53
— Xe5 * Zs3
— Zs2 - Q26 - Ye3

3 — Zs2 - Pag - Yo3

J +AJ

- Xo1 + pXa

- Xos + uXrs
Y54 + Y64

- X390 + 12z
Q26 - Yo3 — Y53
- Pog - Yo3 — 1253

Pys - Zss -
Q15 - Ysq -
Q26 - Yo -
Py -
Q26 -
Ps7 -
Qa7 -

Pyg

Qas -
Ps7 -
Qa7 -
Py -
Q37 -

following mass deformation

Py5 -
Y53 -

Pyg - Zgo -

Q26 - You -

Py -
Q37 -

massive chiral-Fermi pairs, we obtain the
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Q37 — Qus
Pys — P15
Pys — Psg
Xes — Xo1
Xes — Xo1
X7s — Xsa
X7s — X3a-
< Xgs — X
Xgs — Xa1
X76 — X2
X76 — X2
X75 — Xa1
X75 — Xa1

- Zs3

17. Quiver diagram for Phase (a) of Py _(C3?/Zzy x Z3).

- P37

Y54 - Qus
- Yea - Qus

- P15
Q15
- Pys
Qas
- P15
Q15
- Pog
- Q26
- P15
Q15

in which the new terms are

FE
Y53 — Q15
Py — Zs3
Q26 — Qus
Pyg — Pag
X75 — Xa1
X75 — Xa1

Q37

- Zga - Pog .

- Yo4 - Quag
- P15

Q15

(6.2)

quiver diagram in figure 18.



Figure 18. Quiver diagram for Phase (a) of P, _(C/Zs2), obtained from Phase (a) of Py_(C3/Zy x Z3)
via the mass deformation in (6.2).

Its J- and FE-terms take the following form after rescaling in terms of pu,

J FE

Mg : Ye3 - X32 - Xo1 — X5 - Y54 - X1 Q15 - Zs2 - Pas — Pis - Zs2 - Q26
Aoz : Xrg - Zg3 - X32 — Xr6 - Xes - Zs2 Q26 - Yo3 - P3r — Pag - Yo3 - Q37
Ayr X76 - Yo3 - X34 — X788 - X5 Yau Pys - Zs3 - Q37 — Qas - Zs3 - P37
Ais: Zg3 - X34 - Xa1 — Xgs - Zs2 - Xo1 Q15 - Ysa - Pug — Pis- Y54 - Qus
As Y54 - Qas - Xss - Zs2 — Zs2- Qa6 - Ye3 - X32 Pss - Xo5 — Xo1 - P15

A5 : Y54 - Pyg - X85 - Zs2 — Zs2 - Pag - Ye3 - X32 Q26 - X65 — Xo1 - Q15 . (6.3)
Agg Zg3 - X32 - Q26 - Yo3 — Xs5 - Ysa - Qus - Zs3 P37+ X7g — X34+ Pug

Ag Zg3 - X32 - Pag - Yo3 — Xss - Y54 - Pug - Zs3 Q37 - X78 — X34 - Qus

Ads Zs2 - Qa6 - Xe5 - Ysa — Ysa - Qus - Zs3 - X34 Pyg - Xs5 — Xa1- P15

Ads Zsz - Pog - Xe5 - Ysa — Ysa - Pag - Zg3 - X3 Qus - X5 — Xa1- Q15
Ass:  Yos - Xsa-Qus- Zss — Xos - Zs2 - Qa6 - Yo P37 - X76 — X32- Pag

Ads Y63 - X34 - Pyg - Zg3 — Xes - Zs2 - Pag - Ye3 Q37 - X76 — X32- Qa6

Using the complete forward algorithm, we verify that this theory has Py_(C/Zs) as its
mesonic moduli space, whose toric diagram is shown in the right-hand side of figure 16. We
will refer to this model as Phase (a). Its extended P-matrix is given in appendix A.

The same deformation in a triality dual phase

As shown in figure 17, node 7 of the quiver for Phase A of P, _(C3/Zs x Z3) contains two
incoming chiral fields. Therefore, triality action on this node results in another toric phase,
which we call Phase (b). Its quiver diagram is shown in figure 19.
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Figure 19. Quiver diagram for Phase (b) of Py _(C3/Zy x Z5).

The J- and E-terms for Phase (b) are

J FE
Az : X34 - Xa1 — X32- Xoy Pi5 - Xs57 - Pr3 — Q15 - X57 - Q73
Ase : Y63 - X31 — Yeua - Xa1 Q15 Zsa - Pog — Pis - Zs2 - Qa6
Ase : Y63 - X34 — Xeo5 - Ysa Pys - Zgo - Qa6 — Qas - Zg2 - Pas
Mg : Zgy - Xo1 — Zg3 - X31 Q15 Ysa- Paig — Pis - Ysa - Qus
Ass : Xs5 - Zs2 — Zs3z - X3z Q26 - You - Pas — Pag - You - Qus
Ags Y54 - Qus - Zs2 — Xs7- Pra - X302 Pos - Xos — Xo1- Pis
A3s Y54 - Pyg - Zga — Xs7- Q73 - X32 Q26 - Xo5 — Xo21 - Q15
Ads Zs2 - Qa6 - Yoa — Xs7 - Pr3 - X34 Pis - Xg5 — X1 - Pi5 . (6.4)
Al : Zso - Pog - You — Xs7- Q73 - X34 Qas - X5 — Xa1 - Q15
A3y Qas - Zg3 — Xar - Pr3 X32 - Pog - Yoa — X31- P15 -Ys4
A3y Pyg - Zgz — Xa7 - Q73 X32 - Q26 - Yoa — X31- Q15 Ys4
Ao Q26 - Yo3 — Xo7 - Pr3 X34+ Pus - Zsa — Xs1- P15 - Zs2
A3, : Pos - Yoz — Xor - Q73 X34-Quas - Zg2 — X31- Q15 Zs2
Aze : You - Xa7 — Xo5 - X7 Pr3 - X32 - Pag — Q73 - X32 - Q26
Azg Zg2 - Xor — Xs5 - Xs7 Pr3- X34 - Pys — Q73 - X34 - Qus
Azs : Zsa - Xor — Ysa - Xur Prs - X3z1- Pis — Q73 - X31- Q15

Using the forward algorithm, we confirm that this theory corresponds to Py _(C3/Zy x Z5),
whose toric diagram is shown in figure 16.

Mass Deformation of Phase (b) of Py_(C3/Zy X Zs2)

Let us now consider the following mass deformation of Phase (b) of Py_(C3/Zsy x Z5),

J+ AJ FE
Azt Xaa- Xy — Xao - Xo1 — X1 Pi5 - Y53 — Q15 - Z53
Asp Y63 - X34 — Xos - Ysu — 1Ye4 Pyg - Zgy - Qo6 — Qug - Zg2 - Pog - (6.5)

Aog : Xgs - 25 — Zg3 - X32 — 142 Q26 - You - Pag — Pog - You - Qus
Azs : Zso - Xog — Ysu - Xur — pXs7 Pr3- X31- P15 — Qr3 - X31 - Q15

Integrating out the massive fields, we obtain the quiver shown in figure 20.
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Figure 20. Quiver diagram for Phase (b) of P, _(C/Zs), obtained from Phase (b) of Py _(C3/Zy x Z>)
via the mass deformation in (6.5).

The J- and E-terms for this theory after rescaling in terms of p are

J E

Asg - X5 Ysa- X1 — Yo3- X320+ Xo1 Q15 Zsz2 - Pog — P15+ Zs2 - Qa6

Mg : Xgs - Zs2 - Xo1 — Zg3 - X34 - Xa1 Q15 - Y54 - Pug — Pi5 - Yss4 - Qug

Ads:  Ysu-Qus- Xgs- Zsg — Zsg - Xor- Pr3- X3 Py - Xo5 — Xo1 - Pis

A% Y54 Pug - Xg5 - Zso — Zs2 - Xor - Qr3 - X32 Qo6 - Xg5 — Xo1- Q15

A5t Ysu- Xur- Prg- Xaa — Zsy - Qo6 - Xes - Yoa Pyg - Xg5 — Xa1 - P15

A% 0 Ysa Xur-Qrs- Xaa — Zsa - Pag - Xes - Yau Qus - Xgs — X41- Q15

A3y Qus - Zg3 — Xu7 - Pr3 X392 Pog - Yo3+- X34 — X34+ Xy41- P15 - Yay
A3y Pyg - Zgg — Xy7- Q13 X32- Q26 Yo3 - X34 — X34+ X41- Q15 Yaa
Al Q26 - Yo3 — Xo7 - Pr3 X3 Xo1- P15 252 — X34+ Pug - Zg3 - X3o
A3y : Pog - Y3 — Xo7- Q73 X32- Xo1- Q15 Zs2 — X34+ Qus - Zs3 - X32
Az : Yo3 - X34 - Xu7 — X5+ Z52 - Xo7 Pr3- X30- Pog — Q73+ X32- Q26

Azg Xss5 - Ysu - Xu7 — Zg3 - X392 - Xo7 Pry - X34 Pyg — Q73+ X34 - Qug

(6.6)

The forward algorithm shows that the corresponding geometry of this theory is Py_(C/Z3),
whose toric diagram is shown in the right-hand side of figure 16. We therefore refer to it as
Phase (b) of Py_(C/Zs). As for the two toric phases we considered for P, _(C3/Zq x Zs),
Phase (b) of Py_(C/Z>) is obtained from Phase (a) of P,_(C/Z3) by triality on node 7. This
confirms an expectation: the relevant deformations and triality mutually commute.

Connecting the Deformations of Phases (a) and (b) of Py_(C3/Z3 X Z2)

Above, we have determined mass deformations that take the P, (C3/Zs x Z3) model to
P,_(C/Zs) starting from two triality-related phases. Let us now discuss in further detail
how they are related to each other. As mentioned earlier, we can go from Phase (a) to Phase
(b) of Py _(C3/Zs x Zs) by acting with triality on node 7. Conversely, we go from Phase
(b) to Phase (a) by inverse triality on node 7.
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The deformations in Phases (b) and (a) involve four and six mass terms, respectively. Let
us examine how they are related. The mass terms for each phase are as follows,

Phase (b) Phase (a)
Az- X311 —  Aiz- Xz
Aog - Zgo — Aog - Zgo
Aye - You = Age-Yeau (6.7)
A75 - X7 — A57 - X75
? — A:135 . Y:r,g
? — A£2’>5 . Z53

Starting from Phase (b) and acting with inverse triality on Phase (a), the arrows in (6.7)
indicate which deformation terms in Phase (b) generate each term in Phase (a). For the first
four terms, the map is trivial. The first three mass terms simply remain unperturbed by
triality. The fourth term contains fields changed under the dualized node and the action
of triality exchanges the roles of Fermis and chirals.

But, as we noticed, the deformation of Phase (a) involves two more terms, which are
listed in the last two rows of (6.7). At first glance, it may appear that additional relevant
deformations are required in Phase (b) to generate these masses. Moreover, such deformations
would correspond to quartic, non-holomorphic couplings as follows,

Phase (b) Phase (a)
Xs7+ Pr3-Prg-As — Ads - Yss (6.8)
Xs7-Qr3- Q- A5 — A5 Zss

As shown in red, the quartic couplings involve products of chiral fields coming out of node
7 and their conjugates. Under more careful consideration, it is easy to realize that we do
not have to turn on such quartic terms independently of the four mass terms in Phase (b).
In fact, the two additional mass terms arise from As; - X75 under triality, via rule (d) as
outlined in section 2.3.

Deformation, Brick Matchings and Toric Geometry

As in previous examples, brick matchings provide an elegant connection between deformations
and geometry. From the extended P-matrix in (A.6), we determine the extremal brick
matching content of the fields that become massive in Phase (b), which is given by

A1z = p1p2pa, X31 = p4
Agg = p1p2pa, Zgo = p4 (6.9)
Ag6 = p1p2pa, Y64 = pa
A7s = p1p2pa, X57 = p4
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This implies that the extremal brick matching content of the mass terms for Phase (b)
are therefore given by

Phase B
Az X351 —  pipeps
Nog-Zga  —  pipepi (6.10)
Mg Yoa —  pipap]
A7s - Xs7 = pi1pepi

As noted in [16], all terms involved in the deformation share the same expression in terms of
extremal brick matchings. It is straightforward to verify that all deformation-induced mass
terms in Phase (a) also exhibit this property. This geometric perspective provides additional
guidance on selecting the terms necessary to realize a given deformation. Interestingly, (6.9)
shows that not only do the complete expressions for the mass terms coincide, but each
individual Fermi and chiral field that become massive has the same expression as well. This
property is not shared by all the examples considered in this paper, but it would be worth
exploring whether it holds under special circumstances.

The deformations considered in this section are mass terms, so there is no need to
independently verify that they are relevant. For completeness, however, we can compute the
ratio of the volumes of the corresponding SE; manifolds, which is

Vol(Py_(C/Z3))  6.08807
Vol(Py _(C3/Zy x 7)) 5.07527

~1.20>1, (6.11)

which is consistent with the expected growth as we flow to the IR.

7 Deformations to a theory with extra irrelevant terms

In this section, we consider a relevant deformation that results in terms which appear to
violate the toric condition for the J- and E-terms, even after change of variables. However,
we will use the underlying geometry to determine the scaling dimensions of the fields and
demonstrate that such extra terms are, in fact, irrelevant. The resulting IR theory is therefore
a toric phase described by a brane brick model. While this behavior has been previously
observed for deformations of toric CY 3-folds [21], this is the first time it is examined in
the context of toric CY 4-folds.

We will consider a deformation that connects the geometries whose toric diagrams are
shown in figure 21. The corresponding gauge theories can be obtained via orbifold reduction.
Since these geometries are rather intricate, we will not assign them explicit names, but will
instead identify them through their toric diagrams.

The initial theory

We can construct a gauge theory for the initial geometry using orbifold reduction. Its quiver
diagram is shown in figure 22.
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Figure 22. Quiver diagram for a toric phase for the starting geometry in figure 21.

Its J- and E-terms are

J E
Az X32 - Xo1 — Xz7- Xn1 Pig - Ugs — Q19 - Wos
Aga1: Xi11,10 - X100 — X11,15 - X159 Wosz - Q311 — Ugz - P3 11
Ag7: X75 - X520 — X6+ Xe2 P10 - Uror — Q2,10 - Wioz
Ato,15 ¢ X153 - X130 — X15,14 - X14,10 Wio7- Q715 — Uro7 - Pris
Ag7: X7 X1g — X75 - X56 - Xes Py 16 - Ure;r — Qs,16 - Wie,7
Asg,15 ¢ X159 - Xo16 — X1513 - X13,14 - X14,16 Wie,r - Qrs — Urer- Prs
Ayz: X31-X14 — X320 Xoy Py1o-Ulzz — Q412 - Wiag
Ar211 : X11,9 - Xo12 — X11,10 - X10,12 Wigs-Q311 — Urez- P31
Ays : X6+ Xo2+ Xog — X2 - Xo1 - X1y Pyi2-Uizs — Qa2 - Wias
A1z Xazaa- Xig10 - X102 — X13,10 - X10,9 - Xo,12 Wias - Q513 — Ur2s - P53
Ass3 : X37 - X76 - Xos — Xz1 - Xis Psi6-Uis3 — @s16- Wies
As11: Xiis - Xisaa - X116 — X119 - Xo,16 Wies- Q311 — Utes - P311
A} X100 - Ugs — X012 - Ur23 P11+ Xi1,00 — X2 Poo
A3 10 X109 - Woz — X102 - Wiz K32+ Q210 — @311 - Xi1,10
Adg Ugs - X33 — X912 - U5 - X592 P10 X109 — Xo1- Pig
A3y Wos - X32 — X912 - Wia5 - X2 Xo1 - Q19 — Q2,10 - X109
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Uio,7 - X715

Wio,7 - X75

Xi3,10 - Uo7

Xi3,10 - Who,7

Uisr - X7

Wi - Xn1

Xo.16 - Ute,r

Xog,16 - Wie,7

Uia3 - X31

Wia3 - X31

X912 - U123

X912 - Wi23

X410 - X10,12 - U25
X410 - X10,12 - Wiz
Xi0,12 - Ur2,5 - Xs6
Xio0,12 - Wigs - Xs6
Urz,5 - Xs56 - Xo2
Wizs - Xs6 - X2
Xi15,14 - X1a,16 - U163
Xi5,14 - X14,16 - Whe 3
X3z
Xs7
X6
X6

X416 - Ute,3 -
X146 - Wie,3 -
U3 - X37 -
Wig,s - Xar -

— X109 - X912 - U125
— X109 - X912 - Wias

— X134 - X14,16 - U7
— X134 - X146 - Whe7

— Uie3 - X31

— Wies - Xs1

— Ugs - X37

— Wos - X37

— Uiz - X2 - Xo1

— Wiz - X52- Xoy
— Xo,16 - U163

— Xo9,16 - Wie,3

— X416 - Ure,7 - X715
— X416 - Wie,r - X715
— Uo7 - X6

— W7 - X76

— U2z X32

— Wiaz - X3o

— X159 - Ugs

— X159 - Wos

— X410 - Uo7

— X410 - Wiz

— Ure,7 - X75 - X6
— Wie7r - X5 - Xsg

P13+ X130 — X52- Po 10
X2 - Q2,10 — @513 - X13,10
Pr15 - X513 — X755+ P513
X75- Q5,13 — Q7,15 - X15,13
Py - X916 — X158 316
Xi1s - Qs16 — Q1o - Xo,16
P75 X159 — X171+ Pig
X7 Qo — Q715 - X159
Pig- X912 — X14- Py
X14 - Qa2 — Q19 - X912
P311- X119 — X31- Pig

X31- Q19 — @311 X119
Ps 13- X13,14 — X6 - P14

(7.1)

Xs6 - Q6,14 — Q5,13 - X13,14
Psj4- X1410 — Xo62 - P10
Xe2 - Q2,10 — Q6,14 - X14,10
P10 X10,12 — Xoa - Pyi2
Xo4 - Q4,12 — Q2,10 - X10,12
P31 - X11,15 — X37- P15
X37- Q715 — Q3,11 - X11,15
Pri5- Xi514 — X76 - Ps,14
X76- Q6,14 — Q7,15 - X15,14
Ps14 - X14,16 — Xes - .16
Xos - Q8,16 — Q6,14 - X14,16

Using the forward algorithm, we verified this theory corresponds to the initial geometry in

figure 21. Its extended P-matrix is given in appendix A.

Irrelevant terms after deformation

Let us consider the following deformation of the J-terms

X416 - U3 -
Xi4,16 - Wie,3
Uie,3 - X37-
Wie3 - Xa7 -

J +AJ

X32 - Xo1 — Xa7- X71 + p X31
X11,10 - X109 — X11,15 - X159 + £ X119
X1 - Xig — X5 - Xs6 - Xos — 10 X76 - Xes

X159 - X916 — X15,13 - X13,14 - X14,06 — 1t X15,14 - X14,16
Xo12 - Ur23 — Xo,16 -
X912 - W23 — Xog16 -
X37 — X1a10 - Uror — 1 X416 - Ure7

X37 — X410 - Wio,7 — X406 - Wie,r
X6 — Uie,r - X75 - X6 — U167 - Xv6

X6 — Wier - Xos - Xs6 — uWie 7 - Xre

U3 + 1 Ugs
Wiz + 1 Wos

Prg - Ugs
W3z - Q3,11
Py 16 - Uie,7

Wie,r - Q715
P3q11- X119
X31- Q1o
P75 - X154
X76 - Q6,14
P14 - X14,16
Xes - Qs,16

This deformation involves mass terms and higher order terms.

E

— Q1o - Wos

— Ugz- P311

— Q8,16 - Wie,7
— Uie7- Pris
— X31- Pio

— Q311 X119
— X76 - P54

— Q715 X15,14
— Xes - Ps,16

— Q6,14 - X14,16

(7.2)

Using the extended P-matrix given in (A.8), we find all the deformation plaquettes have

the same extremal brick matching content: ps - p3 - ps - ps. Once again, this is strong evidence

that we can exploit the geometry to pick the terms in a complicated deformation like the

one above, which mixes masses and higher order terms. The scaling dimension obtained
by (3.6) is A[A - AJ] ~ 1.51063 < 2, which implies that the deformation is relevant. This is,
of course, expected, since the deformation includes mass terms. Integrating out the massive

chiral-Fermi pairs, we obtain the quiver in figure 23.
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Figure 23. Quiver diagram obtained by the mass deformation of the theory in figure 22.

When integrating out the massive fields, we replace the massive chiral fields as follows

1
X31 = ;(X?)? - X1 — X2 - Xo1),
1
Xng = —(X11715 . X1579 — Xll,lO ' X1079) >
/f (7.3)
Uys = ;(XQ,lﬁ : U16,3 - X9,12 : U12,3) )
1
Woz = ;(X9,16 Wies — Xo12- Wias) .

Introducing the following changes of variables

1 1
Uie;r — ——Uie7 + —Uie,3 - X37,
u u

1 1
Wier — *;Wm,? + ;Wm,z - X37,

X118 — pXis,
X7 — pXar,
X916 = 11X9,16 5
X115 = pX11,15,

1 1
Agr — ——Agr + —Ag3 - X37,
u u

1 1 1 1
At615 = ——Mig1s — —Utes - Aj 15 — —Wies - A3 15 + —Aie11 - X11,15,
u u 7 u
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Ail’),15 - MA§,15,
A§,15 - ,LLA§,15,
A%,lﬁ - MA%,HS?
A%,lﬁ — MA%,lﬁa

renders the J- and F-terms in the following form,

J

X75 - X2 — X6 - Xe2
Xi15,13 - X13,10 — X15,14 - X14,10

X76 - Xog — X71 - Xis + ﬁXT:, - X6 - Xeg
X154 - X146 — X159 - Xo,16 + %Xm;w - X13,14 - X14,16
X37 - X1+ X4 — X392+ Xog — iX:sg - Xo1 - Xy

Xi11,15 - X159 - Xo,12

X6+ Xo2 - Xoa — X2+ Xo1 - X1y
X13,14 - X14,10 - X10,12 — X13,10 - X10,9 - X0,12
X32 - Xo1 - X1g — X7 - X5 - Xs6 - Xes

X11,10 - X10,9 - Xo,16
X10,9 - X9,16 - Uts,
X10,9 - Xo,16 - Wis,

Xo,16 - Ute,3 - X32

l 17
Xo16- Wie3 - X2 — Xo12- Wias - Xso — | Koo - Wing - Xao

Uro7 - X5
Wior - X75
Xi13,10 - Uto7

Xi13,10 - Wioz

Use3 - X32 - Xo1
Wi - X32 - Xo1
Xo,12 - Ur2,3 - X37
Xog12 - Wia3 - X37
Uig3- X37- X7
Wiz - Xs7- Xn1
Xi4,10 - X10,12 - U2 s

Xi4,10 - X10,12 - Wiz

Xi0,12 - Ur25 - X6
Xi0,12 - Wiz5 - Xs6
Ui25 - Xs56 - Xo2
Wias - Xs6 - X2
X159 - X912 - Ur23
Xi59 - X912 - Wizs
X416 - Ue,7
X14,16 - Wae,r

Uie,7 - X76

Wie,r - X76

— X109 - Xo9,12 - U235

— X0, - Xo,12- Wiz

— Xi3,14 - X14,16 - U163 - X37
+%LX13‘14 - Xia,16 - Ute,7

— X13,14 - X14,16 - Wie3 - X37

+%X13‘14 - X146 - Wie
— Use,r - X71
- Wier - Xn1
— X916 Ute7
— Xo16 - Wier

— Ui - X52- Xo1 — ﬁUl‘z,a - X39 - Xo
— Wigs - Xs2 - Xog — %I'V]Q‘g - X39 - Xog

— X416 - Ure,3 - X37- X735
+%X14‘16 ~Uier - X5

— X416 - Wiz - X7+ X5
+%X14‘16 -Wie7 - X5

— Uo7+ X76

- Wiozr - X6

— Uraz- X3z

— Wizz - X2

1
— X100 - X102 + ;X110 - X0 - Xo i

— Xi11,15 - X1513 - X13,14 - X14,16

3 — X012 - Ur23 — ﬁxlo.g - Xg12-Uiz3

3 — X1012 - Wiz — %,Xm,g - Xog12 - Wias
— Xg,12-Ur25- X52 — ;lLX94,12 U3 - X32

— X153 - X13,14 - X14,16 - U163
— Xi15,13 - X13,14 - X14,16 - Wie,3

— X14,10 - Uo7

— X410 - Wio7

— U,z - X37 - X75 - Xs6
+/l1Ulb',7 - X75 - Xs6

— Wig3 - Xar - X7 - Xs6
+/%W’716A7 - X75 - X56
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Pr10 - Uo7 — Q2,10 - Wioz
Wiz - Q715 — Uro7 - Pras
Ps16 - Uigr — Qg6 - Wier
Wie7r - Q75 — Uer - Pris
Py1o-Uinz — Q12 - Wiag3
Wia3 - Q311 — Ui23 - P11
Py1o-Ulss — Qa2 - Wigs
Wias - Q513 — Ur2s - P53
Psi6-Uiss — Qs16 - Wies
Wies - Q311 — Uies - P31

P311- X110 — X32- Po1o

X32- Q2,10 — @311 X11,10

P10 X109 — Xo1- Pig

Xo1 - Q19 — Q2,10 - X109
Ps13- X130 — Xs52- P2 10

Xs2 - Q2,10 — Q5,13 - X13,10

P75 X1513 — X175+ Ps13

X75 Q513 — Q715 - X15,13

Pig- X916 — X138~ Py 16
Xis - Qs16 — Q19 - X916
P75 X159 — X71 - Pio
Xr1- Q9 — Q715 - X159
Prg- X912 — X14- Py12
X14- Qa2 — Q1o - Xo 12
Ps 13- X1314 — Xs56 - Po,14

Xs6 - Q6,14 — @513 - X13,14

Ps 14 - X140 — Xe2 - P10

X2 - Q2,10 — Q6,14 - X14,10

P10 X1012 — Xog - Pyi2

Xoa - Qa2 — Q2,10 - X10,12

P311- X115 — X37- Pris

X37- Q715 — Q311 - X11,15

P15 - X504 — X76 - Po 14

X6 - Qo4 — Q7,15 - X15,14

Ps14- X146 — Xes - Pg,16

Xes - @s,16 — Q6,14 - X14,16

(7.5)



If we momentarily ignore the magenta terms in (7.5), the remaining J- and E-terms turn
out to satisfy both the binomial property and the vanishing trace condition. Furthermore, the
forward algorithm for the quiver in figure 23 with J- and E-terms in (7.5) with the magenta
terms removed gives a mesonic moduli space whose toric diagram is shown on the right of
figure 21. The corresponding extended P-matrix is presented in appendix A.

We can simply argue that such extra plaquettes can be eliminated by taking the limit
i — co. However, we can be much more precise than this. Using the P-matrix obtained
without the magenta terms, we find that the extra plaquettes share the same extremal brick
matching content: p? - p3 - p? - pg - pr. In turn, this determines the scaling dimension of extra
plaquettes as A[A - §.J] ~ 2.15068 . Thus, they correspond to an irrelevant deformation of
the toric theory and can be neglected.

The ratio between the volumes of the final and initial SE; manifolds reads

Vol(Y7)  3.1256
Vol(Y7)  2.8752

~1.08>1, (7.6)

which is consistent with the expected growth in the volume of SE7 manifolds towards the IR.

8 Birational transformations and relevant deformations

Birational transformations [49] that relate toric Calabi-Yau 4-folds as well as the associated
brane brick models have been studied systematically in the case of toric Fano 3-folds in [22]
as well as in the more general case beyond toric Fano 3-folds in [23]. In both cases, it was
shown that a family of birational transformations that relate toric Calabi-Yau 4-folds can be
identified with mass deformations of the corresponding brane brick models.

In this paper, by studying more general families of deformations of brane brick models,
we observe that non-mass relevant deformations also relate to birational transformations
between the associated toric Calabi-Yau 4-folds. Let us summarize our observations with the
example in section 4.1, which introduces a non-mass relevant deformation from the brane
brick model corresponding to P._(SPP/Zs) to the model corresponding to P?_(PdPj).

Starting with the P,_(SPP/Z2) model, whose toric diagram is shown in figure 6, the
corresponding Newton polynomial can be written as follows,

1 1 1 T 1
P($,y,z):27+x+2——|—f+7—|—g+xz—|—f—{—c, (8.1)
x y xy Yy x z

where we choose the internal point at the origin to have a coefficient ¢ € C*. Using the above
Newton polynomial for P._(SPP/Z2) with its choice of coefficients, we can introduce as
described in [22, 23, 49] a birational transformation ¢4 of the following form,

PA (x7y7 Z) = (:):,y, (1 + y)z) ) (8'2>

where the Laurent polynomial A(z,y) here is chosen to be,
A(z,y)=1+y. (8.3)

Here, we note that A(x,y) is only in terms of y, indicating that the birational transformation
effectively acts only on the (y, z)-plane containing the 2-dimensional toric diagram for SPP/Z,,
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which is a slice of the 3-dimensional toric diagram for P,_(SPP/Zs2). Under the birational
transformation in (8.2), we obtain the Newton polynomial for P?_(PdP3) as follows,

1 1 1 1 z
Pv(x,y,z):;+2§+y+xy+;+%+z+§+0, (8.4)

where the brane brick model for P?_(PdP3) is obtained by a relevant non-mass deformation
from the brane brick model for Py_(SPP/Zs) in section 4.1.

From this example, we can also observe the following invariant quantities that were origi-
nally observed in [22, 23] and can now be also identified for a non-mass relevant deformations
of brane brick models corresponding to birational transformations of toric Calabi-Yau 4-folds:

e As originally observed in [22, 23] for mass deformations corresponding to birational
transformations on toric Calabi-Yau 4-folds, the number of generators of the mesonic
moduli space M™ is preserved under more general deformations of brane brick models.
In our example, both the P;_(SPP/Zs) model and the P?_(PdP3) model have 19
generators for their respective mesonic moduli spaces M™. In terms of the GLSM
fields corresponding to extremal vertices of the toric diagram of P._(SPP/Zsy) model,
the 19 generators take the form,

PIP3Ds  P3papd, PIP3P6 s P3PADSDG s DaPapg ,
p?p2p3p5, p1p2p3p4p§, p?pzpzapa, P1P2P3P4P5P6 P1p2p3p4pg7
PiP3ps . PIPAPaPE, PAPIPS, P1P3P6 . DiP3PapsPe, P3PIPEPG ,
PIP3Dap . PIPAPSPE s PAPADE - (8.5)
In comparison, in terms of the extremal GLSM fields of the P? _(PdP3) model, the 19
generators take the form,

P1P2D3PY s P1D2DAPADs » DIP2D3PADE , P1D2DADS 5 PID3PADG
PID3PADSDE > PID3PEDE s P1P2D3PAPGPT s PIP2D3PADSPGDT » D1P2D3PED6DT
PIPapEDT . PIPSPEDT . P3P3PIDT . P3P3PADSDT . P3PSDEDT . P1D2DADEP3

P1D2P5DEP? 5 PaPapel} s D3PsP6Ds - (8.6)

e The unrefined Hilbert series in terms of only U(1)z symmetry fugacities remains the

same for the mesonic moduli spaces M™ under the deformation of brane brick models

corresponding to the birational transformation on the toric Calabi-Yau 4-folds. In

our case, both Hilbert series refined under the U(1)g symmetry for the P,_(SPP/Zs)
model and the P?_(PdP3) model are,

P(ty,... ty)
(1 — ttats)d (1 — £1131314) (1 — 38323)%

9(f1,...,Ts; Po_(SPP/Zy)) = (8.7)

where the numerator is given by
P(fl yee ,t74) = 1+35%ng§+7%%%£4— 13?11{%%{4+2ﬁ%%0{4+2£%{§ﬁ
— 10ttt — AR B85+ AT E5157E] — 4B 35T + AT 15058, + 10818585785

—261 0853 ] — 20015t ty+ 13Ey 55ty — T oty — 311 5 1315 — 4785 8343,
(8.8)
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Here, the fugacities t1, . . ., t4 correspond to specific U(1)g charges 71, ..., 74, as discussed
in section 4.1. The above indicates that the Hilbert series refined only under the
U(1)g symmetry is also an invariant under birational transformations corresponding
to non-mass relevant deformations of brane brick models. This agrees generalizes
the observations made in [22, 23] in the context of birational transformations of toric
Calabi-Yau 4-folds corresponding to mass deformations of brane brick models.

Here, we see based on the example of the relevant deformation from the P_(SPP/Zs)
model to the model corresponding to P?_(PdP3) in section 4.1 that the invariants originally
observed in [22, 23] for mass deformations related to birational transformations of toric
Calabi-Yau 4-folds extend to relevant deformations that correspond to the same family of
birational transformations. These invariants are the number of generators of the mesonic
moduli space as well as the Hilbert series of the mesonic moduli space when it is refined only
under the U(1)r symmetry. It would be interesting to investigate further in the future the
scope of birational transformations on toric Calabi-Yau 4-folds in relation to corresponding
deformations of brane brick models.

9 Conclusions

In this paper we have extended the study of relevant deformations that connect 2d (0,2) gauge
theories on D1-branes probing toric CY 4-folds in several directions. The geometric origin of
these theories gives rise to interesting connections, offering new insights into both the gauge
dynamics and the associated geometry. Below we summarize our key results and findings.

e We have expanded the analysis to include non-mass relevant deformations. Some of our
examples, such as those in sections 4.1 and 5, involve deformations consisting solely
of plaquettes that are cubic or of higher order. Interestingly, such cases correspond to
more than one CY 4-fold with the same quiver and different J- and E-terms.

e The underlying geometry provides useful tools when field theoretic approaches are still
lacking. For instance, we have observed that an increase in the volume of the SE; base
of the CY 4-fold correlates with RG flow towards the IR, thereby signaling the relevance
of deformations.

e Furthermore, leveraging divisor volumes together with the map between brick matchings
(or, more generally, GLSM fields) and gauge theory fields, we have extracted the scaling
dimensions of individual fields and of the corresponding terms in the Lagrangian. This
approach enables a more precise determination of whether specific terms are relevant
or irrelevant.

e Through the combinatorial map between chiral and Fermi fields of the 2d (0,2) theory
and GLSM fields, given through brick matchings as described in section 2.1, geometry
is also useful for identifying the terms necessary to realize a given deformation. All
our results, together with those in [16], indicate that all terms responsible for a given
deformation share the same extremal GLSM content. Conversely, to connect the gauge
theories for two toric CY 4-folds, it is necessary to turn on all terms with a given
extremal GLSM content.
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We investigated various aspects of the interplay between deformations and triality. In
some cases, such as the example considered in section 5, non-mass relevant deformations
are mapped to mass deformations in a triality dual theory.

e In exploring the interplay between deformations and triality, we examined in greater
detail examples such as the one in section 5, where matching deformations between two
theories related by triality might naively appear to require turning on non-holomorphic
deformations in one of them. A detailed analysis shows, however, that these situations
are elegantly accounted for by the precise rules for transforming J- and E-terms under
triality introduced in [31].

e In section 7, we showed that a deformation can yield the theory associated with another
toric CY 4-fold, up to irrelevant terms. Moreover, the irrelevance of these extra terms
can be established through geometric considerations. An analogous phenomenon has
been observed for toric CY 3-folds and their associated 4d N = 1 gauge theories [21].

e Finally, in section 8, we presented evidence that when the Hilbert series of the mesonic
moduli space is refined only under the U(1)gr symmetry, it becomes invariant even
under non-mass relevant deformations of the brane brick models corresponding to toric
Calabi-Yau 4-folds related by a birational transformation. This extends the results
of [22, 23] to a broader class of deformations.

These results suggests new directions for further study, which we hope to revisit in
the near future.
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A P-matrices for some of the models

A.1 P-matrices for P,_(PdP3)

The extended P-matrix for Phase (a) of P,_(PdP3) is presented below
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For Phase (b) of Py_(PdP3) we have the following extended P-matr

(A.2)
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ices for _f__ (dP3)

The extended P-matrix for Phase (a) of

A.2 P-matr

(dP3) is presented below
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Below we present the extended P-matrix for Phase (b) of

(A4)
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ices for P, _(C3/Z2 X Z3) and Py_(C/Z2)

Below is the P-matrix for Phase (a) of Py_(C3/Zy x Zs).

A.3 P-matr

(A.5)
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Below is the P-matrix for Phase (b) of Py _(C3/Zy x Zs).

(A.6)
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Below is the P-matrix for Phase (a) of P;_(C/Zs).

(A7)
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A.4 P-matrices for model 1 and its deformation

The extended P-matrix for model 1 is presented below, continued to the next page:
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(A.9)
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Below we present the P-matrix for the deformation of model 1.

coocoo

coocoocoocoo
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