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This paper presents the development of a hyperbolic solver for the gyrokinetic equation in tokamak geometry. 
The discontinuous Galerkin method discretizes the gyrokinetic equation on the field-aligned mesh composed of 
twisted prism-shaped elements in the tokamak domain. The elements are generated by extending the vertices 
of unstructured triangular elements on a poloidal plane following the equilibrium magnetic field lines. A 
sub-triangulation is employed to transfer information between nonconforming meshes, which is inevitable 
when implementing the field-aligned mesh. The numerical integrations of elements in the field-aligned mesh 
are performed by transforming the numerical integrations of reference elements in a reference element. We 
investigate the impact of field-aligned mesh on the numerical interpolation of synthetic plasma fluctuation data 
generated by a ballooning function. The numerical tests show that the field-aligned mesh can significantly 
improve computational efficiencies. Additionally, we estimate a sufficient condition for a stable temporal 
discretization of the hyperbolic solver based on a Runge-Kutta method. The estimation indicates that the field

aligned mesh can allow a notable increase of the time step size for stable simulation. In the numerical experiments, 
the solver shows good conservations of physical quantities such as mass, kinetic energy, and toroidal canonical 
angular momentum.

1. Introduction

Micro-instabilities and resulting turbulent transports are important 
subjects of study because they are critical to understanding and predict

ing the physical properties of magnetically confined plasma in a fusion 
device. Due to extremely high temperatures and low collisionality of 
fusion plasmas, kinetic descriptions are often required.

Compared to the ion gyro-frequency 𝜔𝑐𝑖, plasma fluctuations com

prising those instabilities and turbulences have relatively low frequen

cies 𝜔≪𝜔𝑐𝑖. Regarding the spatial scales of the fluctuations, the wave 
numbers 𝑘⟂ perpendicular to the direction of the confining magnetic 
field 𝑩0 are in a moderate range 𝑘⟂𝜌𝑖 ≤ 1, where 𝜌𝑖 denotes the ion 
gyro-radius. The parallel wave numbers 𝑘∥ satisfy 𝑘∥ ≪ 𝑘⟂. The five

dimensional (5D) gyrokinetic model, which is derived to describe such 
fluctuations efficiently, is used as a standard study tool.

In developing a numerical simulation code based on the gyrokinetic 
model, it is important to exploit those properties of the fluctuations, as 
the kinetic nature of the model often requires extremely huge comput

ing resources. One key aspect is the relation 𝑘∥ ≪𝑘⟂. This implies that 
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fluctuation eddies are highly elongated along ambient equilibrium mag

netic fields confining those plasmas.

To exploit this, existing gyrokinetic codes employ numerical algo

rithms based on discretization along the equilibrium magnetic field. 
Particle-in-cell (PIC) codes employ field-aligned particle depositions 
and force interpolations [1--3]. Also, quasi-ballooning forms of finite 
elements are introduced in field solvers for PIC codes to represent 
fluctuating eddies [4--6] efficiently. For continuum codes, finite dif

ference methods are implemented by selecting points along the equi

librium magnetic field [7--10]. Also, a general formulation of field

aligned discretization, which is independent of flux coordinate, was 
given in [11]. Further discussion and comparison of field-aligned and 
non-aligned approaches can be found in [12]. The hybridizable dis

continuous Galerkin (HDG) methods [13] can be considered for com

plex tokamak geometries for fluid models in the plasma edge where 
the interaction between the plasma and the wall occurs. Addition

ally, high-order finite element methods (FEMs) are utilized in [13, 
14].
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However, these previous works are primarily focused on PIC or point 
collocation methods. We note that there has been relatively little ef

fort to develop related numerical techniques for the Galerkin finite el

ement method (FEM). This is understandable as the Galerkin method 
requires an explicit partition of the simulation domain. Due to com

plex and irrational structures of equilibrium magnetic fields in fusion 
devices, field-aligned partitions will inevitably result in nonconforming 
elements. Developing a numerical simulation code based on those ele

ments will be very challenging.

Considering the potential to develop an efficient and conservative 
code, however, developments of field-aligned discretization for FEM or 
the Galerkin method are highly desired as a necessary step. In this work, 
we report such a development that utilizes the discontinuous Galerkin 
method, which can provide advantages for kinetic and gyrokinetic sim

ulations as discussed in [15,16]. Ultimately aiming for a whole device 
modeling of tokamak plasma in the future, the development in this work 
attempts 1) a formulation independent of flux coordinate, 2) unstruc

tured mesh to cover the whole domain of tokamak device defined by 
plasma-facing components, and 3) field-aligned elements and high or

der basis functions upon them.

As numerical tests to examine the effectiveness of this field-aligned 
discretization, we perform numerical interpolations of synthetic plasma 
fluctuation data. The data are generated to have ballooning characters 
resembling the fluctuation eddies of typical micro-instabilities. By in

troducing different sets of basis functions on the field-aligned elements, 
we test the numerical properties of the field-aligned discretization algo

rithm.

The forthcoming part of the paper is organized as follows. In Sec

tion 2, we introduce the numerical method used in this study. In Sec

tion 3, we estimate the stability condition for the temporal integration. 
In Section 4, we present the results of numerical experiments. Finally, 
in Section 5, we summarize and discuss the implications of the present 
work for future development.

2. Simulation method and numerical implementation

We consider the gyrokinetic equation [17,18] in a 5D phase space 
Ω=Ω𝑥 ×Ω𝑣 as follows:

𝜕𝐵∗
∥𝑓𝑠

𝜕𝑡 
+

𝜕𝑿̇𝐵∗
∥𝑓𝑠

𝜕𝑿
+

𝜕𝑣∥𝐵
∗
∥𝑓𝑠

𝜕𝑣∥
= 0, 𝑿 ∈Ω𝑥,  (𝑣∥, 𝑢) ∈ Ω𝑣,  𝑡 ∈ [0,∞)

(1)

where 𝑓𝑠 denotes the gyrocenter distribution function of species 𝑠, 𝐵∗
∥ is 

the Jacobian of the gyrokinetic coordinates system, 𝑿 and 𝑣∥ represent 
gyrocenter coordinates and parallel velocity, respectively. The variable 
𝑢 is defined as 𝑢 ∶=

√
2𝜇𝐵0∕𝑚𝑠, where 𝜇, 𝐵0, and 𝑚𝑠 are the magnetic 

moment, the equilibrium magnetic field at the magnetic axis, and the 
mass of species 𝑠, respectively [19].

The characteristic equations of 𝑿̇(= 𝑑𝑿∕𝑑𝑡) and 𝑣̇∥(= 𝑑𝑣∥∕𝑑𝑡) are 
given by

𝑑𝑿
𝑑𝑡 

= 𝑣∥
𝑩∗

𝐵∗
∥
+ 𝑏̂

𝐵∗
∥
× 𝑐

𝑞𝑠
𝜇∇𝐵 (2)

𝑚𝑠

𝑑𝑣∥

𝑑𝑡 
= −𝑩∗

𝐵∗
∥
⋅ 𝜇∇𝐵, (3)

where 𝑩∗ and 𝐵∗
∥ are defined as 𝑩∗ = 𝑩 + (𝑚𝑠𝑐∕𝑞𝑠)𝑣∥∇ × 𝑏̂ and 𝐵∗

∥ =
𝑏̂ ⋅𝑩∗ with equilibrium magnetic field 𝑩. In this context, 𝑏̂, 𝑐, and 𝑞𝑠 rep

resent the unit vectors along the equilibrium magnetic field, the speed 
of light, and the charge of species 𝑠, respectively. For the spatial do

main Ω𝑥 ⊂ ℝ3, a cylindrical coordinate system 𝑿 = (𝑅,𝑧,𝜙) is used as 
depicted in Fig. 1, and the poloidal angle 𝜃 is used for the coordinates 
convention. To prevent an eccentric discontinuity due to the multiplic

ity in the toroidal direction, we utilize an interval [−𝜋,𝜋) instead of 
[0,2𝜋) near the branch cut 𝜙 = 0 (or 𝜙 = 2𝜋).

Fig. 1. Cylindrical coordinate system for tokamak geometries. 

2.1. Discretization

A tokamak device domain Ω𝑥 ⊂ ℝ3 is divided into a set of non

overlapping subdomains {Ω𝑖}
𝑁𝜙−1
𝑖=0 . The subdomains are separated by 

poloidal planes equally spaced in the toroidal direction with step size 
Δ𝜙 = 2𝜋∕𝑁𝜙, where 𝑁𝜙 is the number of subdomains. The poloidal 
planes can be identified as interfaces that are common boundaries be

tween two different subdomains. This partition can be written as

Ω𝑥 =
𝑁𝜙−1⋃
𝑖=0 

Ω𝑖 =
𝑁𝜙−1⋃
𝑖=0 

{
𝑿 ∈Ω𝑥 ∶ 𝑖Δ𝜙 ≤𝑋𝜙 < (𝑖+ 1)Δ𝜙

}
, (4)

where 𝑋𝜙 is the toroidal component of 𝑿 in the cylindrical coordinates. 
Fig. 2 shows an example of subdomains of the torus domain with 𝑁𝜙 = 4.

To discretize Ω𝑥, we generate field-aligned meshes  𝑥
ℎ,𝑖

(𝑖 = 0,1,⋯ ,𝑁𝜙−
1) for each subdomain by extending the triangles of unstructured meshes 
 pol
ℎ,𝑖

along the magnetic field lines, where  pol
ℎ,𝑖

are poloidal meshes that 
discretize the poloidal planes,

Ωpol
𝑖 = {𝑿 ∈Ω𝑖 ∶𝑋𝜙 = (𝑖+ 1∕2)Δ𝜙}, (5)

which are poloidal cross-sections of Ω𝑖 at the center of each subdomain. 
There is no restriction on the shape of poloidal meshes, therefore they 
may have different shapes defined by the boundary of the plasma-facing 
components of the device. However, for simplicity, we consider isomor

phic poloidal meshes in this study. The whole mesh for Ω𝑥 can be written 
by

 𝑥
ℎ =

⋃
𝑖 
 𝑥
ℎ,𝑖. (6)

The field-aligned meshes consist of twisted prism-shaped elements 
generated by a parametric formula. The parametric elements are deter

mined by the nodal points, which are obtained by tracking along the 
equilibrium magnetic field lines. We introduce a parametric transform 
𝜏𝐾𝑥

, which maps the reference element 𝐾̂𝑥 onto the parametric element 
𝐾𝑥 ∈  𝑥

ℎ
. The transform is defined as

𝜏𝐾𝑥
(𝝃̂) =

𝑚𝑝−1∑
𝑖=0 

𝒂𝑖𝜁𝑖(𝝃̂), (7)

where 𝒂𝑖 are nodal points as shown in Fig. 3(a), and 𝜁𝑖 are the Lagrange 
polynomials on 𝐾̂𝑥. The degree of 𝜁𝑖 depends on the accuracy required to 
approximate magnetic field lines in gyrokinetic simulation. This paper 
uses the parametric elements that need twelve nodal points (𝑚𝑝 = 12) 
as depicted in Fig. 3.
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Fig. 2. Subdomains of a torus domain (𝑁𝜙 = 4). 

Fig. 3. Nodal points of (a) a physical element and (b) the reference element. 

In Fig. 3(a), the nodal points can be classified into four groups: 
{𝒂0,𝒂1,𝒂2}, {𝒂3,𝒂4,𝒂5}, {𝒂6,𝒂7,𝒂8}, and {𝒂9,𝒂10,𝒂11}. The points of 
each group belong to the same poloidal planes. The details of how to de

termine the nodal points will be shown in Sec. 2.2. Fig. 3(b) shows the 
reference element 𝐾̂𝑥 = 𝐾̂

pol
𝑥 × 𝐾̂𝜙

𝑥 where 𝐾̂pol
𝑥 = {(𝜉0, 𝜉1) ∶ 0 ≤ 𝜉0, 𝜉1 ≤

1, 𝜉0 + 𝜉1 ≤ 1}, 𝐾̂𝜙
𝑥 = [−1,1]. Let 𝕃𝑘(𝐾̂

pol
𝑥 ) and 𝕃𝑘(𝐾̂

𝜙
𝑥 ) be sets spanned 

by the 2-variate and univariate Lagrange polynomials defined on 𝐾̂pol
𝑥

and 𝐾̂𝜙
𝑥 of degrees ≤ 𝑘, respectively. The basis function 𝜁𝑖 is given as 

follows:

𝜁𝑖(𝝃̂) = 𝜁
pol
𝑝 (𝜉0, 𝜉1)𝜁𝜙

𝑞 (𝜉2), (8)

where 𝑖 = 3𝑞+𝑝, 𝜁pol𝑝 ∈ 𝕃1(𝐾̂
pol
𝑥 ) and 𝜁𝜙

𝑞 ∈ 𝕃3(𝐾̂
𝜙
𝑥 ). Note that these basis 

functions are used only for constructing the parametric elements. The 
basis for representing the solution will be given in Sec. 2.3. Since the La

grange polynomials in (7) and (8) satisfy the Kronecker delta property, 
i.e., 𝜁𝑖(𝒂̂𝑗 ) = 𝛿𝑖𝑗 , 𝜏𝐾𝑥

maps 𝒂̂𝑗 ∈ 𝐾̂𝑥 to 𝒂𝑗 ∈𝐾𝑥 as follows:

𝜏𝐾𝑥
(𝒂̂𝑗 ) =

∑
𝑖 
𝒂𝑖𝜁𝑖(𝒂̂𝑗 ) =

∑
𝑖 
𝒂𝑖𝛿𝑖𝑗 = 𝒂𝑗 . (9)

The physical elements (or parametric elements) are defined as the im

age of the parametric transforms, represented by 𝐾𝑥 = 𝜏𝐾𝑥
(𝐾̂𝑥). Thus, 

the transforms define the physical elements rather than the physical el

ements induce the parametric transforms [20]. It is important to note 
that 𝕃1(𝐾̂

pol
𝑥 ) is linear, so 𝜏𝐾𝑥

is an a�ine mapping for a given 𝜉2. This 
implies that the parametric transforms do not affect the accuracy and 
provide simplicity of numerical calculations on the interfaces of subdo

main. Generally, there are no guarantees that a parametric transform 
has an inverse [20]. However, in this study, 𝜏𝐾𝑥

is monotonically in

creasing (or decreasing) in the toroidal direction because it is assumed 
that the toroidal component of the magnetic field has a positive lower 
bound (or a negative upper bound) on our domain; thus we can assume 
that 𝜏𝐾𝑥

is invertible.

2.2. Tracking magnetic field

We assume that the equilibrium magnetic fields have mathemat

ically good properties such as smoothness, non-vanishing, and non

degeneracy. Moreover, the amplitude of toroidal components of mag

netic fields has a positive lower bound, i.e., there is a constant 𝐶 > 0
such that |𝐵𝜙| > 𝐶 . Thus, the toroidal angle 𝜙 can be used as a param

eter for the magnetic field line 𝜸(𝜙) = 𝛾𝑅(𝜙)𝑒𝑅 + 𝛾𝑧(𝜙)𝑒𝑧 + 𝛾𝜙(𝜙)𝑒𝜙. In 
order to find the nodal points for a parametric transform in (7), we de

termine the field line by solving the following initial value problem:

𝑑𝜸(𝜙)
𝑑𝜙 

=
𝛾𝑅(𝜙)
𝑏̂𝜙

𝑏̂(𝜸(𝜙)), 𝜸(𝜙0) = 𝜸0, (10)

where 𝑏̂ is the unit magnetic field, and 𝑏̂𝜙 denotes the toroidal compo

nent of 𝑏̂. The initial point 𝜸0 is chosen as a vertex of the triangle on Ωpol
𝑖

defined in (5). The 4th-order Runge-Kutta method gives the nodal points 
in (7) by solving (10) at 𝜙 = 𝑖Δ𝜙, (𝑖+ 1∕3)Δ𝜙, (𝑖+ 2∕3)Δ𝜙, (𝑖+ 1)Δ𝜙, 
which are equally distributed in the toroidal direction.

The field-following process does not lead to a proper discretization 
near the boundary as magnetic field lines can intersect the boundary 
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Fig. 4. Blending function. 

and leave the simulation domain. In order to prevent the problem, the 
unit magnetic field 𝑏̂ in (10) is replaced by a modified unit magnetic 
field 𝑏̃ defined as

𝑏̃(𝝃) =
(

𝑑(𝝃)
𝑑0

)
𝑒𝜙 +

(
1 −

(
𝑑(𝝃)
𝑑0

))
𝑏̂, (11)

where 𝑑 is the distance from the boundary of Ω𝑥 given by

𝑑(𝝃) = inf 
𝝃′∈𝜕Ω𝑥

|𝝃 − 𝝃′|, (12)

inf indicates the infimum that is the greatest lower bound,  ∶ [0,∞)→
ℝ is a blending function defined by (see Fig. 4)

 (𝜂) =

{
2𝜂3 − 3𝜂2 + 1 if 0 ≤ 𝜂 < 1,
0 if 𝜂 > 1,

(13)

and a small real number 𝑑0 > 0 is empirically selected. In this paper, 
𝑑0 ≈ ℎ∕2 where ℎ denotes the poloidal mesh size. Since 0 ≤ (𝜂) ≤ 1, 
𝑏̃ can be understood as an interpolation between 𝑏̂ and 𝑒𝜙. It is worth 
noting that 𝑏̃(𝝃) = 𝑒𝜙 if 𝑑(𝝃) ≤ 𝑑0 near the boundary.

Figs. 5(a) and 5(b) show the field-aligned meshes following the origi

nal and modified unit magnetic fields, respectively. The gray lines depict 
the original poloidal mesh at 𝜙 = 0, while the red and blue lines repre

sent the cross-sections of the field-aligned mesh at 𝜙 = −Δ𝜙. In Fig. 5(a), 
it can be observed that some elements are unacceptable due to intersect

ing the boundary, while in Fig. 5(b) all elements are admissible.

The cylindrical coordinates system (𝑅,𝑧,𝜙) is widely used in gy

rokinetic simulations. However, the cylindrical coordinate system has 
a complicated vector algebra. For instance, adding two vectors is not 
straightforward: (𝑅1, 𝑧1, 𝜙1) + (𝑅2, 𝑧2, 𝜙2) ≠ (𝑅1 +𝑅2, 𝑧1 + 𝑧2, 𝜙1 +𝜙2). 
This complexity can harm the efficiency of calculating the parametric 
transforms 𝜏𝐾𝑥

in (7), so we combine a coordinates transform with the 
parametric transform. Our final parametric transform 𝑇𝐾𝑥

is defined by

𝑇𝐾𝑥
= 𝜎 ◦ 𝜏𝐾𝑥

, 𝜏𝐾𝑥
∶ 𝝃̂ ↦ 𝜏𝐾𝑥

(𝝃̂) (in Cartesian),

𝜎 ∶ 𝒙↦ 𝝃 (in cylindrical),
(14)

where 𝜎 transfers a Cartesian representation (𝑥, 𝑦, 𝑧) to its cylindrical 
representation (𝑅,𝑧,𝜙) with the following relation:

𝑥 =𝑅 cos𝜙, 𝑦 =𝑅 sin𝜙, 𝑧 = 𝑧. (15)

Notice that the Cartesian system (𝑥, 𝑦, 𝑧) is right-handed (𝑒𝑥×𝑒𝑦 ⋅𝑒𝑧 > 0), 
while (𝑅,𝑧,𝜙) represents a left-handed system. (𝑒𝑅 × 𝑒𝑧 ⋅ 𝑒𝜙 < 0, see 
Fig. 1). The Jacobian determinant of 𝑇𝐾𝑥

can be written as

|||𝐽𝑇𝐾𝑥

||| = |𝐽𝜎||𝐽𝜏𝐾𝑥
| = − 1 

𝑅
|||𝐽𝜏𝐾𝑥

||| , (16)

where 𝐽𝜏𝐾𝑥
∈ℝ3×3 matrix is given by

𝐽𝜏𝐾𝑥
=

(
𝑚−1∑
𝑖=0 

𝒂𝑖

𝜕𝜁𝑖

𝜕𝜉0

𝑚−1∑
𝑖=0 

𝒂𝑖

𝜕𝜁𝑖

𝜕𝜉1

𝑚−1∑
𝑖=0 

𝒂𝑖

𝜕𝜁𝑖

𝜕𝜉2

)
, (17)

and |𝐽𝜎| is given by

|𝐽𝜎| = det
⎛⎜⎜⎝

cos𝜙 sin𝜙 0
0 0 1

− 1 
𝑅
sin𝜙 1 

𝑅
cos𝜙 0

⎞⎟⎟⎠ = − 1 
𝑅
. (18)

Here, the negative sign in (18) comes from the inconsistency of the ori

ents of Cartesian and cylindrical coordinates.

The velocity domain Ω𝑣 is discretized by the rectangles such as

Ω𝑣 =
{
(𝑣∥, 𝑢) ∶ 𝑣min ≤ 𝑣∥ ≤ 𝑣max, 0 ≤ 𝑢 ≤ 𝑢max

}
=

⋃
𝐾𝑣∈𝑣

ℎ

𝐾𝑣, (19)

where 𝑣
ℎ

denotes the regular mesh on velocity domain, and 𝐾𝑣 =
[𝑣𝑖, 𝑣𝑖+1] × [𝑢𝑗 , 𝑢𝑗+1], which is the Cartesian product of subintervals in 
[𝑣min, 𝑣max] and [0, 𝑢max], respectively.

2.3. FEM space

The basis functions defined on the sets 𝐾 =𝐾𝑥×𝐾𝑣 ∈ ℎ are utilized 
to approximate the solution of gyrokinetic equations in (1), where 𝐾𝑥

and 𝐾𝑣 are the spatial and velocity elements. It is essential to distinguish 
the solution basis functions and those for the parametric transforms in 
(9). The solution basis determines the accuracy of solver, while the ba

sis for parametric transform affects the representation of field-following 
elements.

The construction of the solution basis functions follows a systematic 
process. It begins with the definition of the basis functions on the refer

ence element 𝐾̂ in Fig. 6 as the tensor products of Lagrange polynomials 
[20] on 𝐾̂𝑥 and the serendipity basis functions [21,22] on 𝐾̂𝑣, and the 
corresponding function space is given as

𝑉ℎ =
{
𝜑̂ = 𝜑̂

pol
𝑥 𝜑̂𝜙

𝑥 𝜑̂𝑣 ∶ 𝜑̂
pol
𝑥 ∈ 𝕃𝑘(𝐾̂

pol
𝑥 ), 𝜑̂𝜙

𝑥 ∈ 𝕃𝑘(𝐾̂𝜙
𝑥 ), 𝜑̂𝑣 ∈ 𝕊𝑘(𝐾̂𝑣)

}
,

(20)

where 𝕊𝑘(𝐾̂𝑣) is the serendipity polynomial space on 𝐾̂𝑣. The solution 
basis functions are then acquired through the pullback operator as fol

lows:

𝜑 =
(
𝑇 −1
𝐾

)∗
𝜑̂ = 𝜑̂ ◦ 𝑇 −1

𝐾 , (21)

where 𝑇𝐾 ∶ 𝐾̂ → 𝐾 is established as a tensor product 𝑇𝐾𝑥
⊗ 𝑇𝐾𝑣

, 
𝑇𝐾𝑥

∶ 𝐾̂𝑥 → 𝐾𝑥 is the parametric transform introduced in (14), and 
𝑇𝐾𝑣

∶ 𝐾̂𝑣 →𝐾𝑣 is a�ine. The corresponding function space is given as

𝕍ℎ = {𝜑 = 𝜑̂ ◦ 𝑇 −1
𝐾 ∶ 𝜑̂ ∈ 𝕍̂ℎ for all 𝐾 ∈ ℎ}. (22)

The basis functions 𝜑 ∈ 𝕍ℎ may not be polynomials, even though the 
basis functions on the reference element are polynomials. However, 
this complication may be ignored in practical computations because all 
computations are performed in the reference element [20]. This paper 
conducts a thorough investigation using subparametric and isoparamet

ric elements to understand the effect of basis order on accuracy; that 
is, linear, quadratic, and cubic basis functions are considered for the 
solution representation. The serendipity finite elements employ lower

order polynomials on quadrilateral meshes with reduced degrees of free

dom. This approach preserves accuracy while diminishing the required 
quadrature order for the integrals [21].

2.4. Discontinuous Galerkin approach for gyrokinetic equations

The Runge-Kutta discontinuous Galerkin (RKDG) method [23,24] is 
employed to find an approximation solution 𝑓ℎ to (1). The method rep
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Fig. 5. Field-aligned meshes following (a) the original unit magnetic field 𝑏̂ and (b) the modified unit magnetic field 𝑏̃. (For interpretation of the colors in the 
figure(s), the reader is referred to the web version of this article.)

Fig. 6. Reference element consists of a Cartesian product of (left) the triangular prism 𝐾̂𝑥 for spatial domain and (right) the square 𝐾̂𝑣 for velocity space. 

resents 𝑓ℎ as a linear combination of discontinuous polynomial basis 
functions 𝜑𝑖 ∈ 𝕍ℎ as follows:

𝑓ℎ(𝝃, 𝑡) =
∑
𝑖 

𝑓𝑖(𝑡)𝜑𝑖(𝝃), (23)

where 𝝃 = (𝑿, 𝑣∥, 𝑢) = (𝑅,𝑧,𝜙, 𝑣∥, 𝑢) ∈ Ω. For any test functions 𝜑𝑗 ∈ 𝕍ℎ, 
the Galerkin approach gives the following,

∫
𝐾

𝜑𝑗

𝜕𝐵∗
∥𝑓ℎ

𝜕𝑡 
𝑑𝝃 + ∫

𝜕𝐾 
𝜑𝑗𝑼 ⋅ 𝒏𝑓ℎ𝐵

∗
∥𝑑𝜎 − ∫

𝐾

𝑼 ⋅∇𝜑𝑗𝐵
∗
∥𝑓ℎ𝑑𝝃 = 0, (24)

where 𝜑𝑗 (𝝃) = 0 if 𝝃 ∉𝐾 ∈ ℎ, 𝒏 denotes the outward normal vector on 
𝜕𝐾 , and 𝑼 = 𝝃̇ = (𝑿̇, ̇𝑣∥,0). We say that Γ ⊂𝐾 is a face of 𝐾 ∈ ℎ, if it is 
a maximal connected open subset of either 𝜕𝐾 ∩ 𝜕𝐾 ′, for some 𝐾 ′ ∈ ℎ
or 𝜕𝐾 ∩ 𝜕Ω, where 𝜕Ω is the boundary of domain [25]. Let ℎ be the 
set of all faces. It is assumed that for each Γ ∈ ℎ the normal vector 𝒏
on Γ has an unique orientation. This paper follows the convention that 
𝒏 is the outward normal to 𝜕𝐾− and the inward normal to 𝜕𝐾+, where 
𝐾− and 𝐾+ are neighboring elements such that Γ = 𝜕𝐾− ∩ 𝜕𝐾+. The 
upwind numerical flux 𝑓ℎ at 𝝃 ∈ Γ is given by

𝑓ℎ(𝝃) =
1
2

(
𝑓+
ℎ,Γ(𝝃) + 𝑓−

ℎ,Γ(𝝃)
)
+ 1

2
sgn(𝑼 (𝝃) ⋅ 𝒏(𝝃))

(
𝑓+
ℎ,Γ(𝝃) − 𝑓−

ℎ,Γ(𝝃)
)
,

(25)

where sgn ∶ℝ ⧵ {0}→ℝ is the sign function defined by sgn(𝑥) = 𝑥∕|𝑥|, 
and 𝑓+

ℎ,Γ(𝝃) and 𝑓−
ℎ,Γ(𝝃) are defined as

𝑓±
ℎ,Γ(𝝃) = lim 

ℎ↘0
𝑓ℎ(𝝃 ± ℎ𝒏(𝝃)) for all 𝝃 ∈ Γ, (26)

respectively. This paper discusses the gyrokinetic equations without 
time-varying fields, which results in time-invariant flux. The difference 
in the time-dependency fields case is only recalculating the surface in

tegral (24) in the equations at each Runge-Kutta step.

Using the DG representation of 𝑓ℎ in (23) with the local coefficients 
{𝑓𝐾

𝑖 } according to 𝐾 ∈ ℎ, we obtain

𝑑∑
𝑖=1 

𝜕𝑓𝐾
𝑖 (𝑡)
𝜕𝑡 ∫

𝐾

𝜑𝑗𝜑𝑖𝑅𝑢𝐵∗
∥𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑀𝐾

𝑗𝑖

=
𝑑∑

𝑖=1 
𝑓𝑖 ∫

𝐾

𝑼 ⋅∇𝜑𝑗𝜑𝑖𝑅𝑢𝐵∗
∥𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐸𝐾
𝑗𝑖

− ∫
𝜕𝐾 

𝜑𝑗𝑼 ⋅ 𝒏𝑓ℎ𝑅𝑢𝐵∗
∥𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑆𝐾
𝑗

, (27)

for 𝑗 = 1,⋯ , 𝑑, where 𝑑 is the degrees of freedom of basis, 𝑀𝐾,𝐸𝐾 ∈
ℝ𝑑×𝑑 are the element-wise local matrices, 𝑆𝐾 ∈ ℝ𝑑 is a column 
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Fig. 7. Examples for the boundaries of elements. 

vector assembled over 𝜕𝐾 . Here, the exact phase space volume is 
(2𝜋∕𝐵0)𝐵∗

∥𝑅𝑢𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢, but the common constants 2𝜋∕𝐵0 on both 
sides in (27) are omitted for simplicity. Finally, we have the following 
linear systems,

𝑑∑
𝑖=1 

𝑀𝐾
𝑗𝑖

𝜕𝑓𝐾
𝑖

𝜕𝑡 
= −𝑆𝐾

𝑗 +
𝑑∑

𝑖=1 
𝐸𝐾

𝑗𝑖 𝑓
𝐾
𝑖 , (28)

for 𝑗 = 1,⋯ , 𝑑. An 𝐿𝐷𝐿𝑇 -decomposition solver from the Eigen library 
[26] is used to invert 𝑀𝐾 . The decomposition process occurs only 
once at the initial step. Each Rugen-Kutta step requires only a forward 
and backward substitution process. For the temporal discretization, a 
third-order SSP (Strong Stability Preserving) Runge-Kutta method [23] 
is used. The details of the procedure have been reported previously in 
[27].

2.5. Evaluation of the integrals

In this section, our focus lies on evaluating the matrices in (27). The 
integrals are computed numerically using the quadrature rules defined 
on the reference element shown in Fig. 6 and the change of variables via 
suitable transformations between the reference and physical elements.

The local integral for 𝑀𝐾 in (27) can be evaluated as

𝑀𝐾
𝑗𝑖 = ∫

𝐾

𝜑𝑖𝜑𝑗𝐵
∗
∥𝑅𝑢𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢 (29)

= |𝐽𝑇𝐾𝑣
| ∫̂
𝐾

𝜑̂𝑖(𝝃̂)𝜑̂𝑗 (𝝃̂)(𝐵∗
∥ ◦ 𝑇𝐾 )(𝝃̂)|𝐽𝑇𝐾𝑥

(𝝃̂)|𝑅̂𝑢̂𝑑𝝃̂, (30)

where 𝑑𝝃̂ = 𝑑𝜉0𝑑𝜉1𝑑𝜉2𝑑𝜉3𝑑𝜉4, 𝐽𝑇𝐾𝑥
and 𝐽𝑇𝐾𝑣

denote Jacobian matri

ces of 𝑇𝐾𝑥
and 𝑇𝐾𝑣

, respectively. Here, 𝑅̂ = 𝜋𝑅 ◦ 𝑇𝐾 (𝝃̂), 𝑢̂ = 𝜋𝑢 ◦ 𝑇𝐾 (𝝃̂), 
where 𝜋𝑅 and 𝜋𝑢 are the projection operators on 𝑅 and 𝑢 directions, 
respectively. Similarly, the integral for 𝐸𝐾 in (27) can be evaluated as

𝐸𝐾
𝑗𝑖 = ∫

𝐾

𝑼 ⋅∇𝜑𝑖𝜑𝑗𝐵
∗
∥𝑅𝑢𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢 (31)

= |𝐽𝑇𝐾𝑣
| ∫̂
𝐾

(𝑼 ◦ 𝑇𝐾 )(𝝃̂) ⋅
[(
𝐽𝑇 −𝑇

𝐾 (𝝃̂)
)
∇𝜑̂𝑖(𝝃̂)

]
× 𝜑̂𝑗 (𝝃̂)(𝐵∗

∥ ◦ 𝑇𝐾 )(𝝃̂)|𝐽𝑇𝐾𝑥
(𝝃̂)|𝑅̂𝑢̂𝑑𝝃̂, (32)

where 𝐽𝑇 −𝑇
𝐾

= ((𝐽𝑇𝐾 )𝑇 )−1 and 𝑼 is the flux given in (2) and (3). Notice 
that the integrations involve the Jacobian determinant |𝐽𝑇𝐾𝑥

|, which is 
a function of 𝝃̂ ∈ 𝐾̂ . Therefore, higher-order quadrature rules are nec

essary compared to a�ine cases with constant Jacobian determinants.

The surface integral over 𝜕𝐾 , unlike the volume integrals over 𝐾 , 
requires additional configuration. The boundaries of elements can be 

expressed as the union of two sets: 𝜕𝐾 = (𝜕𝐾𝑥 ×𝐾𝑣) ∪ (𝐾𝑥 × 𝜕𝐾𝑣). This 
implies that the surface integrals over 𝜕𝐾 in (27) can be decomposed 
into a sum of integrals over the faces of three disjoint groups:

(a) 0
ℎ
= {Γ0𝑥 × 𝐾𝑣 ∶ Γ0𝑥 is a triangular-shaped surface of 𝐾𝑥 ∈  𝑥

ℎ
, 𝐾𝑣

∈𝑣
ℎ
} (See Fig. 7(a)).

(b) 1
ℎ
= {Γ1𝑥 ×𝐾𝑣 ∶ Γ1𝑥 is a curved rectangular surface of 𝐾𝑥 ∈  𝑥

ℎ
, 𝐾𝑣

∈𝑣
ℎ
} (See Fig. 7(b)).

(c) 2
ℎ
={𝐾𝑥×Γ𝑣 ∶𝐾𝑥 ∈  𝑥

ℎ
, Γ𝑣 is an edge of 𝐾𝑣 ∈𝑣

ℎ
} (See Fig. 7(c)),

where ℎ = 0
ℎ
∪1

ℎ
∪2

ℎ
(disjoint). We will now proceed to discuss the 

details of surface integrals in the order of 2
ℎ

, 1
ℎ
, and 0

ℎ
.

For the surface integral over Γ2 =𝐾𝑥 × Γ𝑣 ∈ 2
ℎ
, we regard a diffeo

morphism 𝑞𝑣 from 𝐼 = [−1,1] to Γ̂𝑣 ⊂ 𝜕𝐾̂𝑣 such that

𝑞𝑣(𝜆) =
1
2
(𝒂+ 𝒃) + 𝜆

2 
(𝒃− 𝒂) , (33)

where 𝒂 and 𝒃 are two endpoints of an edge of 𝐾̂𝑣 depicted in Fig. 6. 
The transform 𝑄Γ2 ∶ 𝐾̂𝑥 × 𝐼 →𝐾𝑥 × Γ𝑣 is defined as

𝑄Γ2 = 𝑇𝐾𝑥
⊗𝑄𝑣, (34)

where 𝑄𝑣 = 𝑇𝐾𝑣
◦ 𝑞𝑣 as follows:

𝑄𝑣 ∶ 𝐼 Γ̂𝑣 Γ𝑣
𝑞𝑣 𝑇𝐾𝑣

(35)

Here, 𝑇𝐾𝑣
is the a�ine transform from 𝐾̂𝑣 to 𝐾𝑣 ∈𝑣

ℎ
. Then, using (21), 

the surface integral can be evaluated as follows:

𝑆2
𝑗 = ∫

𝐾𝑥×Γ𝑣

𝜑𝑗𝑼 ⋅ 𝒏𝑓ℎ𝐵
∗
∥𝑅𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝜎𝑣

= |𝐽𝑄𝑣| ∫
𝐾̂𝑥×𝐼

(
𝜑̂𝑗 ◦ 𝑇 −1

𝐾 ◦𝑄Γ2
)
(𝝃̃)

(
(𝑼 ⋅ 𝒏𝑓ℎ) ◦𝑄Γ2

)
× (𝝃̃)𝑅̃𝑢̃|𝐽𝑇𝐾𝑥

(𝝃̂)|(𝐵∗
∥ ◦𝑄Γ2 )(𝝃̃)𝑑𝜉0𝑑𝜉1𝑑𝜉2𝑑𝑠3

= |𝐽𝑄𝑣| ∫
𝐾̂𝑥×𝐼

(
𝜑̂𝑗 ◦ (𝑖𝑑 ⊗ 𝑞𝑣)

)
(𝝃̃)(𝑼 ⋅ 𝒏𝑓ℎ)

× (𝝃)𝑅̃𝑢̃|𝐽𝑇𝐾𝑥
(𝝃̂)|𝐵∗

∥(𝝃)𝑑𝜉0𝑑𝜉1𝑑𝜉2𝑑𝑠3,

(36)

where 𝑖𝑑 is the identity operator, 𝝃̃ = (𝜉0, 𝜉1, 𝜉2, 𝑠3) ∈ 𝐾̂𝑥 × 𝐼 , and 𝝃 =
𝑄Γ2 (𝝃̃).

Similarly, we consider a diffeomorphism 𝑞1𝑥 from 𝐼2 = [−1,1]2 to 
Γ̂1𝑥 ⊂ 𝜕𝐾̂𝑥 for the surface integral over Γ1 = Γ1𝑥×𝐾𝑣 ∈ 1

ℎ
. The transform 

𝑄Γ1 ∶ 𝐼2 × 𝐾̂𝑣 → Γ1𝑥 ×𝐾𝑣 is defined as
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Fig. 8. (a) Mismatched faces of twisted-prism shaped elements and (b) the red and blue lines represent the nonconforming meshes at the interface of different 
subdomains.

Fig. 9. Sub-triangulation steps. 

𝑄Γ1 =𝑄1
𝑥 ⊗ 𝑇𝐾𝑣

, (37)

where 𝑄1
𝑥 = 𝑇𝐾𝑥

◦ 𝑞1𝑥 as follows:

𝑄1
𝑥 ∶ 𝐼2 Γ̂1𝑥 Γ1𝑥.

𝑞1𝑥 𝑇𝐾𝑥
(38)

Let us define 𝜶 =
(
𝜕𝑄1

𝑥∕𝜕𝑠1
)
×
(
𝜕𝑄1

𝑥∕𝜕𝑠2
)

(in cylindrical coordinates), 
where 𝑠1 and 𝑠2 are variables for 𝑄1

𝑥. The integral over Γ1 = Γ1𝑥 × 𝐾𝑣

can be evaluated as follows:

𝑆1
𝑗 = ∫

Γ1𝑥×𝐾𝑣

𝜑𝑗 (𝑼 ⋅ 𝒏𝑓ℎ)(𝝃)𝐵∗
∥𝑢𝑑𝜎𝑥𝑑𝑣∥𝑑𝑢

= |𝐽𝑇𝑣| ∫
𝐼2×𝐾̂𝑣

(𝜑̂𝑗 ◦ 𝑇 −1
𝐾 ◦𝑄Γ1 )(𝝃̃)𝑓ℎ(𝝃)𝐵∗

∥ ◦𝑄1
𝑥(𝝃̃)𝑢̃𝑼 ⋅ 𝜶𝑑𝑠1𝑑𝑠2𝑑𝜉3𝑑𝜉4

= |𝐽𝑇𝑣| ∫
𝐼2×𝐾̂𝑣

(𝜑̂𝑗 ◦ (𝑞1𝑥 ⊗ 𝑖𝑑))(𝝃̃)𝑓ℎ(𝝃)𝐵∗
∥(𝝃)𝑢̃𝑼 (𝝃) ⋅ 𝜶(𝝃̃)𝑑𝑠1𝑑𝑠2𝑑𝜉3𝑑𝜉4,

(39)

where 𝜎𝑥 represents the infinitesimal surface area of Γ1𝑥, 𝝃̃ = (𝑠1, 𝑠2, 𝜉3, 
𝜉4) ∈ 𝐼2 × 𝐾̂𝑣 ⊂ℝ2+2, 𝝃 =𝑄Γ1 (𝝃̃), and 𝑢̃ = 𝜋𝑢 ◦𝑄Γ1 (𝝃̃).

2.6. Subtriangulation for nonconforming mesh

The field-aligned meshes can improve the performance of code, but it 
can also lead to nonconforming meshes due to mismatched faces of the 
parametric elements generated from the different poloidal meshes, as 
depicted in Fig. 8(a). In the nonconforming meshes, adjacent elements 
may not share a complete face at the interfaces as shown in Fig. 8(b). 
For instance, for each nonempty common interface 𝐹 =Ω𝑖 ∩Ω𝑗 (𝑖 ≠ 𝑗), 
the trace on 𝐹 of 𝜑𝑖|𝐹 and 𝜑𝑗 |𝐹 can not coincide, where 𝜑𝑖 and 𝜑𝑗

are basis functions defined on ℎ,𝑖 and ℎ,𝑗 , respectively. This mismatch 
can cause inconsistency in the FEM spaces. Consequently, simple DG 
formulations may not be able to completely transfer the flux between the 
nonconforming meshes for the surface integrals over Γ0 = Γ0𝑥×𝐾𝑣 ∈ 0

ℎ
. 

To address this issue, this study employs a sub-triangulation method 
involving the following steps:

(1) Consider a surface integral over the face of a curved element (black 
thick solid lines in Fig. 9(a)) with the integrand defined on the back

ground mesh (gray lines in Fig. 9(a)).

(2) Slice the face into polygons using the edges of triangles in the back

ground mesh (red lines in Fig. 9(b)).

(3) Divide the polygons of the face into the smaller triangles (red dot 
lines in Fig. 9(c)).

(4) Generate quadratures on the sub-triangles (empty circles in 
Fig. 9(d)).

To optimize the sub-triangulation process, we utilize the separating 
axis method [28] to efficiently determine if two triangles are overlap

ping. In the second step, the resulting polygons (triangles, rectangles, 
pentagons, and hexagons) from the overlapping triangles can be sorted 
into ten categories based on the number of intersection and interior 
points, as depicted in Fig. 10. Here, the intersection indicates a point 
where two edges of the front and background triangles cross, and the 
interior refers to a vertex of a triangle contained within the other trian

gle. This algorithm uses the background mesh to split the triangles on 
the front mesh. Since two sub-triangulations are needed for two non

conforming meshes at each subdomain interface, the sub-triangulation 
process is repeated twice after switching roles between the front and 
background meshes.

The sub-triangulation for a triangular face of twisted-prim gives a 
partition {Γ̂0,𝓁𝑥 }𝓁 along with the associated parametric transformation 
such that 

⋃
𝓁 Γ̂

0,𝓁
𝑥 = Γ̂0𝑥 ⊂ 𝜕𝐾̂𝑥, where Γ̂0,𝓁𝑥 = 𝑇 −1

𝐾𝑥
(Γ0,𝓁𝑥 ), as shown in 

Fig. 11. Let the reference triangle be denoted as 𝐷, which is equal 
to 𝐾̂𝑥, but we use different notation for clarity. For the integral over 
Γ0 = Γ0𝑥 × 𝐾𝑣 ∈ 0

ℎ
, we consider the mappings 𝑞0,𝓁𝑥 ∶ 𝐷 → Γ̂0,𝓁𝑥 , which 

can be easily determined since they are a�ine transforms between two 
triangles. The transforms 𝑄Γ0,𝓁 ∶𝐷 × 𝐾̂𝑣 → Γ0,𝓁𝑥 ×𝐾𝑣 are defined as

𝑄Γ0,𝓁 =𝑄0,𝓁
𝑥 ⊗ 𝑇𝐾𝑣

, (40)

where 𝑄0,𝓁
𝑥 = 𝑇𝐾𝑥

◦ 𝑞0,𝓁𝑥 as follows:

Γ̂0𝑥 Γ0𝑥

𝑄0,𝓁
𝑥 ∶ 𝐷 Γ̂0,𝓁𝑥 Γ0,𝓁𝑥

⊃ ⊃

𝑞0,𝓁𝑥
𝑇𝐾𝑥

(41)
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Fig. 10. Categories of polygons generated by overlapping triangles. The empty and filled circles represent intersection and interior points, respectively. The black 
solid and red dot lines imply the front and background triangles, respectively.

Fig. 11. Diagram of transform 𝑄0,𝓁
𝑥 . 

The integral over Γ0 ∈ 0
ℎ

can be evaluated as

𝑆0
𝑗 = ∫

Γ0𝑥×𝐾𝑣

𝜑𝑗𝑼 ⋅ 𝒏𝑓ℎ𝐵
∗
∥𝑢𝑑𝜎𝑥𝑑𝑣∥𝑑𝑢

=
∑
𝓁

∫
Γ0,𝓁𝑥 ×𝐾𝑣

𝜑𝑗𝑼 ⋅ 𝒏𝑓ℎ𝐵
∗
∥𝑢𝑑𝜎𝑥𝑑𝑣∥𝑑𝑢

= |𝐽𝑇𝐾𝑣
|∑

𝓁

|𝐽𝑄0,𝓁
𝑥 | ∫

𝐷×𝐾̂𝑣

(
𝜑̂𝑗 ◦ 𝑇 −1

𝐾 ◦𝑄Γ0,𝓁
)

× (𝝃̃)
(
(𝑼 ⋅ 𝒏𝑓ℎ) ◦𝑄Γ0,𝓁

)
(𝝃̃)

(
𝐵∗
∥ ◦𝑄Γ0,𝓁

)
(𝝃̃)𝑅̃𝑢̃𝑑𝝃̃

= |𝐽𝑇𝐾𝑣
|∑

𝓁

|𝐽𝑄0,𝓁
𝑥 | ∫

𝐷×𝐾̂𝑣

(
𝜑̂𝑗 ◦ (𝑞0,𝓁𝑥 ⊗ 𝑖𝑑)

)
× (𝝃̃)(𝑼 ⋅ 𝒏𝑓ℎ)(𝝃)𝐵∗

∥(𝝃)𝑅̃𝑢̃𝑑𝑠1𝑑𝑠2𝑑𝜉3𝑑𝜉4,

(42)

where 𝝃̃ = (𝑠1, 𝑠2, 𝜉3, 𝜉4) ∈𝐷×𝐾̂𝑣, 𝐽𝑄0,𝓁
𝑥 =

(
𝜕𝑄0,𝓁

𝑥 ∕𝜕𝑠1
)
×
(
𝜕𝑄0,𝓁

𝑥 ∕𝜕𝑠2
)

. 

Notice that 𝑄0,𝓁
𝑥 are a�ine mappings and their Jacobian determinants 

are constant. Hence, the lower-order quadrature is required compared 
to the integrals over Γ1 ∈ 1

ℎ
and Γ2 ∈ 2

ℎ
.

2.7. Parallelization and flowchart

This paper extends the domain decomposition method (DDM) used 
in the previous study [27,10] to parallelize the new hyperbolic solver 

using MPI. The entire computational domain is divided into several 
non-overlapping subdomains, as discussed in Sec. 2.1. An equal num

ber of MPI processes are assigned for computations on each subdomain 
Ω𝑖, which is discretized by its poloidal mesh  pol

ℎ,𝑖
. The Zoltan Paral

lel Hypergraph Partitioner [29] is employed to partition the poloidal 
meshes, while the Parallel Unstructured Mesh Infrastructure [30] pro

vides the ghosting layers for the poloidal partitions. The triangles within 
the poloidal meshes are extended in the toroidal direction by following 
the magnetic field lines. This process gives the partitioning for the field

aligned mesh within each subdomain. One MPI process is assigned for 
computations on each partition that consists of the twist-shaped prisms. 
Therefore, all elements managed by an MPI CPU belong to the same sub

domain. The partitioning provided by the Zotan ensures load balancing, 
which significantly affects the overall parallelization performance of the 
hyperbolic solver.

To achieve parallelization in the toroidal direction, the ghost layer 
cannot be utilized due to the nonconforming mesh structure. Instead, 
the submesh generated by sub-triangulation enables effective MPI com

munication across the nonconforming interfaces of subdomains. During 
the initial phase of simulation, necessary information for the data ex

change between MPI processes, i.e., communication pairs between in

terfaces of subdomains, is collected without relying on the partitioning 
and ghosting layers. As shown in the previous studies, this paper uses 
precomputation to accelerate simulation computations, but it necessi

tates a lot of system memory due to the enormous sub-triangles.
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Fig. 12. Flowchart of simulation code, where 𝑓𝐾
𝑛 and 𝑓𝐾

𝑛 represent the local coefficient vector on 𝐾 ∈ ℎ at time step 𝑡 = 𝑡𝑛 and its extended vector containing the 
coefficients on the neighborhood ghosting layers of 𝐾 , respectively.

As a partial summary, Fig. 12 shows a flowchart of the simulation 
code. The code is maintained in the repository of the Korea Institute of 
Fusion Energy and can be provided upon request under an agreement.

3. Stability condition for temporal integration

The stability condition for the Runge-Kutta discontinuous methods is 
explained in [23]. For the linear hyperbolic equation 𝜕𝑡𝑓 +∇ ⋅ (𝑣𝑓 ) = 0, 
the stability condition is expressed as follows:

Δ𝑡 ≤ 𝐶min
𝑗

𝑟𝑗

𝑣𝑗
, (43)

where 𝑟𝑗 represents the radius of the inscribed circle within the 𝑗th 
cell, 𝑣𝑗 denotes the largest amplitude of 𝑣 in the cell, and 𝐶 is the 
CFL number, which varies depending on the order of the Runge-Kutta 
method. Let Δ𝑿 ∈ ℝ3 denote a vector consists of the lengths of an 
element of  𝑥

ℎ
. To establish a stability condition of the gyrokinetic 

equation, we consider a decomposition Δ𝑿 = Δ𝑿pol + Δ𝑿tor , where 
Δ𝑿pol = Δ𝑿−Δ𝑿tor , and Δ𝑿tor = (Δ𝑿 ⋅𝜙̂)𝜙̂ for the primitive mesh and 
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Δ𝑿tor = (Δ𝑿 ⋅ 𝑏̂)𝑏̂ for the field-aligned mesh. Since Δ𝑿pol and Δ𝑿tor are 
independent, we have a sufficient condition for stability such that if the 
time step Δ𝑡 satisfies

Δ𝑡 ≲ 𝐶min
{
Δ𝑡𝑣∥ ,Δ𝑡pol,Δ𝑡tor

}
, (44)

then Δ𝑡 guarantees the stability condition (43), where Δ𝑡𝑣∥ , Δ𝑡pol, and 
Δ𝑡tor are constants satisfying Δ𝑡𝑣∥ ≤ min(Δ𝑣∥∕|𝑣̇∥|), Δ𝑡pol ≤ 
min(Δ𝑋pol∕|𝑿̇pol|), and Δ𝑡tor ≤min(Δ𝑋tor∕|𝑿̇ tor |), respectively. For the 
sake of simplicity, 𝐶 in (44) is set by 1, as our primary focus is on the 
relationships among Δ𝑡∥, 𝑡pol, and Δ𝑡tor .

We begin by assuming the existence of positive constants 𝐶𝑣∥
, 𝐶𝑣⟂

, 
𝐶𝑟, 𝐶𝑅, and 𝜖 that satisfying following conditions:

|𝑣∥∕𝑣th,s| ≤ 𝐶𝑣∥
, |𝑣⟂∕𝑣th,s| ≤ 𝐶𝑣⟂

, (45)

1 
𝐶𝑟

≤𝑅∕𝑅0 ≤ 𝐶𝑅, 𝑟∕𝑅0 ≤ 𝜖, (46)

where 𝑣th,s refers thermal velocity of species 𝑠, and 𝑟 is the minor radius. 
Let 𝑛𝑣∥ and 𝑛𝑣⟂ denote the number of intervals corresponding to 𝑣∥
and 𝑣⟂ variables, respectively. This paper approximates 𝐵 and ∇× 𝑏̂ as 
follows:

𝐵 ≈ 𝐵0
𝑅0
𝑅 

, ∇𝐵 ≈ −
𝐵0𝑅0

𝑅2 𝑅̂, ∇× 𝑏̂ ≈ 1 
𝑅
𝑧̂. (47)

Also, we assume that the main ion and species 𝑠 are at the same tem

perature 𝑇𝑖 ≈ 𝑇𝑠. This assumption leads to the relation 𝑚𝑖𝑣
2
th,i ≈ 𝑚𝑠𝑣

2
th,s

resulting the expression:

𝑣th,i
𝑣th,s

≈
√

𝑚𝑠

𝑚𝑖
, (48)

where 𝑣th,i and 𝑣th,s are the thermal velocities of main ion and species 
𝑠, respectively.

3.1. Estimation of Δ𝑡𝑣∥

For the velocity domain, we have

Δ𝑣∥ =
max𝑣∥ −min𝑣∥

𝑛𝑣∥
=

2𝐶𝑣∥
𝑣th,s

𝑛𝑣∥
. (49)

Assuming (𝑚𝑠𝑐∕𝑞𝑠)∇ × 𝑏̂ ⋅ 𝑅̂ ≪ 𝑩 ⋅ 𝑅̂ and considering 𝐵𝑝 = |𝑩𝑝| =√
(𝑩 ⋅ 𝑅̂)2 + (𝑩 ⋅ 𝑧̂)2 ≥ |𝑩 ⋅ 𝑅̂|, we can see the following relation:

𝑩∗ ⋅ 𝑅̂ =
(
𝑩 +

𝑚𝑠𝑐

𝑞𝑠
𝑣∥∇ × 𝑏̂

)
⋅ 𝑅̂ ≈𝑩 ⋅ 𝑅̂ ≤ 𝐵𝑝, (50)

where 𝑩𝑝 represents the poloidal part of 𝑩. (3) implies that

𝑣∥ = − 𝑩∗

𝑚𝑠𝐵
∗
∥
⋅ 𝜇𝑠∇𝐵

≈
𝑣2⟂
2𝐵

𝑩∗ ⋅ 𝑅̂
𝐵∗
∥

𝐵0𝑅0

𝑅2

(
since 𝜇𝑠 =

𝑚𝑠𝑣
2
⟂

2𝐵 
and (47)

)

≲
𝐵0
𝐵∗
∥

𝐵𝑝

𝐵𝑡

𝑣2⟂
2 

𝑅0

𝑅2

(
since 𝐵 = |𝑩𝑝 +𝑩𝑡| ≥𝐵𝑡 and (50)

)
(51)

≈
𝑟𝑣2⟂

2𝑞𝑅0𝑅

(
since 

𝐵0
𝐵∗
∥
≈

𝐵0
𝐵

≈ 𝑅 
𝑅0

and 𝑞 ≈ 𝑟 
𝑅0

𝐵𝑡

𝐵𝑝

)

≤ 𝜖𝐶𝑟𝐶
2
𝑣⟂

𝑣2th,s
2𝑞𝑅0

, (since (46) and (45))

where 𝑚𝑠 denotes mass of species 𝑠, 𝑞𝑠 is charge of species 𝑠, and 𝑞 is 
the safety factor. Normalization with 𝑅0∕𝑣th,i gives that

Δ𝑣∥∕|𝑣̇∥|
𝑅0∕𝑣th,i

≳
𝑣th,i
𝑅0

2𝐶𝑣∥
𝑣th,s𝑛𝑣∥

𝜖𝐶𝑟𝐶
2
𝑣⟂

𝑣2th,s∕(2𝑞𝑅0)

=
4𝐶𝑣∥

𝜖𝐶𝑟𝐶
2
𝑣⟂

𝑞

𝑛𝑣∥

𝑣th,i
𝑣th,s

≈
4𝐶𝑣∥

𝜖𝐶𝑟𝐶
2
𝑣⟂

𝑞

𝑛𝑣∥

√
𝑚𝑠

𝑚𝑖
,

(52)

where 𝑚𝑠 denotes the mass of species 𝑠, and (48) is used for the last 
term. Consequently, it can be concluded that Δ𝑡𝑣∥ may be chosen such 
that

Δ𝑡𝑣∥
𝑅0∕𝑣th,𝑖

≲
4𝐶𝑣∥

𝜖𝐶𝑟𝐶
2
𝑣⟂

𝑞

𝑛𝑣∥

√
𝑚𝑠

𝑚𝑖
. (53)

3.2. Estimation of Δ𝑡pol

Let us consider the poloidal meshes that are unstructured and quasi

uniform [25]. We assume that there is a positive constant 𝐶𝐾 such that |𝐾| ≤ 𝐶𝐾𝜌𝑖 for all 𝐾 in the poloidal meshes, where |𝐾| represents the 
diameter of 𝐾 given as |𝐾| = sup{|𝒙′ − 𝒚′| ∶ 𝒙′,𝒚′ ∈𝐾}, and sup indi

cates the supremum that is the least upper bound. Thus, we have

Δ𝑋pol = min 
𝐾∈ pol

ℎ,𝑥

|𝐾| = 𝐶𝐾𝜌𝑖 ≈ 𝐶𝐾

𝑚𝑖𝑐𝑣th,i
𝑞𝑖𝐵 

. (54)

The formulation for 𝑿̇ in (2) gives us that

𝑿̇ = 𝑣∥
𝑩∗

𝐵∗
∥
+ 𝑏̂

𝐵∗
∥
× 𝑐

𝑞𝑠
𝜇𝑠∇𝐵

=
𝑣∥

𝐵∗
∥

(
𝑩 +

𝑚𝑠𝑐

𝑞𝑠
𝑣∥∇ × 𝑏̂

)
+ 𝑏̂

𝐵∗
∥
× 𝑐

𝑞𝑠
𝜇𝑠∇𝐵

≈
𝑣∥

𝐵∗
∥

(
𝑩 +

𝑚𝑠𝑐

𝑞𝑠
𝑣∥

1 
𝑅
𝑧̂

)
−

𝜇𝑠𝑐 
𝑞𝑠𝐵

∗
∥
𝑏̂ ×

𝐵0𝑅0

𝑅2 𝑅̂ (since (47)) (55)

≈ 𝑣∥𝑏̂
⏟ ⏟ ⏟
∶=𝑿̇tor

+
𝑚𝑠𝑐𝑣

2
∥

𝑞𝑠𝑅𝐵∗
∥
𝑧̂−

𝑚𝑠𝑐𝑣
2
⟂

2𝑞𝑠𝑅𝐵∗
∥
𝑏̂ × 𝑅̂

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝑿̇pol

.

(
since 𝜇𝑠 =

𝑚𝑠𝑣
2
⟂

2𝐵 
, 𝐵∕𝐵∗

∥ ≈ 1, and (47)

)
The poloidal velocity can be expressed by

|𝑿̇pol| ≲ 𝑚𝑠𝑐𝑣
2
∥

𝑞𝑠𝑅𝐵∗
∥
+

𝑚𝑠𝑐𝑣
2
⟂

2𝑞𝑠𝑅𝐵∗
∥

≤
𝐶𝑟𝐶

2
𝑣∥
𝑚𝑠𝑐𝑣

2
th,s

𝑞𝑠𝑅0𝐵
∗
∥

+
𝐶𝑟𝐶

2
𝑣⟂

𝑚𝑠𝑐𝑣
2
th,s

2𝑞𝑠𝑅0𝐵
∗
∥

(since (45) and (46) ) (56)

= 𝐶𝑟

(
𝐶2

𝑣∥
+ 1

2
𝐶2

𝑣⟂

) 𝑚𝑠𝑐𝑣
2
th,s

𝑞𝑠𝑅0𝐵
∗
∥
.

Dividing Δ𝑋pol∕|𝑿̇pol| by the normalization factor 𝑅0∕𝑣th,i and using 
(54), (57), we arrive at

Δ𝑋pol∕|𝑿̇pol|
𝑅0∕𝑣th,i

≳
𝐶𝐾𝑚𝑖𝑐𝑣th,i∕(𝑞𝑖𝐵) 

𝐶𝑟

(
𝐶2

𝑣∥
+ 1

2𝐶
2
𝑣⟂

)
𝑚𝑠𝑐𝑣

2
th,s∕(𝑞𝑠𝑅0𝐵

∗
∥)

𝑣th,i
𝑅0

≈
𝐶𝐾

𝐶𝑟

(
𝐶2

𝑣∥
+ 1

2𝐶
2
𝑣⟂

) 𝑚𝑖𝑣
2
th,i

𝑚𝑠𝑣
2
th,s

𝑞𝑠
𝑞𝑖(

since 𝐵∕𝐵∗
∥ ≈ 1

)
=

𝐶𝐾

𝐶𝑟

(
𝐶2

𝑣∥
+ 1

2𝐶
2
𝑣⟂

) 𝑇𝑖

𝑇𝑠

𝑞𝑠
𝑞𝑖

(57)
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Fig. 13. Examples of the time interval restriction in the primitive meshes by the (a) poloidal and (b) toroidal mesh sizes, where 𝐾 indicates a poloidal element. 

≈
𝐶𝐾

𝐶𝑟

(
𝐶2

𝑣∥
+ 1

2𝐶
2
𝑣⟂

) 𝑞𝑠
𝑞𝑖

.

(
since 𝑇𝑖 ≈ 𝑇𝑠

)
Consequently, we can get a sufficient condition for Δ𝑡pol as follows:

Δ𝑡pol

𝑅0∕𝑣th,i
≲

𝐶𝐾

𝐶𝑟

(
𝐶2

𝑣∥
+ 1

2𝐶
2
𝑣⟂

) 𝑞𝑠
𝑞𝑖

. (58)

3.3. Estimation of Δ𝑡
pri
tor for the primitive mesh

For the estimation of the primitive mesh, we consider two distinct 
cases, as depicted in Fig. 13. The figure illustrates a simplified element 
within the primitive mesh by representing the poloidal section as a line. 
The time step is influenced by the size of the mesh, specifically (a) 
poloidal mesh and (b) toroidal mesh, as presented in Fig. 13.

We refer to (54), which indicates that |𝐾| ≈ 𝐶𝐾𝜌𝑖 where 𝐾 ∈  pol
ℎ,𝑥

is 
a poloidal element. In Fig. 13(a), 𝛼 denotes the angle between the two 
vectors 𝑏̂ and 𝜙̂. Then, using 𝑞 ≈ (𝑟𝐵𝑡)∕(𝑅0𝐵𝑝), we have

sin𝛼 ≈
𝐵𝑝

𝐵
≈

𝐶𝐾𝜌𝑖
𝓁1

. (59)

This implies that

𝓁1 ≈ 𝐶𝐾𝜌𝑖
𝐵
𝐵𝑝

≥ 𝐶𝐾𝜌𝑖
𝐵𝑡

𝐵𝑝
= 𝐶𝐾𝜌𝑖

𝑞𝑅0
𝑟 

≥ 𝐶𝐾
𝑞

𝜖
𝜌𝑖. (60)

Similarly, in Fig. 13(b), the length of the bottom edge can be approxi

mated by 2𝜋𝑅∕𝑁𝜙. Then we have

cos𝛼 ≈
2𝜋𝑅∕𝑁𝜙

𝓁2
. (61)

This implies that

𝓁2 ≈
2𝜋𝑅∕𝑁𝜙

cos𝛼 
≥ 2𝜋𝑅

𝑁𝜙
≥ 2𝜋𝑅0

𝐶𝑟𝑁𝜙
. (62)

(57) yields |𝑿̇tor | ≈ 𝑣∥. By normalizing Δ𝑋tor∕|𝑿̇ tor | with respect to 
𝑅0∕𝑣th,i and using (60) and (62), we obtain

Δ𝑋tor∕|𝑿̇ tor |
𝑅0∕𝑣th,i

≈
𝑣th,i
𝑅0

Δ𝑋tor
𝑣∥

≳
Δ𝑋tor
𝐶𝑣∥

𝑅0

𝑣th,i
𝑣th,s

≈
Δ𝑋tor
𝐶𝑣∥

𝑅0

√
𝑚𝑠

𝑚𝑖
= 1 

𝐶𝑣∥

√
𝑚𝑠

𝑚𝑖

min{𝓁1,𝓁2}
𝑅0

≳
1 

𝐶𝑣∥

√
𝑚𝑠

𝑚𝑖

⎧⎪⎨⎪⎩
𝐶𝐾

𝜌𝑖
𝑅0

𝑞

𝜖
if 𝓁1 < 𝓁2,

1 
𝐶𝑟

2𝜋 
𝑁𝜙

otherwise.

(63)

Using cos𝛼 ≈ 𝐵𝑡∕𝐵 in (61), the condition for 𝓁1 < 𝓁2 is approximated 
by

𝑁𝜙 <
2𝜋𝐶𝑟

𝐶𝐾

𝜖
𝑞

𝑅0
𝜌𝑖

. (64)

Let 𝑁𝑐
𝜙

denote the right term in (64). We can conclude that Δ𝑡
pri
tor satis

fying the following condition

Fig. 14. Example of time interval restriction in the field-aligned mesh. 

Δ𝑡
pri
tor

𝑅0∕𝑣th,i
≲

⎧⎪⎪⎨⎪⎪⎩

𝐶𝐾

𝐶𝑣∥

𝜌𝑖
𝑅0

𝑞

𝜖

√
𝑚𝑠

𝑚𝑖
if 𝑁𝜙 <𝑁𝑐

𝜙
,

1 
𝐶𝑣∥

𝐶𝑟

2𝜋 
𝑁𝜙

√
𝑚𝑠

𝑚𝑖
otherwise,

(65)

where Δ𝑡
pri
tor denotes the feasible time interval in the primitive mesh. 

This provides the temporal stability condition.

3.4. Estimation of Δ𝑡f itor with the field-aligned mesh

Fig. 14 shows a simplified twist-prism element in the field-aligned 
mesh. The angle 𝛼 can be approximated as

cos𝛼 ≈
2𝜋𝑅∕𝑁𝜙

Δ𝑋tor
. (66)

From this relation, we can obtain that

Δ𝑋tor ≈
1 

cos𝛼
2𝜋𝑅
𝑁𝜙

≥ 2𝜋𝑅
𝑁𝜙

. (67)

The last term relies on the approximation provided in (47). By normal

izing Δ𝑋tor∕|𝑿̇ tor | with 𝑅0∕𝑣th,i and using (56) and (67), we arrive at 
the following expression

Δ𝑋tor∕|𝑿̇ tor |
𝑅0∕𝑣th,i

≳
(2𝜋𝑅∕𝑁𝜙)∕𝑣∥

𝑅0∕𝑣th,i
=

𝑣th,i
𝑣∥

𝑅 
𝑅0

2𝜋 
𝑁𝜙

≥ 1 
𝐶𝑣∥

𝐶𝑟

𝑣th,i
𝑣th,s

2𝜋 
𝑁𝜙

(since (45) and (46))

(68)

≈ 1 
𝐶𝑣∥

𝐶𝑟

2𝜋 
𝑁𝜙

√
𝑚𝑠

𝑚𝑖
. (since (48))

Therefore, it can be concluded that if Δ𝑡f itor satisfies

Δ𝑡f itor ≲
1 

𝐶𝑣∥
𝐶𝑟

2𝜋 
𝑁𝜙

√
𝑚𝑠

𝑚𝑖
, (69)

then the stability condition is satisfied, where Δ𝑡f itor denotes the feasible 
time step in the field-aligned mesh.

3.5. Stability condition for electrons

We consider the sufficient condition for stability in electron simula

tion by analyzing Δ𝑡𝑣∥ , Δ𝑡pol, and Δ𝑡tor . Since the mass ratio 𝑚𝑠∕𝑚𝑖 is 
significantly small for electrons, Δ𝑡pol in (58) does not affect the time 
step size constraints, as it does not incorporate the mass ratio. Let us 
assume that |𝐾| ≈ 𝜌𝑖, leading to 𝐶𝐾 ≈ 1. For estimation of numerical 



Computer Physics Communications 316 (2025) 109769

12

G. Jo, J. Seo, J.-M. Kwon et al. 

Table 1
Temporal stability test results using 𝑁𝜙 = 8, 𝑁pol =
22126: ○ and ⨉ denote stable and unstable com

putations, respectively.

Δ𝑡 Primitive mesh Field-aligned mesh 
1.0 × 10−3 ○ ○
2.0 × 10−3

⨉
○

5.0 × 10−3
⨉

○
8.0 × 10−3

⨉
○

9.0 × 10−3
⨉

○
1.0 × 10−2

⨉ ⨉
values, we choose a set of parameters typical for gyrokinetic turbulence 
simulation 𝜌𝑖 ≈ 0.003, 𝑎 = 𝜖𝑅0, 𝜖 = 0.3, 𝑞 ≈ 1.4, 𝐶−1

𝑟 = 0.7, 𝐶𝑅 = 1.3, 
𝑁𝜙 = 16, 𝐶𝑣∥

= 𝐶𝑣⟂
= 5, and 𝑛𝑣∥ = 10. Under the parameter values, we 

find that 𝑁𝑐
𝜙
≈ 534, which is impractically large for feasible gyrokinetic 

simulations; thus, we consider only 𝑁𝜙 < 𝑁𝑐
𝜙

case in (65). Again, ap

plying our simulation parameters with 𝑁𝜙 = 16, we have

Δ𝑡𝑣∥
𝑅0∕𝑣th,i

≲
4𝐶𝑣∥

𝜖𝐶𝑟𝐶
2
𝑣⟂

𝑞

𝑛𝑣∥

√
𝑚𝑠

𝑚𝑖

≈ 4 × 5 
0.3 × 0.7 × 52

1.4
10 

√
𝑚𝑠

𝑚𝑖
≈ 5.33 × 10−1

√
𝑚𝑠

𝑚𝑖
, (70)

Δ𝑡
pri
tor

𝑅0∕𝑣th,i
≲

𝐶𝐾𝜌𝑖
𝐶𝑣∥

𝑞

𝜖𝑅0

√
𝑚𝑠

𝑚𝑖

≈ 0.003
5 

1.4 
0.3 × 1.7

√
𝑚𝑠

𝑚𝑖
≈ 1.65 × 10−3

√
𝑚𝑠

𝑚𝑖
, (71)

Δ𝑡f itor
𝑅0∕𝑣th,i

≲
1 

𝐶𝑣∥
𝐶𝑟

2𝜋 
𝑁𝜙

√
𝑚𝑠

𝑚𝑖
≈ 0.7

5 
2𝜋
16 

√
𝑚𝑠

𝑚𝑖
≈ 5.50 × 10−2

√
𝑚𝑠

𝑚𝑖
. (72)

Thus, we can conclude that the Δ𝑡tor mainly constrains the time step 
size. Additionally, field-aligned meshes can enhance the temporal sta

bility condition compared to using the primitive mesh in electron sim

ulations.

Table 1 shows the result of temporal stability test under the simu

lation parameters with 𝑁pol = 22126, which is lower than for 𝐶𝐾 ≈ 1. 
However, it should be sufficient to validate our estimations. The anal

ysis shows that simulations utilizing a field-aligned mesh exhibit better 
stability condition than those using the primitive mesh. This finding 
supports the advantages of the field-aligned mesh in selecting time step 
size and improving overall computational performance. However, as dis

cussed in Sec. 2.6, the field-aligned mesh necessitates the utilization of 
sub-triangulation. The process entails additional quadrature computa

tions compared to the primitive mesh, which can reduce the overall 
computation performance. It is important to note that the field-aligned 
mesh may require less toroidal resolution than the primitive mesh to 
achieve similar accuracy. This advantage can compensate for the addi

tional computational cost caused by the sub-triangulation. The details 
will be discussed in Sec. 4.2.

4. Numerical experiments

In this section, we present numerical experiment results to validate 
the new solver.

4.1. Convergence tests

We consider the ballooning function on the concentric circular do

main as follows:

𝑓0(𝑅,𝑧,𝜙) = 𝐶(𝑅,𝑧,𝜙)𝑒−
(

𝑥𝑟−𝑥𝑟0
Δ𝑥𝑟

)2
(73)

where 𝑥𝑟 denotes radial coordinate, 𝑥𝑟0 is radial position of the surface 
rational, Δ𝑥𝑟 is radial envelope width,

Table 2
Number of elements for the con

vergence test.

𝑁(=𝑁pol𝑁𝜙) 𝑁pol 𝑁𝜙

10,864 1,358 8 
93,536 5,846 16 
708,032 22,126 32 
6,154,368 96,162 64 
51,105,536 399,262 128 

𝐶(𝑅,𝑧,𝜙) =
𝑚0+Δ𝑚 ∑

𝑚=𝑚0−Δ𝑚

cos
(
𝑛𝜙+ 𝑠𝐵𝑚Λ

)
𝑒−𝛿𝑓𝑎𝑐 (𝑚−𝑛𝑞)2 . (74)

Here, 𝑠𝐵 = sgn(𝐵pol), 𝑞 = 𝑞(𝑥𝑟) is safety factor, Λ is magnetic poloidal 
angle, 𝛿𝑓𝑎𝑐 is radial mode width, 𝑛 and 𝑚 are the poloidal and toroidal 
mode numbers, respectively; 𝑚0 = 𝑛𝑞(𝑥0) is resonant poloidal mode 
number, Δ𝑚 is poloidal mode width. The concentric circular domain 
Ω𝑥 is given by

Ω𝑥 =
{
(𝑅,𝑧,𝜙) ∶ (𝑅−𝑅0)2 + 𝑧2 ≤ 𝑎2, 0 ≤ 𝜙 < 2𝜋

}
, (75)

where 𝑅0 = 1.7 (m) is the major radius of the magnetic axis, and 𝑎 =
0.6 (m) is the minor radius of the simulation boundary.

We perform the convergence tests with 𝑛 = 10 using the 𝑞-profile in 
Fig. 16, where 𝑟∕𝑎 represents the minor radius normalized by the max

imal radius 𝑎. The ballooning function 𝑓0 in (73) and (74) is projected 
into the DG spaces generated by linear, quadratic, and cubic polynomial 
bases through the cubic isoparametric transform introduced in Sec. 2. 
For the comparison, two kinds of meshes are considered. Fig. 15 shows 
(a) the primitive and (b) the field-aligned meshes. The primitive mesh 
consists of the elements aligned along the 𝑒𝜙 (or rotating along 𝑧-axis), 
while the field-aligned mesh has elements aligned along the modified 
unit magnetic field 𝑏̃. The 𝐿2-projection gives the projection of 𝑓0 such 
that∑
𝐾𝑥∈ 𝑥

ℎ

∫
𝐾𝑥

(
𝑓ℎ − 𝑓0

)
𝜉𝑗𝑅𝑑𝑅𝑑𝑧𝑑𝜙 = 0, (76)

for all 𝜉𝑗 ∈ 𝕍ℎ(Ω𝑥), where 𝑓ℎ =
∑

𝑖 𝑐𝑖𝜉𝑖 is the projection of 𝑓0. Table 2
shows the number of elements for the convergence tests, where 𝑁pol is 
the number of elements on each poloidal plane, and 𝑁𝜙 is the number 
of toroidal intervals.

The 𝐿2-norms of interpolation errors 𝑒ℎ = 𝑓ℎ − 𝑓0 is calculated in 
the broken Sobolev space [25] as follows:

‖𝑒ℎ‖ = ⎛⎜⎜⎝
∑
𝐾∈ℎ ∫𝐾

||𝑓ℎ − 𝑓0||2𝑅𝑑𝑅𝑑𝑧𝑑𝜙
⎞⎟⎟⎠
1∕2

. (77)

Fig. 17 shows the results of the convergence tests using primitive 
and field-aligned meshes, where the mesh size ℎ is approximated as (|Ω𝑥|∕𝑁)1∕3

. Here, 𝑁 is the number of elements, |Ω𝑥| is the volume of 
Ω𝑥. All cases give results that agree with the optimal accuracy orders 
[25], that is, ‖𝑒ℎ‖ = (ℎ𝑝+1) and ‖∇𝑒ℎ‖ = (ℎ𝑝), where 𝑝 is the basis 
order. From these results, we can conclude that the field-aligned mesh 
does not spoil the accuracy of 𝐿2-projection scheme.

4.2. Accuracy test depending on the toroidal resolution

In this section, we perform a numerical experiment using linear, 
quadratic, and cubic basis to investigate the performance of field-aligned 
mesh corresponding to toroidal resolution with various mesh sizes listed 
in Table 3. The ballooning function in (73) is also considered with 
toroidal mode numbers 𝑛 = 1,10,20,40, while the poloidal mode num

bers 𝑚 are determined by satisfying the relation 𝑞 = 𝑚∕𝑛 under given 
𝑞-profile shown in Fig. 16.
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Fig. 15. (a) Primitive and (b) field-aligned meshes (𝑁𝜙 = 8). 

Fig. 16. 𝑞-profile plot. 

Table 3
Number of elements in the interpolation 
test related to toroidal resolution.

𝑁(=𝑁pol𝑁𝜙) 𝑁pol 𝑁𝜙

6,388,192 399,262 16 
12,776384 399,262 32 
25,552,768 399,262 64 
51,105,536 399,262 128 
102,211,072 399,262 256 
204,422,144 399,262 512 

Fig. 18 shows the contours of the ballooning function related to the 
toroidal mode numbers: (a) poloidal contours at a plane 𝜙 = 0 and (b) 
toroidal contours on a surface 𝑟∕𝑅0 = 0.2. The higher toroidal mode 
numbers are associated with smaller and highly field-following struc

tures, which require a dense mesh or numerous toroidal subintervals for 
accurate representation. In Fig. 19, the field-aligned cases demonstrate 
better results than the primitive cases, and this improvement tends to in

crease with higher order bases, except for the 𝑛 = 1 cases. The numbers 
shown between the blue and red plots represent the error ratios be

tween the primitive and field-aligned cases at each toroidal resolution. 
These ratios increase with the higher toroidal modes (𝑛 = 10,20,40). The 
ballooning function with 𝑛 = 1 exhibits an almost isotropic structure, 
indicating that the field-aligned mesh does not provide an advantage 
in the cases. This trend also holds for both the gradients and paral

lel derivatives of the ballooning function, as shown in Figs. 20 and 
21, respectively. Furthermore, the field-aligned cases saturate faster 
than primitive cases; they quickly reach the accuracy limit imposed 
by poloidal mesh resolution. In particular, the convergences of parallel 
derivatives for the primitive mesh fail to achieve sufficient convergence 
in these numerical tests, except for 𝑛 = 1 cases. These results indicate 
that the field-aligned mesh is essential for improving the efficiency of 

simulations involving the field-following structure. It is interesting to 
notice that the field-aligned meshes show lower accuracies in repre

senting ballooning structures with low toroidal mode numbers (e.g., 
𝑛 = 1 case in Fig. 20). The ballooning structures have different degrees 
of field-aligning. For high toroidal mode number cases, the structures 
closely follow ambient magnetic fields, and therefore, the interpola

tion accuracies are superior for the field-aligned meshes. On the other 
hand, ballooning structures with low toroidal model numbers do not 
closely follow ambient magnetic fields, which results in lower interpo

lation accuracies of the field-aligned meshes. However, these issues are 
relatively minor, as they arise from the almost isotropic nature of the 
target function, which can be disregarded in tokamak plasma environ

ments.

The previous convergence results indicate that the field-aligned mesh 
can enhance overall computation efficiency compared to the primitive 
mesh. This improvement is achieved by reducing the required toroidal 
resolution while maintaining the same level of accuracy. However, the 
inevitable sub-triangulation for field-aligned mesh leads to additional 
computational costs. To evaluate the advantages and disadvantages of 
the field-aligned mesh, we perform a numerical test. Table 4 compares 
the computation times of simulations conducted using (a) the primitive 
mesh and (b) the field-aligned mesh. Based on the error convergence 
plots for the case 𝑛 = 10 in Fig. 19(b), we assume that the primitive mesh 
requires approximately eight times more toroidal resolution than the 
field-aligned mesh to attain the same level of accuracy. Table 4 shows 
slightly reduced computation time for the field-aligned mesh compared 
to the primitive mesh under the same simulation parameters, excluding 
toroidal resolution. Consequently, the field-aligned mesh can offer con

siderable advantages in computational efficiency when considering the 
improvement of the stability conditions discussed in Sec. 3.

4.3. Conservation properties tests

We consider the concentric circular domain Ω =Ω𝑥 ×Ω𝑣, where Ω𝑥

is defined in (75) and Ω𝑣 is given by

Ω𝑣 =
{
(𝑣∥, 𝑢) ∶ −𝑣max ≤ 𝑣∥ ≤ 𝑣max,0 ≤ 𝑢 ≤ 𝑣max

}
, (78)

where 𝜓 is the poloidal magnetic flux. Here, 𝑣max∕𝑣th,i = 5 is used when 
𝑣th,i is defined as 

√
𝑇0∕𝑚𝑖, and 𝑇0 = 2 (keV) is the ion temperature at 

the magnetic axis. Based on the initial density and temperature profiles 
shown in Fig. 22, the local Maxwellian function 𝑓𝑀 defined as

𝑓𝑀 =
(𝑚𝑖

2𝜋

) 3
2 𝑛(𝜓) 
𝑇 (𝜓)3∕2

exp
(
−

𝑚𝑖

2𝑇 (𝜓)

(
𝑣2∥ +

𝑢2𝐵
𝐵0

))
, (79)

where 𝜓 is the poloidal magnetic flux. 𝑓𝑀 is imposed at the initial time 
using the 𝐿2-projection such that∑
𝐾∈ℎ ∫𝐾

(𝑓𝑀 − 𝑓ℎ)𝜉𝑗𝑅𝑢𝐵∗
∥𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢, (80)

for all 𝜉𝑗 ∈ 𝕍ℎ(Ω), and the up-down symmetric boundary condition 
is applied, that is, 𝑓 (𝑅,𝑧,𝜙, 𝑣∥, 𝑢) = 𝑓 (𝑅,−𝑧,𝜙, 𝑣∥, 𝑢) on the bound
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Fig. 17. Convergence test results using (left) the primitive and (right) the field-aligned meshes. 

Fig. 18. Contour plots of ballooning functions of (a) poloidal section at 𝜙= 0 and (b) toroidal surface at 𝑟∕𝑅0 = 0.2. 

ary, and the zeroflux boundary condition is used in velocity space. 
In this simulation, the field-aligned meshes are constructed with 4, 8, 
16, and 32 subdomains. Each poloidal mesh consists of 5846 unstruc

tured triangles, and the velocity domain is discretized using 10 × 5
rectangles. This study uses the quadratic basis functions defined in 
(21). We investigate the conservation properties of the total mass 
𝜌, kinetic energy 𝐸𝐾 , and toroidal canonical momentum 𝑃𝜙 defined 
as

𝜌 = ∫
𝐾∈ℎ

𝑓ℎ𝐵
∗
∥𝑑𝝃, (81)

𝐸𝐾 = ∫
𝐾∈ℎ

𝐸̂𝐾𝑓ℎ𝐵
∗
∥𝑑𝝃, 𝐸̂𝐾 = 𝑣2∥ + 𝑢2𝐵∕𝐵0, (82)

𝑃𝜙 = ∫
𝐾∈ℎ

𝑃𝜙𝑓ℎ𝐵
∗
∥𝑑𝝃, 𝑃𝜙 = 𝑞𝑖𝜓∕𝑐 −𝑚𝑖𝑅𝑣∥𝐵𝜙∕𝐵, (83)
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Fig. 19. Convergence slopes of ‖𝑒ℎ‖ depending on toroidal resolution (𝑁𝜙). The numbers between the slopes represent the error ratios of the primitive and field

aligned cases.

Table 4
Comparison between the computation times with the primitive and field-aligned meshes 
under the same simulation parameters, except for 𝑁𝜙. ∗The number of sub-triangles in 
the primitive mesh is interpreted as a result of sub-triangulation that consists of one sub

triangle. Therefore, it is equivalent to the number of triangles in the poloidal section.

Primitive mesh (a) Field-aligned mesh (b) Ratio (a)/(b) 
Computation time (𝑇 ) ∼ 5.22 h ∼ 3.65 h ∼ 1.43
Number of sub-triangles (𝑁𝑠) 5846∗ 68756 
Toroidal resolution (𝑁𝜙) 32 4 8 

where 𝑑𝝃 = 𝑅𝑢𝑑𝑅𝑑𝑧𝑑𝜙𝑑𝑣∥𝑑𝑢, 𝐵𝜙 and 𝑞𝑖 are the toroidal component 
of magnetic field and the ion charge, respectively. The initial 𝑓ℎ ex

hibits magnetic drift motions with time step Δ𝑡 = 10−3𝑅0∕𝑣th, resulting 
in the development of non-concentric patterns. Fig. 23 shows the ini

tial and final (𝑡 = 2𝑅0∕𝑣th) contours of solutions at (𝑣∥∕𝑣𝑡ℎ, 𝑢∕𝑣𝑡ℎ) =
(1,1∕2).

Fig. 24 presents the temporal evolution of 𝜌, 𝐸𝐾 , and 𝑃𝜙 from 
their initial states. All cases exhibit perfect mass conservations up to 
a machine precision level, thanks to the successfully applying the sub

triangulation scheme introduced in Sec. 2.6. Since the kernels of phys

ical quantities contain polynomial terms, including the polynomials 
in the trial function space significantly improves the conservations, 
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Fig. 20. Convergence slopes of ‖∇𝑒ℎ‖ depending on toroidal resolution (𝑁𝜙). The numbers between the slopes represent the error ratios of the primitive and field

aligned cases.

as highlighted in the previous research [27]. However, in this study, 
the basis functions within the physical elements are not polynomials 
due to parametric transformations, even though they are polynomials 
on the reference element. The second and third rows in Fig. 24 show 
improvements in the conservation of kinetic energy and angular mo

mentum as the toroidal resolution increases. These results indicate that 
higher toroidal resolutions reduce the distortion of physical elements 
and enable the basis functions to better approximate the polynomial 
terms within the kernels. Therefore, this observation emphasizes that 
the toroidal resolution is an important factor for conservation. Fig. 25

shows the conservation properties on the primitive mesh. When com

paring the results in Figs. 24 and 25, the conservation of the toroidal 
canonical angular momentum is mainly affected by computational ac

curacy, which is determined by the choice of basis and mesh size rather 
than mesh structures.

4.4. KSTAR geometry

We investigate the conservation properties in the KSTAR geome

try using an absorbing boundary condition, which allows outward flux 
while preventing inflow. Figs. 26(a) and 26(b) show the contours of ini

tial and final solutions. Our approach employs 99515 unstructured trian

gles in each poloidal mesh in Fig. 26(c) and 10×5 rectangular elements 
in the velocity domain. The entire domain is discretized into 796120 
twisted prisms, with each nonconforming surface having 920182 sub

triangles with 𝑁𝜙 = 8. The time step size is Δ𝑡 = 5×10−4 (𝑅0∕𝑣𝑡ℎ), while 
the overall simulation duration is given by 𝑇 = 2 (𝑅0∕𝑣𝑡ℎ) Our analy

sis includes tracking variants of the physical properties in the equation 
in the KSTAR domain. By accounting for the fluxes passing through the 
boundary surface, we can verify the quality of the conservation prop

erties. Fig. 27 shows the temporal evolution of physical quantities after 
adding their fluxes across the boundary surface. The results confirm that 
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Fig. 21. Convergence slopes of ‖𝑏̂ ⋅ ∇𝑒ℎ‖ depending on toroidal resolution (𝑁𝜙). The numbers between the slopes represent the error ratios of the primitive and 
field-aligned cases.

these quantities satisfy conservations similar to those observed in con

centric circular geometries.

4.5. Parallelization performance

To evaluate the parallelization performance of the solver, we conduct 
a strong scaling analysis by incrementally increasing the number of pro

cessors while maintaining a constant problem size. Fig. 28(a) shows the 
relation between the speedup (𝑆) and the number of CPU cores (𝑁𝑝) 
for two distinct problem sizes. Consider the unit computational time 
denoted as 𝑇 (1), which presents the computational time when a sin

gle process is used. Directly estimating the unit computational time is 
impossible because the solver requires more than one core to solve the 
target problem within a reasonable amount of time. Thus, this paper ap

proximates 𝑇 (1) using an extrapolation such as 𝑇 (𝑁𝑠)∕𝑁𝑠, where 𝑁𝑠 is 

the smallest number of CPU cores employed in the analysis. The speedup 
is defined as

𝑆(𝑁𝑝) =
𝑇 (1) 
𝑇 (𝑁𝑝)

, (84)

where 𝑇 (𝑁𝑝) denotes the computational time required to complete the 
simulation using 𝑁𝑝 processors. The gray dashed lines in the figure in

dicate the ideal speedup defined as (84), while the red and blue solid 
lines correspond to the real speedups. The result reveals that the solver 
shows good scalability up to three thousand cores.

Fig. 28(b) presents the parallelization efficiencies (𝐸) defined as the 
ratio of real speedup to ideal speedup, expressed as follows:

𝐸(𝑁𝑝) =
𝑆(𝑁𝑝)
𝑁𝑝

= 𝑇 (1) 
𝑇 (𝑁𝑝) ∗𝑁𝑝

. (85)
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Fig. 22. Normalized density and temperature profiles where 𝑟 is a minor radius.

The results indicate that the solver retains an acceptable level of effi

ciency, even with several thousand cores.

4.6. Temporal stationary test

We consider the canonical Maxwellian function for the stationary 
performance test as an initial value defined as

𝑓𝐶𝑀 =
(𝑚𝑖

2𝜋

) 3
2 𝑛(𝑃𝜙) 

𝑇 (𝑃𝜙)3∕2
exp

(
−

𝑚𝑖

2𝑇 (𝑃𝜙)

(
𝑣2∥ +

𝑢2𝐵
𝐵0

))
, (86)

which is a stationary solution of the gyrokinetic equation that re

mains constant over time. Fig. 29 shows the cross-sections of the initial 
(𝑡 = 0(𝑅0∕𝑣th)) and final (𝑡 = 10(𝑅0∕𝑣th)) solution at (𝑅∕𝑅0, 𝑧∕𝑅0) =
(1.2,0.5) using 20× 10 regular mesh in the velocity space and 5848× 16
unstructured mesh in the spatial domain with the toroidal resolution 
𝑁𝜙 = 16. The plots indicate that 𝑓𝐶𝑀 remains nearly unchanged, which 
supports the fact that the solver can accurately represent the tempo

ral behaviors of the canonical Maxwellian function. Fig. 30 presents the 
conservation properties of the temporal stationary test. The results show 
good conservations, which is consistent with the results in Sec. 4.3.

5. Summary and discussion

In this work, we developed novel numerical schemes to solve a 
partial differential equation describing plasma turbulence in toroidal 
geometry. Focusing on the structures of plasma turbulence, which are 
well-aligned with externally imposed equilibrium magnetic fields, our 
development aimed to provide a general mathematical framework 1) 
to partition the toroidal domain into curved sub-domains which are 
aligned with equilibrium magnetic fields and 2) to discretize the 5D 
gyrokinetic hyperbolic equation based on the discontinuous Galerkin 
method in the sub-domains. In the development, our main efforts were 
given to enable global simulation covering a whole toroidal domain 
bounded by the realistic geometry of magnetic fusion devices. The math

ematical formulations were developed independent of flux coordinates, 
and the discretization was performed based on unstructured triangular 
meshes, which can represent arbitrarily complex domain shapes.

Though the schemes were developed for gyrokinetic simulation in 
toroidal geometry, it should be noted that the numerical constructions 
are made in a general way based upon differential geometric formula

tion of the equations. The developed schemes and techniques, e.g., the 
sub-division of the simulation domain, constructions of finite elements, 
and numerical quadratures in the sub-divided domains, are applicable 
for other numerical simulations of fusion plasma in toroidal geometry.

A dedicated effort was given to handle nonconforming meshes, 
which are inevitable due to the curved and non-periodic natures of 
equilibrium magnetic fields confining fusion plasma in toroidal geom

etry. The sorting and classification of the nonconforming overlapping 

patterns of triangular meshes, the sub-division of the overlapping re

gions, and the various numerical constructions therein were carried out 
in systematic and algorithmic ways, which can also be applied to other 
numerical problems.

For the newly developed field-aligned mesh, a new CFL condition 
was estimated to ensure stable temporal discretization, and it was com

pared with the condition for the conventional toroidally straight dis

cretization. It was found that the new field-aligned mesh allows sig

nificantly increased time steps. However, near the boundary, the field

aligned mesh has a non-aligned structure similar to that of primitive 
mesh, as defined in (11). The non-aligned structure can restrict the tem

poral stability condition. To prevent this situation, it is necessary to 
implement an adaptive velocity grid [31] in real space. With the adap

tive grid, the local maximum 𝑣∥ is tied to the local temperature. Since 
the electron temperature near the boundary is typically much lower than 
the core electron temperature, the maximum 𝑣∥ near the boundary is 
correspondingly smaller than the maximum 𝑣∥ at the core. Due to the 
reduced 𝑣∥ at the boundary, the temporal stability condition near the 
boundary becomes much less restrictive, even with the primitive mesh. 
Although the adaptive velocity grid has not yet been implemented in 
the current work, development is ongoing, and results will be reported 
in the near future.

Numerical tests were performed to study the interpolation accuracies 
of the newly proposed schemes by employing ballooning functions rep

resenting the characteristics of plasma turbulence structures in toroidal 
geometry. From the numerical tests conducted with three-dimensionally 
increasing mesh numbers, the interpolation accuracies of both field

aligned and conventional meshes showed expected convergence rates 
according to the order of the basis functions employed for the interpo

lations, though the field-aligned cases have lower proportionality con

stants, which result in much improved interpolation accuracies from the 
field-aligned meshes. More significantly, the numerical tests with vary

ing toroidal resolutions showed that the field-aligned meshes provide 
great benefits in representing the ballooning structures of plasma tur

bulence. An order smaller grid resolutions were enough to achieve a 
similar level of interpolation accuracies.

Although the field-aligned mesh can enhance accuracy and temporal 
stability conditions, it requires a significant amount of computational 
resources due to the increased number of sub-triangles compared to the 
primitive mesh. One direct solution to address this issue is optimizing 
the sub-triangulation to minimize the number of sub-triangles, which 
will be investigated in our future work. Additionally, it is also worth 
considering using GPU acceleration.

It should be noted that the field-aligned meshes and related numer

ical schemes are designed in a flexible way to choose the degree of 
field-aligning, which is controlled by the blending function in (13). As 
the field-aligned meshes are mainly for turbulent eddies in the plasma 
core, while it is important to properly model the geometric aspects of 
equilibrium magnetic field lines crossing material surfaces, the blending 
function is designed to achieve the field-line following discretization of 
regions with certain distances from material boundaries. This numeri

cal technique can provide flexibility in choosing proper discretization 
schemes for both core regions and near material boundaries.

It was also shown that the newly developed schemes can ensure good 
conservation properties. As expected from the physics of gyrokinetic 
plasma, the conservations of mass, canonical angular momentum, and 
kinetic energy were checked with varying simulation conditions. It was 
found that the mass is conserved up to the machine accuracy as it should 
be guaranteed by the discontinuous Galerkin scheme. The conservations 
of other quantities were found to be improved by increasing toroidal 
resolution.

Finally, the parallelization efficiency of the new schemes was tested 
on a CPU-based supercomputer. It was found that the new schemes allow 
a reasonable parallelization performance up to the number of CPU cores 
around 6000. However, it showed degraded results for the CPU number 
beyond 10000. Certainly, there should be more efforts to increase the 
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Fig. 23. Poloidal contour plots of (a) initial and (b) final (𝑡= 2𝑅0∕𝑣th) solutions at (𝑣∥∕𝑣th, 𝑢∕𝑣th) = (1,1∕2). 

Fig. 24. Conservation properties on field-aligned meshes using quadratic basis (𝑁𝜙 = 4,8,16,32). 
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Fig. 25. Conservation properties on primitive meshes using quadratic basis (𝑁𝜙 = 4,8,16,32). 

Fig. 26. (a) Initial and (b) final solutions on the KSTAR domain using (c) the poloidal mesh. 
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Fig. 27. Conservation properties of KSTAR domain. 

Fig. 28. Parallelization performance test results. 

Fig. 29. Cross-sections of the canonical Maxwellian at the initial and final steps along the (a) 𝑣∥-axis and (b) 𝑢-axis. 

parallelization efficiency. However, it should be noted that the present 
results are from only CPU parallelization. Considering various numerical 
costs for nonconforming meshes and the high dimensional nature of the 
numerical fluxes, there is much room for improvement from additional 
GPU parallelization, which is left as future work. We want to emphasize 
that this work is a key step toward our final goal, i.e., the first princi

ple whole device turbulence modeling of fusion devices based on the 
discontinuous Galerkin method. A key remaining challenge is the im

plementation of gyrokinetic field solvers, i.e., the Poisson and Ampere 

solvers, for time-evolving electromagnetic fluctuations. It is expected 
that the good numerical properties of the newly developed schemes will 
provide a firm basis to tackle the remaining numerical and computa

tional challenges for the final goal.
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Fig. 30. Conservation properties of the temporal stationary test. 
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