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We show that when two toric Calabi-Yau 3-folds and their corresponding toric varieties are related by a
birational transformation, they are associated with a pair of dimer models on the 2-torus that define dimer
integrable systems, which themselves become birationally equivalent. Under this birational equivalence,
the Casimirs and the Hamiltonias as well as the spectral curve and the Poisson structure formed by the
cluster variables of the dimer integrable systems are identified to each other. These integrable systems
defined by dimer models were first introduced by Goncharov and Kenyon. We illustrate this equivalence
explicitly using a pair of dimer integrable systems corresponding to the Abelian orbifolds of the form
C3=Z4 × Z2 with orbifold action (1, 0, 3)(0, 1, 1) and C=Z2 × Z2 with action (1, 0, 0, 1)(0, 1, 1, 0), whose
spectral curves and Hamiltonians are shown to be related by a birational transformation.
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Birational geometry focuses on classifying algebraic
varieties up to birational equivalence and has profoundly
impacted our understanding of algebraic varieties, particu-
larly through the minimal model program (MMP) initiated
byMori [1–3] and through subsequent developments [4–13].
More recently, it has been argued that such birational
transformations also connect supersymmetric gauge theories
realized in string theory [14,15]. In particular, when a D3-
brane probes a toric Calabi-Yau 3-fold, its worldvolume
theory is a 4d N ¼ 1 supersymmetric quiver gauge theory,
which is encoded in a bipartite graph on a 2-torus also known
as a dimer model [16,17] or a brane tiling [18–20]. It can be
shown that if two such 4d N ¼ 1 theories are related by a
mass deformation [21–24], then the toric varieties of the
associated toric Calabi-Yau 3-folds are related by a birational
transformation [8,14,15,25].

These birational transformations act on Newton poly-
nomials of the form,

Pðx; yÞ ¼
X

ðnx;nyÞ∈Δ

cðnx;nyÞx
nxyny ; ð1Þ

where x; y∈C� and ðnx; nyÞ∈Z2 are coordinates of points
in the toric diagram Δ, which characterizes the toric variety
XðΔÞ [26,27]. The Newton polynomial is also given by the
permanent of the Kasteleyn matrix K of the dimer model,
Pðx; yÞ ¼ permðKÞ [17,28]. The birational transformations
φA act on Pðx; yÞ as follows:

φA∶ ðx; yÞ ↦ ðAðyÞx; yÞ; ð2Þ

where the Laurent polynomial AðyÞ is chosen to be such
that AðyÞ−m is a polynomial divisor of CmðyÞ for a ≤ m ≤
−1 in the expansion Pðx; yÞ ¼ P

b
m¼a CmðyÞxm. Here,

a < 0 and b > 0 and CmðyÞ are subpolynomials for
a ≤ m ≤ b. We identify the corresponding toric varieties
as birationally equivalent, if the birational map in (2)
applies for at least one chosen GLð2;ZÞ frame or choice
of origin in Z2 for the toric diagrams Δ.
As shown by Goncharov and Kenyon [29,30], a dimer

model realized as a bipartite graph on T2 gives rise to an
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integrable system [30–35], where the spectral curve is
given by the zero locus,

Σ∶Pðx; yÞ ¼ 0: ð3Þ

This holomorphic curve also plays an essential role in
the type IIB brane configuration consisting of a D5-brane
suspended between an NS5-brane wrapping Σ, which is
represented by the bipartite graph of the dimer model and is
T-dual to the D3-brane probing the toric Calabi-Yau 3-fold
[36–39]. Σ is also known as the mirror curve of the mirror
Calabi-Yau 3-fold [40–42].
In this work, we discover for the first time that the

integrable systems defined by two dimer models, whose
toric Calabi-Yau 3-folds are related by a birational trans-
formation as given in (2), are identical up to a redefinition
of parameters corresponding to zigzag paths and face loops
in the dimer models. We illustrate this discovery with an
explicit example based on the dimer models corresponding
to the abelian orbifold of the form C3=Z4 × Z2 with
orbifold action (1, 0, 3)(0, 1, 1) [43,44], also referred to
as model 2 in the classification of [45], and toric phase a of
the Abelian orbifold of the form C=Z2 × Z2 with action (1,
0, 0, 1)(0, 1, 1, 0), also referred to as phase a of PdP5
[19,46] and model 4a in [45].

Dimer integrable systems. A perfect matching pa is a set of
edges eij ¼ ðwi; bjÞ in the dimer model, such that edges in
pa connect to all white nodes wi and black nodes bi
uniquely once. These perfect matchings play an important
role as GLSM fields [47] that parametrize the associated
toric Calabi-Yau 3-fold. We define the weight p̄a of a
perfect matching pa as the product,

p̄a ¼
Y

eij ∈pa

eþij; ðp̄aÞ−1 ¼
Y

eij ∈pa

e−ij; ð4Þ

where we introduce directed edges defined as eþij∶ wi → bj
and e−ij∶ bj → wi. Here, the positive sign indicates an edge
directed from a white node wi to a black node bj, and the
negative sign indicates the same edge but in the opposite
direction. With this convention, we define the following
product of perfect matching weights:

p̄a · ðp̄bÞ−1 ≡ � � � eþije−kjeþkle−ml � � � ; ð5Þ

where p̄a ¼ � � � eþijeþkl � � � and ðp̄bÞ−1 ¼ � � � e−kje−ml � � �. This
product yields an ordered sign-alternating sequence
of directed edge variables corresponding to a path in
the dimer.
All closed connected and directed paths composed of

sign-alternating edges e�ij in a dimer model on T2 can be
expressed as permutation tuples of the permutation group
S2ne , where ne is the number of edges in the dimer model

[48,49]. Given two such permutation tuples, we can define
the following product:

ð� � � e−ikeþije−mj � � �Þð� � � eþuje−ijeþiv � � �Þ
¼ ð� � � e−ikeþiv � � �Þð� � � eþuje−mj � � �Þ; ð6Þ

giving a new pair of closed paths with the identities
ðe�ijÞ−1 ¼ e∓ij and eþije

−
ij ¼ 1.

Model 2: C3=Z4 × Z2 (1, 0, 3)(0, 1, 1): The dimer
model, referred to here as model 2, corresponding to the
abelian orbifold of the form C3=Z4 × Z2 with orbifold
action (1, 0, 3)(0, 1, 1) is shown in Fig. 1(b) with a choice of
a fundamental domain on T2. The corresponding Kasteleyn
matrix takes the following form:

K¼

0
BBBBBBBBBBBBBBBBB@

b1 b2 b3 b4 b5 b6 b7 b8
w1 e11x−1 0 e13y−1 e14 0 0 0 0

w2: 0 e22x−1 e23 e24 0 0 0 0

w3 0 0 e33 0 e35y e36 0 0

w4 0 0 0 e44 e45 e46 0 0

w5 0 0 0 0 e55 0 e57y−1 e58
w6 0 0 0 0 0 e66 e67 e68
w7 e71y e72 0 0 0 0 e77 0

w8 e81 e82 0 0 0 0 0 e88

1
CCCCCCCCCCCCCCCCCCA

: ð7Þ

The associated toric diagram can be shifted in the (1, 0)
direction as illustrated in Fig. 1(a) such that the new
corresponding Newton polynomial takes the form,

Pðx; yÞ ¼ p̄1 ·

�
δð−1;0Þ

1

x
þ δð1;−2Þ

x
y2

þ δð1;2Þxy2

þ δð0;−1Þ
1

y
þ δð0;1Þyþ δð1;−1Þ

x
y
þ δð1;1Þxy

þ δð1;0ÞxþH

�
; ð8Þ

where the reference perfect matching weight p̄1 ¼
eþ11e

þ
22e

þ
33e

þ
44e

þ
55e

þ
66e

þ
77e

þ
88 has been factored out. This allows

FIG. 1. (a) The toric diagram and (b) the dimer model for
C3=Z4 × Z2 (1, 0, 3)(0, 1, 1) [model 2]. Points in the toric
diagram are labeled by corresponding perfect matchings in the
dimer model.
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us to identify the coefficients with Casimir loops δðnx;nyÞ,
which correspond to points ðnx; nyÞ in the toric diagram in
Fig. 1(a). Additionally, we obtain the constant term H,
which corresponds to the Hamiltonian of the dimer
integrable system that can be expressed as a sum over
all 1-loops, H ¼ P

12
u¼1 γu.

The 1-loops γ1;…;12 and the Casimir loops δðnx;nyÞ can be
expressed in terms of zigzag paths z1;…;8,

z1¼ðeþ14e−44eþ46e−66eþ67e−77eþ71e−11Þ;
z2¼ðeþ23e−33eþ35e−55eþ58e−88eþ82e−22Þ;
z3¼ðeþ11e−81eþ88e−68eþ66e−36eþ33e−13Þ;
z4¼ðeþ22e−72eþ77e−57eþ55e−45eþ44e−24Þ;
z5¼ðeþ13e−23eþ24e−14Þ; z6 ¼ðeþ36e−46eþ45e−35Þ;
z7¼ðeþ57e−67eþ68e−58Þ; z8 ¼ðeþ72e−82eþ81e−71Þ; ð9Þ

and the face loops f1;…;8,

f1 ¼ ðeþ57e−77eþ71e−81eþ88e−58Þ;
f2 ¼ ðeþ68e−88eþ82e−72eþ77e−67Þ;
f3 ¼ ðeþ45e−55eþ58e−68eþ66e−46Þ;
f4 ¼ ðeþ36e−66eþ67e−57eþ55e−35Þ;
f5 ¼ ðeþ24e−44eþ46e−36eþ33e−23Þ;
f6 ¼ ðeþ13e−33eþ35e−45eþ44e−14Þ;
f7 ¼ ðeþ11e−71eþ72e−22eþ23e−13Þ;
f8 ¼ ðeþ22e−82eþ81e−11eþ14e−24Þ; ð10Þ

of the dimer model. The face loops are the cluster variables
of the quiver associated to the dimer model. The zigzag
paths and face loops form the following relations:

f1f2 ¼ z7z−18 ; f3f4 ¼ z6z−17 ;

f5f6 ¼ z5z−16 ; f7f8 ¼ z−15 z8;

f1f3f5f7 ¼ z3z−14 ; f2f4f6f8 ¼ z4z−13 ;

f2f3f6f7 ¼ z−11 z2; f1f4f5f8 ¼ z1z−12 : ð11Þ

We note here that there are 2 degrees of freedom corre-
sponding to the pair of canonical variables eP and eQ,
which allows us to write the face loops as follows:

f1 ¼ ePz1=21 z−1=22 z1=27 z−1=28 ;

f2 ¼ e−Pz−1=21 z1=22 z1=27 z−1=28 ;

f3 ¼ eQz−1=21 z1=22 z1=26 z−1=27 ;

f4 ¼ e−Qz1=21 z−1=22 z1=26 z−1=27 ;

f5 ¼ e−Pz1=23 z−1=24 z1=25 z−1=26 ;

f6 ¼ ePz−1=23 z1=24 z1=25 z−1=26 ;

f7 ¼ e−Qz1=23 z−1=24 z−1=25 z1=28 ;

f8 ¼ eQz−1=23 z1=24 z−1=25 z1=28 ; ð12Þ

where z1z2z3z4z5z6z7z8 ¼ 1.
In terms of these zigzag paths and face loops, the 1-loops

γ1;…;12 can be expressed as

γ1 ¼ z1z8f2; γ2¼ z1z8f2f3; γ3 ¼ z1z8f1f2f3;

γ4 ¼ z1z8f2f3f6; γ5¼ z1z8f1f2f3f6;

γ6 ¼ z1z8f1f2f3f4f6; γ7¼ z1z8f1f2f3f6f7;

γ8 ¼ z1z8f1f2f3f4f6f7; γ9¼ z1z8f1f22f3f4f6f7;

γ10¼ z1z8f1f2f3f4f5f6f7; γ11¼ z1z8f1f22f3f4f5f6f7;

γ12¼ z1z8f1f22f
2
3f4f5f6f7; ð13Þ

and the Casimir loops δðnx;nyÞ can be expressed as

δð1;−2Þ ¼ z−13 z−14 ; δð1;2Þ ¼ z1z2; δð−1;0Þ ¼ 1;

δ1ð0;−1Þ ¼ z−13 ; δ2ð0;−1Þ ¼ z−14 ;

δ1ð0;1Þ ¼ z1; δ2ð0;1Þ ¼ z2;

δ1ð1;−1Þ ¼ z−13 z−14 z−15 ; δ2ð1;−1Þ ¼ z−13 z−14 z−16 ;

δ3ð1;−1Þ ¼ z−13 z−14 z−17 ; δ4ð1;−1Þ ¼ z−13 z−14 z−18 ;

δ1ð1;1Þ ¼ z1z2z5; δ2ð1;1Þ ¼ z1z2z6;

δ3ð1;1Þ ¼ z1z2z7; δ4ð1;1Þ ¼ z1z2z8;

δ1ð1;0Þ ¼ z1z2z5z6; δ2ð1;0Þ ¼ z1z2z6z7;

δ3ð1;0Þ ¼ z1z2z5z7; δ4ð1;0Þ ¼ z1z2z5z8;

δ5ð1;0Þ ¼ z1z2z6z8; δ6ð1;0Þ ¼ z1z2z7z8: ð14Þ

Like perfect matchings, multiple Casimir loops can corre-
spond to the same point ðnx; nyÞ in the toric diagram in
Fig. 1(a) and therefore can be combined as follows:

BIRATIONAL TRANSFORMATIONS ON DIMER INTEGRABLE … PHYS. REV. D 112, L041901 (2025)

L041901-3



δð0;−1Þ ¼ δ1ð0;−1Þ þ δ2ð0;−1Þ ¼ z−13 þ z−14 ;

δð1;−1Þ ¼ δ1ð1;−1Þ þ δ2ð1;−1Þ þ δ3ð1;−1Þ þ δ4ð1;−1Þ ¼ z−13 z−14 ðz−15 þ z−16 þ z−17 þ z−18 Þ;
δð1;0Þ ¼ δ1ð1;0Þ þ δ2ð1;0Þ þ δ3ð1;0Þ þ δ4ð1;0Þ þ δ5ð1;0Þ þ δ6ð1;0Þ;

¼ z1z2ðz5z6 þ z5z7 þ z5z8 þ z6z7 þ z6z8 þ z7z8Þ;
δð1;1Þ ¼ δ1ð1;1Þ þ δ2ð1;1Þ þ δ3ð1;1Þ þ δ4ð1;1Þ ¼ z1z2ðz5 þ z6 þ z7 þ z8Þ;
δð0;1Þ ¼ δ1ð0;1Þ þ δ2ð0;1Þ ¼ z1 þ z2: ð15Þ

The zero locus of the Newton polynomial in (8) gives the
spectral curve of the dimer integrable system for model 2,

Σ∶
�
z5
y
þ 1

��
z6
y
þ 1

��
z7
y
þ 1

��
z8
y
þ 1

�
z1z2xy2

þ
�
1

z3
þ 1

z4

�
1

y
þ ðz1 þ z2Þyþ

1

x
þH ¼ 0: ð16Þ

Model 4a: C=Z2 × Z2 (1, 0, 0, 1)(0, 1, 1, 0): The dimer
model corresponding to the abelian orbifold of the form
C=Z2 × Z2 with orbifold action (1, 0, 0, 1)(0, 1, 1, 0) is
shown in Fig. 2(b). The corresponding Kasteleyn matrix is
given by

K¼

0
BBBBBB@

b1 b2 b3 b4
w1 e11 e12x−1 e13y−1 e14x−1y−1

w2 e21 e22 e23y−1 e24y−1

w3 e31 e32x−1 e33 e34x−1

w4 e41 e42 e43 e44

1
CCCCCCA
: ð17Þ

When we shift the toric diagram in the (1, 1) direction
resulting in the toric diagram in Fig. 2(a), the corresponding
Newton polynomial becomes

Pðx; yÞ ¼ ū1 ·

�
δð−1;−1Þ

1

xy
þ δð−1;1Þ

y
x
þ δð1;−1Þ

x
y

þ δð1;1Þxyþ δð−1;0Þ
1

x
þ δð0;−1Þ

1

y
þ δð1;0Þx

þ δð0;1ÞyþH

�
; ð18Þ

where the reference perfect matching weight ū1 ¼
eþ14e

þ
21e

þ
32e

þ
43 has been factored out in order for the

coefficients to become Casimir loops δðnx;nyÞ. These corre-
spond to points in the toric diagram in Fig. 2(a). We also
obtain the HamiltonianH, which can be expressed as a sum
over all 1-loops, H ¼ P

12
u¼1 γu.

The 1-loops γ1;…;12 and the Casimir loops δðnx;nyÞ can be
expressed in terms of zigzag paths z1;…;8,

z1 ¼ ðeþ11e−21eþ22e−12Þ; z2 ¼ ðeþ32e−42eþ41e−31Þ;
z3 ¼ ðeþ33e−43eþ44e−34Þ; z4 ¼ ðeþ14e−24eþ23e−13Þ;
z5 ¼ ðeþ13e−33eþ31e−11Þ; z6 ¼ ðeþ21e−41eþ43e−23Þ;
z7 ¼ ðeþ24e−44eþ42e−22Þ; z8 ¼ ðeþ12e−32eþ34e−14Þ; ð19Þ

and the face loops f1;…;8,

f1 ¼ ðeþ22e−42eþ41e−21Þ; f2 ¼ ðeþ43e−33eþ31e−41Þ;
f3 ¼ ðeþ44e−24eþ23e−43Þ; f4 ¼ ðeþ21e−11eþ13e−23Þ;
f5 ¼ ðeþ33e−13eþ14e−34Þ; f6 ¼ ðeþ12e−22eþ24e−14Þ;
f7 ¼ ðeþ11e−31eþ32e−12Þ; f8 ¼ ðeþ34e−44eþ42e−32Þ: ð20Þ

The face loops and zigzag paths form the following
relations:

f1f7 ¼ z1z2; f2f8 ¼ z−12 z−13 ;

f3f5 ¼ z3z4; f4f6 ¼ z−11 z−14 ;

f2f4 ¼ z5z6; f1f3 ¼ z−16 z−17 ;

f6f8 ¼ z7z8; f5f7 ¼ z−15 z−18 : ð21Þ

FIG. 2. (a) The toric diagram and (b) the dimer model for
C=Z2 × Z2 (1, 0, 0, 1)(0, 1, 1, 0) [model 4a]. Points in the toric
diagram are labelled by corresponding perfect matchings in the
dimer model.
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Here, we note that there are 2 degrees of freedom
corresponding to the pair of canonical variables eP and
eQ, which allows us to express the face loops as follows:

f1 ¼ eQ; f2 ¼ eP;

f3 ¼ e−Qz−16 z−17 ; f4 ¼ e−Pz5z6;

f5 ¼ eQz3z4z6z7; f6 ¼ ePz−11 z−14 z−15 z−16 ;

f7 ¼ e−Qz1z2; f8 ¼ e−Pz−12 z−13 ; ð22Þ
where z1z2z3z4z5z6z7z8 ¼ 1.
In terms of the face loops and the zigzag paths, we can

express the 1-loops γ1;…;12 as

γ1 ¼ z1f6; γ2 ¼ z1f3f6; γ3 ¼ z1f3f6f8;

γ4 ¼ z1f3f4f6; γ5 ¼ z1f3f4f6f8;

γ6 ¼ z1f1f3f4f6f8; γ7 ¼ z1f3f4f5f6f8;

γ8 ¼ z1f1f3f4f5f6f8; γ9 ¼ z1f1f3f4f5f26f8;

γ10 ¼ z1f1f2f3f4f5f6f8; γ11 ¼ z1f1f2f3f4f5f26f8;

γ12 ¼ z1f1f2f23f4f5f
2
6f8; ð23Þ

and the Casimir loops δaðnx;nyÞ as

δð−1;−1Þ ¼ z−16 ; δð−1;1Þ ¼ z8;

δð1;−1Þ ¼ z−12 z−14 z−16 ; δð1;1Þ ¼ z1z3z8;

δ1ð−1;0Þ ¼ 1; δ2ð−1;0Þ ¼ z−16 z8;

δ1ð0;−1Þ ¼ z−12 z−16 ; δ2ð0;−1Þ ¼ z−14 z−16 ;

δ1ð1;0Þ ¼ z1z3z7z8; δ2ð1;0Þ ¼ z−12 z−14 z−16 z−17 ;

δ1ð0;1Þ ¼ z1z8; δ2ð0;1Þ ¼ z3z8; ð24Þ

where Casimir loops corresponding to the same point in the
toric diagram in Fig. 2(a) can be combined as follows:

δð−1;0Þ ¼ δ1ð−1;0Þ þ δ2ð−1;0Þ ¼ 1þ z−16 z8;

δð0;−1Þ ¼ δ1ð0;−1Þ þ δ2ð0;−1Þ ¼ z−12 z−16 þ z−14 z−16 ;

δð1;0Þ ¼ δ1ð1;0Þ þ δ2ð1;0Þ ¼ z1z3z7z8 þ z−12 z−14 z−16 z−17 ;

δð0;1Þ ¼ δ1ð0;1Þ þ δ2ð0;1Þ ¼ z1z8 þ z3z8: ð25Þ

The spectral curve of the dimer integrable system for
model 4a is given by the zero locus of the Newton
polynomial in (18)

Σ∶
�
1

y
þ z6

��
1

y
þ z8

�
y
z6x

þ
�
1

z2
þ 1

z4

�
1

z6y

þ
�
1

y
þ 1

z5

��
1

y
þ 1

z7

�
xy

z2z4z6
þ ðz1 þ z3Þz8y

þH ¼ 0: ð26Þ

Birational equivalence. Let us refer to the Newton poly-
nomial in (8) and the spectral curve in (16) for model 2 as
Pð2Þðx; yÞ and Σð2Þ, respectively, in order to distinguish
them clearly from the Newton polynomial in (18) and the
spectral curve in (26) for model 4a, which we denote by
Pð4aÞðx; yÞ and Σð4aÞ, respectively. The following birational
transformation:

φA∶ ðx; yÞ ↦
��

1þ 1

y

�
2

xy; y

�
; ð27Þ

acts on the Newton polynomial with all perfect matching
weights set to 1, yielding the identification,

φAPð4aÞðx; yÞ ¼ Pð2Þðx; yÞ: ð28Þ

This birational transformation relates the toric varieties
associated to models 2 and 4a.
Under a refined version of the birational transformation

in (27), given by

φA∶ðx; yÞ ↦
��

zð4aÞ6 þ 1

y

��
zð4aÞ8 þ 1

y

�
y

zð4aÞ6

x; y

�
; ð29Þ

with AðyÞ ¼ ðzð4aÞ6 þ 1
yÞðzð4aÞ8 þ 1

yÞ y

zð4aÞ
6

, we discover that the

spectral curve Σð4aÞ in (26) is mapped to Σð2Þ in (16),

φAΣð4aÞ ¼ Σð2Þ: ð30Þ

Under this identification, the zigzag loops satisfy

zð4aÞ1 zð4aÞ8 ¼ zð2Þ1 ; zð4aÞ3 zð4aÞ8 ¼ zð2Þ2 ; zð4aÞ5 ¼ zð2Þ5 ;

zð4aÞ2 zð4aÞ6 ¼ zð2Þ4 ; zð4aÞ4 zð4aÞ6 ¼ zð2Þ3 ; zð4aÞ6 ¼ðzð2Þ6 Þ−1;
zð4aÞ7 ¼ zð2Þ7 ; zð4aÞ8 ¼ðzð2Þ8 Þ−1; ð31Þ

and the face loops between the two dimer models are
identified to each other as follows:

fð4aÞ8 ¼ fð2Þ1 ; fð4aÞ6 ¼ fð2Þ2 ; fð4aÞ3 ¼ fð2Þ3 ;

fð4aÞ1 ¼ fð2Þ4 ; fð4aÞ2 ¼ fð2Þ5 ; fð4aÞ4 ¼ fð2Þ6 ;

fð4aÞ5 ¼ fð2Þ7 ; fð4aÞ7 ¼ fð2Þ8 : ð32Þ

Moreover, the 1-loops of the two integrable systems
also obey

γð4aÞu ¼ γð2Þu ; ð33Þ

for all u ¼ 1;…; 12. This implies that the two
Hamiltonians of the dimer integrable systems are identical
under the birational transformation in (29),
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Hð4aÞ ¼ Hð2Þ: ð34Þ

By identifying (12) with (22), we also obtain the following
canonical transformation:

eQ
ð4aÞ ¼ e−Q

ð2Þ ðzð2Þ1 zð2Þ6 Þ1=2ðzð2Þ2 zð2Þ7 Þ−1=2;
eP

ð4aÞ ¼ e−P
ð2Þ ðzð2Þ3 zð2Þ5 Þ1=2ðzð2Þ4 zð2Þ6 Þ−1=2: ð35Þ

Accordingly, we can summarize that the birational trans-
formation in (29) identifies the Casimirs and the
Hamiltonians as well as the spectral curve and the
Poisson structure formed by the cluster variables of
the two dimer integrable systems. We thus identify the
two integrable systems corresponding to model 2 and 4a to
be birationally equivalent under (29).
In general, we conjecture that whenever two toric Calabi-

Yau 3-folds and their corresponding toric varieties are
related by a birational transformation, there exists a pair of
associated dimer models whose respective dimer integrable
systems are birationally equivalent. Here, we define bira-
tional equivalence as an identification of the Casimirs and
the Hamiltonians as well as the spectral curve and the
Poisson structure formed by the cluster variables of the two
dimer integrable systems. We anticipate that this observa-
tion extends also to the corresponding quantum integrable
systems. Moreover, we can report here that this observation
has been confirmed for dimer models corresponding to
more general toric Calabi-Yau 3-folds including those with

toric diagrams that are not reflexive polygons. We also note
here that the birational transformations identifying zigzag
loops and face loops between two different dimer models
have interesting interpretations as deformations of the
associated 4d N ¼ 1 gauge theories [14,15,25,50,51].
We also identify the birational transformations of the toric
diagrams to be related to Hanany-Witten moves in the dual
ðp; qÞ-web diagrams associated to 5d N ¼ 1 gauge the-
ories [35,50–53]. This connection also paves the way to
further understand generalized toric polytopes (GTP)
[35,50–53] that appear in the study of 5d N ¼ 1 gauge
theories. We plan to report further on these findings in the
near future.
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