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A B S T R A C T

This study integrates previously developed methods to enhance the fidelity of direct whole-core Monte Carlo 
coupled multi-physics simulations in the MCS code. First, it introduces multi-physics simulations with spatially 
continuous material properties by using the Functional Expansion Tally combined with delta-tracking. Second, it 
incorporates on-the-fly thermal expansion of reactor core components during Monte Carlo particle tracking. To 
evaluate the accuracy and overall performance improvement of the framework, several numerical experiments 
were conducted at both the assembly and whole-core levels. The incorporation of spatially continuous material 
properties produces eigenvalue solutions that asymptotically converge to those from conventional cell-based 
discretized simulations with infinitesimally small cells as demonstrated in the assembly and whole-core prob
lems. In the whole-core problem, the framework reduces simulation times by around threefold and requires 80 % 
less memory than the traditional cell-based discretization using very small cells, while maintaining the high- 
fidelity solutions. Whereas the numerical results for on-the-fly thermal expansion demonstrate that the 
observed trends in reactor reactivity due to thermal expansion align with previous studies. These findings suggest 
that integrating the multi-physics framework into reactor modeling can enhance simulation fidelity while 
reducing simulation time.

1. Introduction

Recent advancements in modern computing have enabled direct 
whole-core Monte Carlo (MC) coupled multi-physics simulations for 
large-scale reactor problems. In this approach, the multi-physics 
coupling between MC codes and thermal-hydraulic (TH) solvers is 
accomplished at the pin-by-pin level. Numerous examples of these 
reactor multi-physics simulations can be found in the literature [1–5], 
and they had demonstrated that such simulations are practically feasible 
for academic and research purposes. The results from such reactor 
multi-physics simulations have shown improved accuracy when 
compared to measured data and are often used as reference solutions for 
lower-order deterministic codes. However, according to Smith and 
Forget [6], there are still many important aspects of reactor simulations 
that must be incorporated to produce truly high-fidelity analysis tools.

While the work of Smith and Forget highlights many aspects to 
improve the fidelity of reactor calculations, this study attempts to solve 

two issues. First, inadequate spatial resolution, such as the improper 
modeling of radial temperature variations in fuel pellets, which is 
essential for accurately modeling spatial self-shielding effects [7]. Sec
ond, thermal expansion of the reactor core materials, which is often 
neglected in typical direct whole-core MC coupled multi-physics 
simulations.

There were attempts to solve the inadequate spatial resolution issue. 
One such method is Localized Delta Tracking (LTD) [7], which solves 
radial heat conduction within the fuel pellet using polynomial fitting. 
This approach allows for the determination of continuously varying 
radial fuel temperatures. By using LTD within the fuel pellet, MC 
multi-physics coupling can be achieved without requiring explicit radial 
discretization of the fuel pellet. However, LTD is limited to handling 
continuously varying fuel temperatures only in the radial direction. In 
the axial direction, traditional discretization of the problem domain is 
still necessary.

Leppänen [8] conducted another study using the Serpent 2 MC code 
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to model continuous nonuniform density distributions. In this work, he 
implemented MC multi-physics coupling with a continuous moderator 
density, incorporating rejection sampling within a single material re
gion. The study focused on continuous variations of coolant density and 
void fraction along the flow channel of a nuclear fuel assembly. How
ever, it did not account for continuous variations in temperature or in 
the isotopic composition of materials dissolved in the moderator, such as 
boron. Later, Serpent 2 incorporated the modeling of continuous tem
perature variations. However, according to the Serpent manual [9], 
users are required to provide the expansion coefficients manually, and it 
remains unclear whether these coefficients are updated during 
multi-physics coupling. Moreover, the applicability of this feature to 
large reactor problems is still unknown.

One notable effort was made by Ellis [10], who employed the 
Functional Expansion Tally (FET) method [11,12] to achieve continuous 
representations of power. After multi-physics feedback calculations, the 
resulting continuous fuel pellet temperature and coolant density were 
also modeled using functional expansions. To facilitate MC particle 
tracking in a continuous medium, a modified version of Continuously 
Varying Material Tracking (CVMT) [13] was developed. These two 
methods were integrated to perform MC multi-physics simulations with 
continuously varying materials.

As for the thermal expansion implementation in direct multi-physics 
reactor calculations, thermal expansion is usually modeled in the MCS 
code by manually adjusting input files to uniformly expand the reactor 
core geometry and modify material densities. This method typically uses 
core-averaged nominal temperatures, as demonstrated by Palmtag et al. 
[14]. In Palmtag’s work, thermal expansion was implemented by pro
cessing XML input files for the Consortium for Advanced Simulation of 
LWRs (CASL) core simulator code, VERA-CS [15], to uniformly adjust 
core dimensions and material densities. This process is accomplished by 
VERAIn ASCII input preprocessor. However, the VERAIn ASCII input 
preprocessor only allows thermal expansion at a pre-set and uniform 
temperature, which is typically set to the core-averaged temperature.

This work combines previous studies on MC coupled multi-physics 
reactor simulations with spatially continuous material properties [16] 
and on-the-fly thermal expansion [17], both of which were individually 
tested and evaluated, into a unified framework. Additionally, it evalu
ates the effectiveness of delta-tracking for MC coupled multi-physics 
reactor simulations with spatially continuous material properties in 
problems containing localized heavy neutron absorbers. Finally, this 
work also extends the scalability of previous studies to address 
whole-core problems.

2. Methodology

The proposed methodologies for MC coupled multi-physics reactor 
simulations with spatially continuous material properties and on-the-fly 
thermal expansion have been thoroughly detailed in our previous works 
[16,17]. In this study, we revisit the key concepts of these methodologies 
and provide insights into the subtle distinctions involved in their 
implementation for whole-core problems. Moreover, we discuss the 
challenges associated with integrating these two methodologies within 
the multi-physics framework.

2.1. Functional Expansion Tally

In conventional Monte Carlo (MC) multi-physics reactor simulations, 
the problem domain must be discretized into smaller cells, it is necessary 
to discretize the problem domain into smaller cells. The material prop
erties, such as fuel temperature, moderator density, and the isotopic 
composition of materials diluted in the moderator, are assumed to be 
uniform within each cell. This discretization is essential for achieving 
adequate spatial resolution and accurately modeling variations in ma
terial properties. In particular, the radial discretization within the fuel 
pellets is essential for proper representation of the radial temperature 

profile of the pellets to correctly model the spatial self-shielding effects.
Although high spatial resolution can be achieved by discretizing the 

problem domain into smaller cells, this additional discretization can 
hinder MC particle tracking. Specifically, the cross-sections must be 
reconstructed each time a particle crosses a cell boundary. This also 
introduces higher memory burden, as data for numerous cells must be 
stored during the simulation. As a result, the added discretization in 
multi-physics simulations reduces the efficiency of the MC method in 
handling continuous geometry.

To address this spatial resolution issue, a multi-physics framework 
with spatially continuous material properties was proposed [16]. This 
methodology takes advantage of Functional Expansion Tally (FET) to 
obtain continuous representation of MC power tally. In the FET method, 
the actual power shape solution is approximated through a truncated 
linear combination of polynomials, with MC tallies used to calculate the 
coefficients of these polynomials. Therefore, the spatially continuous 
power distribution can be approximated using FET by expanding the 

tally quantity into a linear combination of polynomials ψ
(

ξ
→), as shown 

below: 
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Lastly, the ρ
(

ξ
→) is the weighting function that shall be both complete 

and orthogonal with respect to ψn

(
ξ
→).

Fortunately, the integrals required to obtain the expansion co
efficients in Eq. (2) can be easily calculated in MC simulations using both 
analog and collision-based estimators. The unbiased collision-based 
estimator for the coefficients an, used to reconstruct the power (as per 
Eq. (1)), is defined as: 
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In Eq. (5), N represents the total number of particles in each batch, Ki is 
the total number of collisions for particle i, wi,k is the weight of particle i 

at collision k, κ

(

ξ→i,k

)

is the energy released per fission at the phase 

space point ξ→i,k, and Σt

(

ξ→i,k

)

is the total macroscopic cross section at 

the phase space point ξ
→

i,k.
The use of FET in multi-physics simulations with spatially continuous 

material properties presents several challenges when combined with 
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thermal expansion. Thermal expansion causes the fuel pellet radius and 
length to change during particle transport. Since FET also needs this 
information, the FET geometry information must be modified accord
ingly. Furthermore, during FET tally reconstruction, these geometric 
changes in the fuel pellet must also be considered to ensure accurate 
tally reproduction.

2.2. Delta-tracking

Due to the continuous variation of material properties across the fuel 
pin, delta-tracking is used in place of conventional surface-tracking. 
Delta-tracking [18,19] is based on a rejection sampling scheme where 
the total interaction probability is made uniform by introducing 
majorant cross sections. As a result, a uniform distance to collision can 
be sampled by: 

s = −
ln(ξ)

Σmaj(E)
. (9) 

Here, ξ is a uniformly distributed random variable within the unit in
terval, and Σmaj(E) represents the majorant cross section. In this study, 
however, the total interaction probability is made uniform only within 
the delta-tracking region, which is typically defined at the assembly 
level.

To preserve the physical nature of neutron transport while allowing 
the neutron random walk to continue through multiple material regions, 
the interaction probability in each material is adjusted by introducing 
virtual collisions. Virtual collisions are rejected collisions that depend on 
the total cross section of the material where the neutron undergoes a 
collision. Practically, this involves performing rejection sampling where 
a collision is accepted as a physical collision with the following proba
bility: 

p =
Σt( r→,E)
Σmaj(E)

. (10) 

If a collision is rejected as virtual, a new distance to collision is sampled, 
and the procedure is repeated from the beginning. While the value of the 
majorant cross section can be arbitrary, choosing it too large can result 
in poor efficiency of the rejection sampling routine. Therefore, it is 
common practice to select the majorant cross section such that: 

Σmaj(E) = max[Σt(E)]. (11) 

The delta-tracking has a drawback in geometries with significant 
material heterogeneity, where the total cross sections of different ma
terials vary considerably [20]. A common example is a Light Water 
Reactors’ (LWRs) fuel assembly containing localized heavy absorbers, 
such as control rods or burnable absorber pins. In these cases, the ab
sorber’s cross section dominates the majorant cross section at low en
ergy, even though it occupies only a small portion of the total volume. 
This leads to a low probability of rejection sampling shown in Eq. (10).

In the delta-tracking implementation within MCS, each fuel assembly 
has a distinct delta-tracking region, with each assembly having its own 
corresponding majorant cross-section. Therefore, when a particle 
crosses an assembly surface, the particle track must be terminated. 
Subsequently, a new sampling of the distance to collision must be 
calculated using a different majorant cross-section.

The implementation of delta-tracking for whole-core problems pre
sents a challenge. Uninserted control rods within a fuel assembly can 
significantly reduce the efficiency of rejection sampling in that assem
bly. To address this issue, uninserted control rods outside the active 
region must be excluded from the delta-tracking region, where con
ventional surface tracking is used instead.

2.3. Thermal expansion

Many MC codes, including MCS, use Constructive Solid Geometry 
(CSG) to describe reactor geometry. Applying non-uniform geometrical 
expansion based on local temperatures in CSG can be difficult. This is 
because a single surface can be reused to define multiple cells in a 
universe, and a universe can also be reused to create a lattice. As a result, 
changes to one surface, such as those caused by thermal expansion, will 
affect all cells, universes, and lattices that use the same surface. One way 
to avoid this issue is by making separate copies of surfaces and cells, so 
each cell can be expanded according to its local temperature. However, 
this method becomes impractical for large reactor problems, as it 

Fig. 1. Calculation of geometrical changes due to thermal expansion. Adapted 
from Ref. [15].
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requires more memory and increases complexity.
To overcome this challenge, on-the-fly thermal expansion was 

introduced [17]. In this approach, when a particle enters a specific fuel 
pin, the geometry of the fuel pellet and cladding in that pin is expanded 
based on the corresponding local temperatures. These local tempera
tures can be either pin-averaged or assembly-averaged temperatures. In 
MCS, the fuel pellet expands in both radial and axial directions, while 
the cladding expands only radially, with its inner and outer radii 
assumed to expand equally. It is important to note that deformation is 
considered uniform both radially and axially, meaning phenomena like 
fuel cladding ballooning are not accounted for.

Once the geometrical changes due to thermal expansion are calcu
lated during the thermal-hydraulic update as shown in Fig. 1, this in
formation is used to thermally expand the core geometry on-the-fly 
during subsequent cycles of neutron tracking. When a neutron is located 
in a pin cell after performing a random walk, MCS checks whether it 
originated from another pin cell or from the same one. If it originated 
from another pin cell, the fuel pellet and cladding surfaces in that pin 
cell are expanded based on the previously calculated geometrical 
changes. Additionally, if the neutron came from another assembly, the 
pin pitches within that assembly are uniformly expanded as well. These 

steps are summarized in Fig. 2.

2.4. Thermal expansion coefficients

The linear thermal expansion of solid materials with an isotropic 
crystal structure can be modeled using the formula: 

L = L0
[
1 + αL

(
T − Tref

)]
, (12) 

where L represents the final length at temperature T, L0 is the initial 
length at the reference temperature Tref , and αL is the linear thermal 
expansion coefficient. For area expansion, such as the area of a fuel 
pellet, the equation is: 

Fig. 2. On-the-fly thermal expansion during neutron tracking. Adapted 
from Ref. [15].

Table 1 
Thermal expansion coefficients used in this study.

Material Thermal expansion coefficient (K− 1)

Zirconium alloys (fuel cladding) 7.00× 10− 6

SS304 (core plate) 1.78× 10− 5

Fuel pellet 1.10× 10− 5

Fig. 3. Multi-physics coupling of the framework. Adapted from Ref. [14].
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A = A0
[
1 + αL

(
T − Tref

)]2
. (13) 

When materials expand, their mass remains the same, so the density 
must be adjusted to match the new dimensions. The adjusted density is 
calculated as: 

ρ = ρ0
V0

V
, (14) 

where ρ and V are th expanded density and volume, while ρ0 and V0 are 
the initial density and volume. The expanded volume is determined 
based on the expanded length L and area A from Eqs. (12) and (13).

Thermal expansion coefficients are crucial to accurately modeling 
how reactor materials expand. Detailed explanations of the methods 
used to determine these coefficients for typical LWR materials are pro
vided in Ref. [14]. However, this study uses the coefficients provided by 

the STREAM code [21], which are summarized in Table 1.
It is worth mentioning that these coefficients are very similar to those 

reported by Palmtag et al. [14]. Additionally, this study focuses on 
modeling thermal expansion for the fuel pellet, cladding, pin pitch, and 
assembly pitch. The dimensions of absorber materials, such as control 
rods and burnable absorbers, are assumed to remain unchanged.

2.5. Multi-physics coupling

The multi-physics coupling is achieved by internally linking the TH 
solver with MCS. This integration enables automatic data exchange 
between MCS and the TH solver. Although the solvers must be compiled 
separately, they are connected via a static library. Linear power data 
from MCS is transferred to the TH solver, while TH parameters are 
updated by the TH solver and returned to MCS. These data transfer occur 
at the pin-by-pin level.

Fig. 4. Calculation flows to calculate macroscopic cross section in spatially continuous particle transport. Adapted from Ref. [14].
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Particle delta-tracking in continuous media is carried out over 
several cycles, during which FET coefficients are tallied. After multiple 
cycles of particle transport, the TH conditions—as well as critical boron 
concentration (CBC) and Xenon distribution—are updated. During the 
TH update, the two-dimensional power distribution is reconstructed 
using the tallied FET coefficients. This reconstructed distribution is then 
used by the TH solver to calculate fuel, cladding, and coolant temper
atures, along with coolant density. The resulting two-dimensional fuel 
temperature grids, along with one-dimensional cladding and coolant 
temperature grids and coolant density, are stored for each fuel pin. 
These TH condition grids serve as interpolation points for subsequent 
particle transport batches. This process is illustrated in Fig. 3.

The calculation of macroscopic cross sections for continuous particle 
tracking differs from the conventional method, where each cell assumes 
uniform material properties. In this framework, material properties are 
determined through interpolation, as illustrated in Fig. 4. 

• When a neutron is in the fuel pellet, a two-dimensional interpolation 
in the axial and radial directions is used to determine the fuel 
temperature.

• If the neutron is in the coolant, a one-dimensional interpolation in 
the axial direction determines the temperature and density, which 
are then used to update the nuclide densities.

• For neutrons in the cladding, a one-dimensional axial interpolation 
provides the cladding temperature.

Once the interpolated temperatures and densities are established, 
microscopic cross sections are calculated for each nuclide based on the 
neutron energy and temperature. These are then used to compute the 
macroscopic cross section at the neutron’s location.

Integrating FET with on-the-fly thermal expansion presents a chal
lenge: as the fuel pellet undergoes thermal expansion, its radius and 
length change during particle transport. Since FET also requires this 
geometric information, these changes must be updated consistently. 
Furthermore, during FET tally reconstruction, the modified pellet ge
ometry must be properly accounted for to ensure accurate tally 
reproduction.

This is accomplished by saving the geometrical changes caused by 
thermal expansion for each fuel pin at every thermal-hydraulic update 
(see Fig. 1). In subsequent particle-tracking cycles, this information is 
used to update the FET object data, including the fuel pellet radius and 
length. The corresponding normalized radius and length are also 
adjusted. In other words, the FET object data is dynamically updated 
according to the specific fuel pellet in which the particle is located. A 
similar procedure is applied before power reconstruction from tallied 
FET coefficients for each fuel pin, where the pellet geometry is again 
updated to reflect the latest thermal expansion data. This ensures that 
tallies and reconstructed power remain physically consistent with the 

deformed geometry.

3. Results and discussion

The applicability of the framework to enhance the fidelity of direct 
MC multi-physics simulations in the MCS code will be tested to several 
reactor problems. Additionally, the effectiveness of the methodology for 
problems containing high neutron absorbers will also be assessed. The 
test cases include both assembly and core problems, with geometries and 
material compositions adopted from the Virtual Environment for 
Reactor Applications (VERA) core physics benchmark [22].

For multi-physics feedback in this study, the radial heat conduction 
calculations within the fuel pellet were conducted using 10 radial rings, 
while a single mesh was employed for the gap and cladding regions. The 
resulting radial fuel temperature distribution was then averaged based 
on the number of radial cells used in the neutronic calculations.

In the conventional or cell-based approach, the problem geometry 
was discretized into several cells, with material properties such as 
temperature and density being uniform within each cell. This dis
cretization was necessary to capture material property variations across 
the problem geometry. In contrast, in continuous material properties 
cases, explicit problem geometry discretization was unnecessary. 
Instead, the power and Xenon absorption rates distributions were 
reconstructed using 100 axial and 10 radial equidistant meshes for each 
pin during each TH update and equilibrium Xenon feedback, respec
tively. For tally reconstruction, seventh-order Legendre polynomials and 
ninth-order Zernike polynomials were used.

3.1. Benchmark descriptions

The reactor operational data for the VERA benchmark were taken 
from Watts Bar Generating Station Unit 1. This reactor is a 3411 MWth 
Westinghouse pressurized water reactor (PWR) with 193 fuel assemblies 
and an active core height of 365.76 cm. Each fuel assembly contains a 
17x17 array of pins, consisting of 264 fuel pins, 24 guide tubes, and 1 
instrumentation tube. Eight spacer grids are used for each assembly to 
maintain its structural integrity. Radially, the fuel-assembly pitch is 
21.5 cm, with fuel pins within an assembly having pitch of 1.26 cm. The 
core configuration has a 0.04 cm inter-assembly gap which is essential to 
accommodate fuel assembly deformation due to thermal expansion.

During the first cycle, the reactor employed three different fuel en
richments: 2.11 %, 2.62 %, and 3.10 % by weight of U-235, and Pyrex 
burnable absorbers were used. Reactor regulation is provided by 57 
reactor cluster rod assemblies (RCCAs), grouped into 8 banks, as illus
trated in Fig. 5. Pyrex is a discrete burnable neutron absorber inserted 
into assembly guide tubes. These inserts can be placed in any assembly 
not located in a control rod position. The control rod is an axial stack of 
Silver-Indium-Cadmium (AIC) and boron carbide. A set of 24 control 

Fig. 5. VERA benchmark core configuration and control rods layout. Adapted from [22].
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rods are clustered into an RCCA to control and ensure a safe core shut 
down. The tips of the control rods are made from AIC and the remaining 
portions up to the plenum are made from boron carbide.

3.2. Three-dimensional assembly problem

In this subsection, the solutions to the three-dimensional assembly 
multi-physics problem using combined spatially continuous material 
properties and on-the-fly thermal expansion will be presented and dis
cussed. This three-dimensional assembly multi-physics problem is 
identical to Problem #6 from the VERA benchmark, using 3.1 wt% 
enriched fuel pellets. The simulation is performed at hot full power 
(HFP), corresponding to 17.67 MW of thermal power, with 1300 ppm of 
boric acid dissolved in the coolant, and with no boron absorbers inserted 
into the guide tubes.

To compare the effect of thermal expansion, the simulations were 
performed both with and without thermal expansion being modeled. 
Additionally, four cases have been developed in this problem for com
parison with the proposed framework. The first three cases, A1, A2, and 
A3, are traditional cell-based models where the problem domain is 
discretized into multiple cells. In case A1, the problem is divided into 25 
equidistant axial cells without radial discretization. Case A2 refines this 
by using 50 equidistant axial cells and 2 equivolume radial rings in the 
fuel pellet to capture the temperature distribution within the pellet both 
radially and axially. Case A3 further increases the refinement to 100 
equidistant axial cells and 5 equivolume radial rings. While FET case 
employs spatially continuous material properties. Each case simulated 3 
× 104 particle histories per cycle, with a total of 12,500 cycles, of which 
2500 were designated as active cycles.

Table 2 presents the solutions for all cases, both with and without 
thermal expansion. As can be seen, for both cases, the eigenvalues are 
generally increased as the fuel pellet discretization refines. That is due to 
better modeling of radial temperature profile of the fuel pellet when the 
radial discretization is refined which causes lower temperature in the 
fuel pellet periphery. Consequently, the absorption rate on the fuel pellet 
periphery is lower that leads to higher eigenvalue [16]. In other words, 
the spatial self-shielding phenomena is better modeled when there is 
finer radial discretization.

It can also be seen that the eigenvalues from the cell-based cases 
asymptotically converge to those from the FET cases as the cell sizes 
become infinitesimal. This demonstrates that higher accuracy is 
achievable with the multi-physics modeling using continuous material 

properties. This finding also confirms the correct implementation of the 
framework into the MCS code.

Moreover, due to the high concentration of boron dissolved in the 
coolant, thermal expansion modeling reduces the kinf , thereby coun
teracting the effects of spatially continuous material modeling. This 
occurs because the moderator volume, which contains high boron, ex
pands due to an increase in pin pitch. Consequently, the neutron ab
sorption rate increases, leading to a lower eigenvalue. The impact of 
thermal expansion on the eigenvalue for a given boron concentration is 
consistent with the observations reported in Ref. [14].

3.3. Three-dimensional assembly problem with neutron absorbers

As mentioned earlier, the presence of localized heavy neutron ab
sorbers reduces the rejection sampling efficiency in delta-tracking, 
thereby deteriorating the overall efficiency of MC particle tracking. 
This test problem aims to evaluate the extent of performance reduction 
caused by localized heavy neutron absorbers in typical LWR fuel 
assemblies.

The problem includes three types of fuel assemblies: one with Pyrex 
rods inserted into all 24 guide tubes, one with control rods inserted, and 
one without any neutron absorbers. While the Pyrex burnable poisons 
occupy almost the entire active core axially, the control rods are only 
inserted to a depth of 186 steps representing the rod position at the 
beginning of cycle. Note that all results do not model the thermal 
expansion.

The eigenvalue and running time comparisons relative to the FET 
cases are shown in Table 3. The fuel assembly without heavy neutron 
absorbers has the highest running time speedup relative to the spatially 
continuous cases. The FET case running time is more than 5 times faster 
compared to the A3 case with 5 radial discretization while resulting in 
better accuracy. This is primarily due to efficient rejection sampling for 
problems without localized neutron absorbers. The presence of Pyrex 
rods inserted into the guide tubes provides negligible effect on the 
running time speedup because the Pyrex rods location is not very 
localized since they occupy almost the entire active core axially.

In contrast, the presence of control rods is very localized, located in a 
small portion at the top of the active core. This leads to poor rejection 
sampling efficiency when delta-tracking is performed. The FET speedup 
compared to a 100/5 axial/radial discretization with control rods 
inserted at 186 steps is 2.6 times. This speedup is much smaller than for 
problems without the control rods inserted, which is around 5.1 times. 
The kinf solutions generally follow the same trend as in previous prob
lems, where they converge to the FET case solutions for infinitesimal 
cells.

3.4. Whole-Core Problem.
The final test problem in this study is a whole-core problem with 

thermal expansion, based on Problem #7 of the VERA benchmark: a 
three-dimensional, beginning-of-cycle (BOC) physical reactor. This 
benchmark provides detailed descriptions of the reactor core geometry 
and internal structures. The bank D RCCA position for this problem is set 
to 215 steps, while other RCCAs are fully withdrawn. This test problem 
estimates the critical boron concentration at HFP.

Table 2 
Infinite multiplication factors for assembly problems with and without thermal 
expansion modeling.

Cases # fuel pellet axial/radial discretization kinf

No TE TE

A1 25/1 1.16400 (4) 1.16321 (4)
A2 50/2 1.16443 (4) 1.16350 (4)
A3 100/5 1.16449 (5) 1.16368 (5)
FET N/A 1.16465 (4) 1.16378 (4)

Table 3 
Infinite multiplication factors and relative running times for assembly problems with and without heavy neutron absorbers.

Cases # fuel pellet axial/radial discretization No absorber Pyrex Absorber Control Rods 186 steps

kinf Relative running time kinf Relative running time kinf Relative running time

A1 25/1 1.16400 (4) 1.6 0.95876 (4) 1.5 1.15972 (4) 0.8
A2 50/2 1.16443 (4) 2.3 0.95909 (4) 2.1 1.16007 (4) 1.1
A3 100/5 1.16449 (5) 5.1 0.95918 (4) 4.7 1.16027 (4) 2.6
FET N/A 1.16465 (4) 1.0a 0.95929 (4) 1.0b 1.16047 (4) 1.0c

a The absolute wall-clock time for the FET case is 1.8 h with 70 MPI processes.
b The absolute wall-clock time for the FET case is 1.9 h with 70 MPI processes.
c The absolute wall-clock time for the FET case is 3.5 h with 70 MPI processes.
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As with the previous test problems, several cases were developed to 
compare the spatially continuous material approach with the cell-based 
approach. These cases, along with descriptions of cell discretization, are 
listed in Table 4. Note that all simulations utilized 6× 104 particles per 
cycle, over a total of 37,500 cycles, with 30,000 cycles designated as 
active. This number of particles histories produces axially averaged pin- 
power densities with maximum standard deviation around 0.6 %. This 
whole-core reactor problem is modeled in a quarter core.

Table 4 presents the CBC solutions for all cases. As expected, the CBC 
from cell-based cases converges to that from the FET case as the size of 
the cells decreases. As in the previous assembly problem, the effect of 
thermal expansion in this problem counteracts the modeling with 
spatially continuous material properties. That is because, with around 
800 ppm boron concentration, thermal expansion still reduces 
reactivity.

Fig. 6 shows the assembly power map and its comparison between 
the spatially continuous case and cell-based case with 60/5 discretiza
tion. As observed, the maximum and minimum assembly power relative 
differences are approximately 0.3 %, with a root mean squared error 
(RMS) of 0.2 %. And the relative difference on axial power, shown in 
Fig. 7, is also less than 1.0 %. At the pin level, the normalized radial pin- 
power densities also exhibit good agreement between the spatially 
continuous case and cell-based case with 60/5 discretization, with an 
RMS of 0.3 %, and maximum and minimum relative differences of less 

than 2.0 %, as shown in Fig. 8. These results confirm that the solutions 
with spatially continuous material properties are well aligned with the 
cell-based cases that use very small cells.

To more clearly observe the effects of thermal expansion, another 
whole-core problem is run with boron concentration is set to zero. 
However, instead of estimating the critical boron concentration, this 
problem calculates the reactor eigenvalue. All other modeling parame
ters and cases are the same. Table 5 compiles all effective multiplication 
factors from all cases both with and without thermal expansion. For 
reactor problems with zero boron concentration, the thermal expansion 
modeling adds the reactivity by around 120 pcm as can be observed in 
Table 5. Also, as in the previous problems, the eigenvalue from cell- 
based cases converges to that from the FET case as the cells’ size smaller.

Table 4 
Critical boron concentration search results for the whole-core problem.

Cases # fuel pellet axial/radial discretization CBC (ppm)

No TE TE

A1 25/1 859.6 (0.2) 855.7 (0.2)
A2 50/2 863.0 (0.2) 859.3 (0.2)
A3 60/5 864.0 (0.2) 859.9 (0.2)
FET N/A 866.2 (0.2) 861.2 (0.2)

Fig. 6. Assembly powers comparison for the whole-core problem between spatially continuous case and cell-based case with 60/5 discretization.

Fig. 7. Normalized axial power comparison for the whole-core problem be
tween spatially continuous case and cell-based case with 60/5 discretization.
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3.4. Overall performance improvement

To improve the overall performance, the fully withdrawn RCCAs are 
not included in the delta-tracking region when delta-tracking is 
employed in the whole-core calculations. As previously demonstrated, 
the presence of localized strong neutron absorbers can significantly 
reduce the efficiency of rejection sampling. Fortunately, during typical 
reactor operation, only a single RCCA bank is inserted.

Table 6 presents the relative wall-clock time and memory usage of 
the whole-core problem without thermal expansion shown in Table 4. 
The memory usage was measured in the Ubuntu operating system using 
the free -m command during the simulation. As can be seen in Table 6, 
the FET case only requires one-third of the simulation time to achieve 
similar or even better accuracy compared to the case with 60/5 axial/ 
radial cell discretization.

Additionally, the FET case requires only 20 % of the RAM compared 
to the E3 case. This reduction in memory usage is mainly due to the 
fewer number of cells employed in the FET case. Although there is 
additional memory needed to store the FET coefficients, the number of 
coefficients is too small to offset the overall memory reduction. This 
demonstrates that the use of spatially continuous materials with FET not 

only achieves better accuracy with less simulation time but also requires 
lower memory usage.

4. Conclusions

The introduction of MC multi-physics framework with spatially 
continuous material properties using FET and delta-tracking combined 
with on-the-fly thermal expansion was introduced in this study. FET was 
employed to obtain continuous representations of power, which enables 
the calculation of nearly continuous material properties distributions 
such as temperature and density. Then using spatial interpolation, ma
terial properties at any spatial points can be calculated. Meanwhile, 
delta-tracking was utilized as a particle tracking method in a continuous 
medium.

On-the-fly thermal expansion was integrated to address the chal
lenge that the core temperature profile required for TE is not known as a 
priori and is typically non-uniform across the core. By incorporating on- 
the-fly thermal expansion, the core geometry can be modified on-the-fly 
during particle tracking based on the local temperatures at the pin-level.

The framework presented in this study was tested on several reactor 
problems, both on assembly and core levels. The continuous represen
tation of the intra-fuel pellet profile enabled by MC multi-physics 
coupling with spatially continuous material properties captures more 
precise resonance absorption at the fuel-pellet periphery. This leads to a 
more accurate eigenvalue solution from the framework. Moreover, in 
the whole-core reactor problem, this approach reproduces high-fidelity 
solutions for both eigenvalue and pin powers, while accelerating the 
simulation time to almost three times faster and requiring 80 % less 
memory than the cell-based discretization approach using very small 
cells.

The most natural extension of this framework is the integration of 
continuous material depletion. However, accurately modeling radial U- 
238 absorption rate profile remains challenging due to its steep radial 
gradient. Unfortunately, such radial profiles cannot be adequately rep
resented using FET with Zernike polynomials, as FETs are only suited for 
approximating smooth functions. Using piecewise function, as in the 
axial direction, is also not a solution because Zernike function is valid for 
a unit disk, not an annulus. Therefore, alternative polynomial functions, 
or perhaps completely different approach is necessary to obtain a 
continuous radial profile for U-238 absorption rates.

In conclusion, this study demonstrated that the integration of MC 
multi-physics coupling with spatially continuous material properties 
and on-the-fly thermal expansion capabilities significantly enhances the 
accuracy and efficiency of reactor simulations.

Fig. 8. Normalized radial pin-power densities of the FET case for the whole-core problems (a), and their comparisons against cell-based case with 60/5 dis
cretization (b).

Table 5 
Eigenvalue results for the whole-core problem with boron concentration set to 0 
ppm.

Cases # fuel pellet axial/radial discretization keff

No TE TE

A1 25/1 1.09655 (2) 1.09789 (2)
A2 50/2 1.09704 (2) 1.09826 (2)
A3 60/5 1.09717 (2) 1.09839 (2)
FET N/A 1.09743 (4) 1.09860 (4)

Table 6 
Relative wall-clock time and memory usage for the whole-core problem without 
thermal expansion.

Cases # fuel pellet axial/radial 
discretization

Relative wall-clock 
time

Relative memory 
usage

A1 25/1 1.2 1.1
A2 50/2 1.8 2.4
A3 60/5 2.9 4.9
FET N/A 1.0a 1.0b

a The absolute wall-clock time for the FET case is 14.3 h with a total of 70 MPI 
processes.

b The absolute memory usage for the FET case is 146.4 GB per node, with each 
node running 35 MPI processes.
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