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ABSTRACT

This paper investigates the optimal investment problem in a market with two types of illiquidity: transaction costs and search

frictions. We analyze a power-utility maximization problem where an investor encounters proportional transaction costs and trades

only when a Poisson process triggers trading opportunities. We show that the optimal trading strategy is described by a no-trade

region. We introduce a novel asymptotic framework applicable when both transaction costs and search frictions are small. Using

this framework, we derive explicit asymptotics for the no-trade region and the value function along a specific parametric curve.

This approach unifies existing asymptotic results for models dealing exclusively with either transaction costs or search frictions.

1 | Introduction

Understanding the impact of illiquidity on optimal investment
is one of the key topics in mathematical finance. Illiquidity
arises from various factors, such as exogenous transaction costs,
search frictions (difficulty in finding a trading counterparty),
and price impacts.! Building on the idea of Gang and Choi
(2023), this paper investigates an optimal investment problem in a
market with two types of illiquidity: transaction costs and search
frictions.

Assuming perfect liquidity, where assets can be traded at any time
without transaction costs, Merton’s seminal works Merton (1969);
1971) formulate the optimal investment problem using geometric
Brownian motion for a risky asset price and a CRRA (constant
relative risk aversion) investor, showing that the optimal strategy
is to maintain a constant fraction of wealth in the risky asset.
Subsequent research has extended this framework to more gen-

eral stock price processes and utility functions, deriving broader
optimal investment strategies.

The perfect liquidity assumption can be relaxed by incorporating
transaction costs, such as order processing fees or transaction
taxes, which contribute to market illiquidity and have been
extensively studied. Magill and Constantinides (1976); Davis and
Norman (1990); Shreve and Soner (1994) examine the Merton
model with proportional transaction costs, demonstrating that
the optimal strategy is to keep the investment within a “no-trade
region.” The boundaries of this region are determined by the
free-boundaries of the HIB (Hamilton-Jacobi-Bellman [HIB])
equation. Models with transaction costs and multiple risky assets
have been investigated (e.g., Akian et al. (1996); Liu (2004);
Muthuraman and Kumar (2006); Chen and Dai (2013) for costs
on all assets and Dai et al. (2011); Bichuch and Guasoni (2018);
Hobson et al. (2019); Choi (2020) for costs on only one asset).
More general stock price processes have been considered within
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the framework of optimal investment with transaction costs (e.g.,
Czichowsky et al. 2014, 2016; Bayraktar et al. 2020). Additionally,
Garleanu and Pedersen (2016); Moreau et al. (2017); Guasoni and
Weber (2017); Ekren and Muhle-Karbe (2019) investigate models
with quadratic transaction costs.

Search frictions, or difficulty in finding a trading counterparty,
are another source of market illiquidity. Ang et al. (2014) presents
frequency of trading in various markets, showing that many asset
classes are illiquid, with their total sizes rivaling that of the
public equity market. An intuitive way to model search frictions
is by restricting trade times. For example, Rogers (2001) considers
an investor who can change portfolios only at fixed intervals,
while Rogers and Zane (2002); Matsumoto (2006); Ang et al.
(2014) assume that an illiquid asset can only be traded when
randomly occurring opportunities arise, modeled by a Poisson
process. Pham and Tankov (2008); Cretarola et al. (2011) add
the assumption that the asset price is observed only at these
trade times. Gassiat et al. (2014) further complicates the model by
incorporating random intensity of trade times, regime-switching,
and liquidity shocks. Dai et al. (2016) considers trading at deter-
ministic intervals with proportional transaction costs. Hugonnier
et al. (2015) develops a model for investment, financing, and cash
management decisions, incorporating financing opportunities
modeled as a Poisson process.

Due to the lack of explicit solutions to the HJB equations,
asymptotic analysis has been employed for small transaction costs
or small search frictions. For a small transaction cost parameter
€ < 1, in various models with proportional transaction costs only
(e.g., JaneCek and Shreve 2004; Gerhold et al. 2012; Choi 2014;
Bichuch and Shreve 2013; Possamai et al. 2015; Bichuch and
Guasoni 2018; Choi 2020), the first correction terms of the no-

1
trade boundaries are of the order of €3, and the first correction

2
term of the value function is of the order of €3. In Matsumoto
(2006);;2003), the parameter A is the intensity of the Poisson
process, and search frictions can be represented by % For small

search frictions % < 1, the first correction terms of the optimal

trading strategy and the value function are of the order of i

Merging the aforementioned frameworks, Gang and Choi (2023)
studies log-utility maximization of the terminal wealth in a model
with both transaction costs and search frictions. As in the models
with transaction costs only, the optimal trading strategy in Gang
and Choi (2023) is characterized by a no-trade region. In Gang
and Choi (2023), for a small transaction cost parameter ¢ (with

fixed 1), the first correction terms of the no-trade boundaries and
2

the value function are of the order of ¢, instead of e§ or €3 in the
models with transaction costs only. The asymptotic results imply
that the effects of the transaction costs are more pronounced in
the market with fewer search frictions.

In this paper, we analyze the power-utility maximization problem
with both transaction costs and search frictions. The model
setup is the same as that of Gang and Choi (2023) except that
we consider power-utility instead of log-utility. In our model,
proportional transaction costs (with parameter €) are imposed
on an investor, and the investor’s trading opportunities arise
only when a Poisson process (with intensity 4) jumps. The

investor’s objective is to maximize the expected utility of wealth
at the terminal time T > 0. As in other models with proportional
transaction costs, the optimal trading strategy in our model is
characterized by a no-trade region: there are functions y,y :
[0,T) — [0,1] such that the investor tries to keep the fraction of
wealth invested in the risky asset within the interval [y(t), y(¢)]
whenever trading opportunities arise. -

The main contribution of this paper is the establishment of a
novel framework for asymptotics applicable in scenarios where
both transaction costs and search frictions are small, i.e., € < 1
and % < 1. We focus on the asymptotics of the no-trade region
and the value function. The results in Gang and Choi (2023) imply
that the multivariable limits as (¢,1) — (0, c0) do not exist; the
resulting values depend on the order of taking these limits (see
discussion around (62) in Section 5). To address this issue, we
compare the asymptotics in Gang and Choi (2023) with those in
the benchmark cases of transaction costs only (1 = o) and search
frictions only (e = 0), lezading us to conjecture that a specific

scaling relation A =ce 3 for ¢ > 0 is relevant to consider (for
details, see discussion for (64) in Section 5). Our findings confirm

2
that along the parametric curve 1 =ce 3, the first correction
terms of the Illo—tradcze boundaries and the value function are of
the order of €3 and €3, respectively.

Our framework for finding asymptotics along the parametric
2

curve 1 =ce¢ 3 offers two notable benefits when dealing with
small € and large A. First, the coefficients of the correction terms
in our asymptotics are explicit in terms of the model parameters.
In contrast, the coefficients in the asymptotics in Gang and Choi
(2023) are expressed in terms of solutions to partial differential
equations (PDEs), making them not explicit.> Therefore, given
model parameters, including € and A, one can compute the

2
auxiliary parameter ¢ = A¢3 and use the explicit expressions in
Theorem 5.4 to estimate the optimal trading strategy and value.

Second, our framework using /1=C€7% unifies the existing
asymptotic results for seemingly different benchmark models
with only transaction costs and only search frictions. Indeed,
Theorem 5.4 bridges the benchmark asymptotics, where the case
¢ — oo corresponds to the asymptotics with only transaction costs
and the case ¢ — 0 corresponds to the asymptotics with only
search frictions (see discussion around (72) in Section 5).

Our proof of the asymptotic analysis involves various estimations.
One of the main difficulties in the analysis is the rigorous
treatment of subtle limiting behaviors that do not appear in the
benchmark models with only transaction costs or only search
frictions (see discussion after Theorem 5.4).

The remainder of the paper is organized as follows. Section 2
describes the model. In Section 3, we provide the verification
argument and some properties of the value function. Section 4
characterizes the optimal trading strategy in terms of the no-trade
region and presents propertieszof its boundaries. In Section 5, we

motivate the relation A = ce 3 and provide asymptotic results.
Section 6 numerically examines the impact of search frictions on
trading. Section 7 is devoted to the proof of the results in Section 5.
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Section 8 summarizes the paper. Proofs of technical lemmas can
be found in Appendix.

2 | Model

The model setup is identical to that described in Gang and
Choi (2023), except for the utility function. Consider a filtered
probability space (Q, F, (F,) 0, P) satisfying the usual conditions.
Under the filtration, let (B,),, be a standard Brownian motion
and (P,);», be a Poisson process with constant intensity A4 >
0. Then (B,);so and (P,);s, are independent as the quadratic
covariation of the two Levy processes is zero.

We consider a financial market consisting of a constant sav-
ing account (zero interest rate) and a stock with its price
process (S,),», defined by the following stochastic differential
equation (SDE):

dsS, = S,(udt + odB,),

where u, o, and S, are constants and o and S are strictly positive.

We assume that the market has two types of illiquidity.

* Proportional transaction costs: These costs are imposed
on an investor when purchasing and selling stocks. There are
two constants € € (0, 00) and € € (0, 1) such that the investor
purchases one share of stock at the price of (1 + €)S, and sells
one share at the price of (1 — €)S, at time ¢, respectively.

* Limited trading opportunities: An investor’s trading
opportunity is available only when the Poisson process (P, ),
jumps. Hence, a larger 1 implies more frequent trading
opportunities on average, resulting in fewer search frictions.

Let Wfo) and Wfl) be the amount of wealth in the saving account
andstock at time t > 0, respectively. Let M, represent the nominal
change in portfolio position at time ¢ > 0, which is the dollar
amount the investor intends to transfer to the stock market. Then,
Wfo) and Wfl) satisfy

t
WP = w0+ [ (@-om; -a+Du)ar,
0

t t
w® = wl + / w(uds + odB,) + / MdP,, (1)
0 0

where the pair of nonnegative constants (wéo), wél)) represents

the initial position of the investor and we use notation x* =
max{+x, 0} for x € R. We assume that the initial total wealth is

strictly positive, w, := w(()0> + wél) > 0.

The trading strategy (M,),, is called admissible if it is a pre-
dictable process and the corresponding total wealth process
W = WO + WO remains nonnegative all the times. Since the
rebalancing times are discrete, the condition W, > 0 for all t > 0

is equivalent to Wfo) >0 and Wt(l) > 0 for all t > 0, imposing a
constraint against short positions. Consequently, an admissible

strategy M satisfies
-w <M <=, >0 )

The above inequalities and w, > 0 ensure that the corresponding
total wealth process W is strictly positive all the time.3

For an admissible strategy M and the corresponding solutions
W© and W® of the SDEs in (1), let X, := W' /W, be the fraction
of the total wealth invested in the stock market at time ¢. Then, the
inequalities in (2) imply 0 < X, < 1. The SDEs for W and X are

dW, = uX,_W,_dt + cX,_ W,_dB, — EM; + eM;)dP,,
dX, =X,_(1-X,)(u-0c?X,_)dt + X, (1 —X,_)dB,

M +@EM; +eM] )X,
Wi_—eM[ —eM;

dp,, (3)

where the initial conditions are W, = wyand X, = x,, := wgl) Jw.

Let T > 0 be a constant representing the terminal time. The
investor’s utility maximization problem is defined as follows: for
agiveny € (0,0) \ {1},

sup E [W"liy] , )]

(Mp)iefo,1] 1=y
where the supremum is taken over all admissible trading strate-
gies.
3 | Value Function

Let V be the value function of the utility maximization problem

(C))

V(t,x,w)= sup [E[W';‘ir Ft] (5)

(My)sefe,] =y

X, W)=(x,w)

The scaling property of the wealth process and the property of
the power function enable us to conjecture the form of the value
function as

1y

V(t,x,w) = — - v(t,x)
-v

for a function v : [0,T] x [0,1] — R. The HIB equation for (5)
produces the following PDE for v:

1=uv(T, x),
0=0,(t,x) + x(1 — x)(u — yo2x)v,(t, x)

# Ry (13) 4 (QE) = (. )

(6)
+A1-y)- SUP,cio1)
(t.y) 1ex \ 1 o
u(t,y +Ex —ex
1y <1+Ey> Loy + <1—§y> Loy |}
where v,, v, U, are partial derivatives and
. (1-y)o” ya-y)oy; . .
Q) := —%(x =)+ with yy o= ﬁ @)
3
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Note that y,, is the Merton fraction, the optimal fraction in the
frictionless market.

Lemma 3.1. There exists a unique v € C**([0,T] x (0,1)) N
C([0,T] x [0, 1]) that satisfies the following conditions:
i. v satisfies (6) for (t,x) € [0,T] x (0,1).

ii. For x € {0,1}, the map t — v(t,x) is continuously differen-
tiable on [0, T] and satisfies

1=uv(T, x),
0=u,(t,x) + (Q(x) — A)u(t, x)
+A(A =) sup oy ®)

~ 1y 1=y
u(t,y) 1+€ex 1-ex
— ( " ) Layy + ( o ) Loy ) -

ii. v,(t,x), x(1—x)v,(¢,x), x*(1 — x)*v,,(t, x) are uniformly
bounded on (t,x) € [0,T] x (0, 1).

Proof. See Appendix A. O

The next theorem provides the verification. Its proof is similar to
the proof of Theorem 3.5 in Gang and Choi (2023).

Theorem 3.2. Let V be as in (5), and v be as in Lemma 3.1. Then,
Jor (¢,x) € [0,T] x [0,1],

1-y

V(t, x,w) = % - o(t, x). 9)

1y
Proof. Without loss of generality, we prove V(0, x,, w,) = “i"— .
-v

v(0, x,). Let M be an admissible trading strategy and (W, X) be
the corresponding solution of (3). Then (2) and (3) imply

0> W, =W, =@M +eM)dP, > =W —cw.
€ = €

The above inequalities imply that there is a constant ¢, € (0, 1)
such that

W, <W,<W,_ for te]0,T]. (10)
Then, (10) and (3) produce
wocl el FSUE(OX - B), < W, < wye FBEGX - B), (1)

where £(oX - B) is the Doléans-Dade exponential of the process

< fot oXSdBS> . Since 0 < X <1, Novikov’s condition implies
t>0

that £(4(1 — y)oX - B) isamartingale. For Z—E‘ =£M4A -y)oX -
Fi
B),,t € [0,T] and a constant b > 0,

E [bee(oX : B)f“‘”] < \/ E[b"] - E [8(UX . B)jﬂ-w]

21, _ 2y
—e 2 EP [e2(3—4y)(l—y)d /() Xxds]

b2-1 5
< e| —— AT+(3-4y)(1-p)lo T. (12)

We combine (11) and (12) to conclude that

sup [E[W,z(l_y)] < . 13)
tel0,T]

Let 7, :=TAinf{t >0: P, =n} for neN and 7, :=0. We
observe that

ifX, =0, thenX, =0.
for € [t,,Tp), 4ifX, =1, thenX, =1. (14)
ifX, €(0,1), thenX, € (0,1).
1y
We apply Ito’s formula to V;‘— - u(t,X,) with (3) and (14), and use
-7
the fact that X, and W, can only jump at ¢t = 7,, for n € N to obtain

1=y

WT
11;1 (T4, X)) =

1—
w.”
™

(T X))
-7

/ (045,00 + 21— 0 (1 — 0P x) 0, 5. )

1-y
o o2x?(1-x)?
+——0,,(s, %)

+ Q(x)u(s, x)) L:x\., ds

+o((1 - y)xv(s!x) +x(1 — x)v,(s, x)))X:XF st>
— ifX. €(0,1),
/ T (5,0 + QEO)u(s, 0)ds

s—
1-y

" ifx, =0,
Tn+1 1y
[ s )+ Qs s + (- vt D)
TVK
ifX, =1,
wir whr
+ ITn;l : U(Tn+1aX‘r,‘+1) - 1%; : U(TnJrl’XrnH—)' (15)

Sincelim,,_, ., 7, = T almost surely, the above expression produces

Wl wlf
X~ 00, 3%)
1 1-y
o
we wo
D G )

T
= / W ((ve(s, ) + x(1 = x)(p — yo2x) v, (s, x)
0

-y

a2x*(1-x)*
U8, %)

+QUAV(S, X)) Lixeoy + V(8 X) + Q)V(S, X)) ireqoy) ds
x=X,_

T
+ / —blvi’y (o(@ = y)xv(s, x) + x(1 = X)v.(s, X)) xe1y
0

+(1 = y)ov(s, Dlgey) ‘x:X an

wl w7
+ Z (: -u(s, X) — e v(s,XS_)>‘

0<s<T

The stochastic integral term above is a martingale due to
Lemma 3.1 (iii) and (13). The sum of jumps term above can be
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written as
T 1- 1-y
WS1 4 1+ex 4 1-ex
-/0 - <U(S y)<( 143y ) l{xsy} + < 1-ey > 1{x>y}>
—u(s, x) o
) =KoYy
where Y : = Wt gince (P; — At)epory is a martingale,

Wy —eM} —eMy
Lemma 3.1 (111) and (13) 1mp1y that the expected value of the above
expression is

TWI_V 1+€x 1=y 1-ex 7
[E/O el WL J’)< ) l{xgy}+<§> Loy,

—v(s, x))

ds| .
(y)=(X;-.Ys)

‘We combine these observations to obtain

[E[‘flf (T, XT)] ~ % (0, %)

T
- / % < (vt(s, x) +x(1 = x) (4 = yo7x).(5,%)

o2 2(1 )2

———0,,(s, ) + (Q(x) — Vv (s, x)
€X 1=
ws) ((12)
-y
1—ex
Ly + (1 Ey) 1{x>y}>> Lire.}

+ <vt(s, x) + (Q(x) — A)v(s, x)

1 =y 1 o

+€x —€X

+/1U(S Y) ( N ) 1{x§y} + <E> 1{x>y}
1{x6{0,1}}>

The above equality and Lemma 3.1 imply that for any admissible
trading strategy M,

ds. (16)
(x,y)=(X;-,Y5)

— - v(0, x,)- 17)

To complete the proof, we construct an optimal strategy M that
satisfies the equality in (17). We observe that the following map is
continuous on (¢, x,y) € [0,T] x [0,1]*

1- 1=y
u(t,y) 1+ex ¥ 1-ex
1-y ( 1+ey ) ]-{xgy} + 1-ey 1{x>y} ’ (18)

&, x,y)

Then, due to Lemma F.2, there exists a measurable function y :
[0,T] % [0,1] = [0,1] such that

~ 1=y 1=y
~ u(t,y) 1+ex 1-ex
¥t x) e argmax ( - <( 1+Ey) Lagyy + <l,gy> 1{x>y}>)'

19

We define a measurable function m : [0,T] X [0, 00) X [0,1] = R
as

w(t,x)—x)

¢ S TR ¢.)
1+ey(t,x)

m(t,w,x) = T s ()

T Hx<p(0}

Let (W,X) be the solution of the SDEs in (3) with M, =
m(t,W,_,X,_), and M, :=m(t,W,_,X,_). By construction, we

have y(t,X, ) = % Then (16), (19), and Lemma 3.1
produce (17) with the equallty Therefore, we conclude (9) and the

optimality of M. |

The next lemma shows that x +— U( 2

is strictly concave and v has

uniform bounds independent of €, g and A. To treat the concavity
part, we define V : [0,T] x ([0, )? \ {(0,0)}) —» R as

V(t,a,b) :=V<t,%,a+b>. 1)

We notice that V(¢t,a,b) is the value function of our control
problem with W(0> a and W =b.

Lemma3.3 (i). For t € [0,T), the maps (a,b) —» V(t,a,b) and

v(tx)
X - are strictly concave.
-r

(ii) There are constants v
that

v > 0 independent of €, €, and A such

v<u(t,x)<v for (t,x)€[0,T]x][0,1]. (22)

Proof. (i) This part of the proof is essentially the same as the proof
of Proposition 3.6 in Gang and Choi (2023).

(ii) Let M be an admissible trading strategy and (W,X) be the
corresponding solution of (3). Then the right-hand side inequality
in (11) implies

1-y T
L < S eh b1 - y)oX - By, (23)
-r

where Q is defined in (7). Since 0 < X < 1, Novikov’s condition

implies that £((1 — y)oX - B) is a martingale. Then (23) implies
dp

that for el P E(@ -y)oX -B),

<t g [e/oT Q%)dS]. (24
The definition of V' in (5), Theorem 3.2 and (24) produce the
following inequalities:

v(0,x,) <elfl=T for 0<y<1,

v(0,x,) > e Q=T for y>1. (25)
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Since M, = 0 for all s € [0, T] is an admissible strategy, we have

1

10 - 0(0, x0) = V(0, X, wy)

1y
>E [ <(1 — X)W, + Xowoe )T+JBT> ]

o2 1=y

= L0, 1l [(1 — X+ xoe("*T)T“’BT) ] . (©6)
1-y 1-y

The following inequalities can be checked easily:

Ifo<y<1,then(1-x+xa)” >1-x+xa'™”
for x € [0,1] and a > 0.

27
Ify >1,then(1-x+xa)” <1+a'”
for x € [0,1] and a > 0.
52
We combine (26), (27), and [ |e!7WF)THI=Br
(1-yX( —ﬁ)T .
e 7 to obtain
APE=LENT == LT
v(0,x,) > 1—Xx, + x€ 27 >e 2
for 0<y<1,
(28)

Yo
1A=y =771

plid
v(0,x) <1+ ST <1 4e

for y>1.
We check that the inequalities in (25) and (28) still hold after
replacing v(0, x,) by v(t, x). O
4 | Optimal Trading Strategy
In this section, we characterize the optimal trading strategy in

terms of the no-trade region. We start with the construction of the
candidate boundary points y and y of the no-trade region.

Lemma 4.1. For each t € [0,T), there exist 0 < y(t) < y(t) < 1

such that
_ u(t,y)
{y(0} = argmax (T2 ).
- u(t.y)
N} = — ). 29
@} a;gﬁﬁX((l_y>(l_gy)l,y> (29)

To be more specific, the following statements hold:

u(L.y)
(1-p)(A+ep)t7
decreasesony € [y(t),1].

(i) Themap y — strictly increaseson'y € [0, y(t)] and

U «
Ifo < y(t) < 1, then y(t) satisfies Ly®) _ Ety®)
-y

14Ey(0)

u(t.y)
A-n)Q-en'7
decreasesony € [y(t),1].

(ii) Themap y strictly increasesony € [0,y(t)] and

x(t o) _ _ ey®)

If0 < y(t) < 1, then y(t) satisfies —— .,
1-ey(t)

Uy (t,x) . —

<€v with v

(iii) For (t,x) € [0,T) x [y(t), ()], —=70 <
appears in Lemma 3.3. )

1-y

Proof. Recall V in (21). Due to Theorem 3.2, the following
equation holds:

u(t,y) 0. L
A=-p)+et=7 ly= - U 14¢
—€n

V(t,1-(1+8m,n) =

(30)

Lemma 3.3 (i) implies that the map 7~ V(t,1-(1+
€)n,n) is strictly concave on 7 € [0, L]. Let n(t) :=

argmax 1 V(t 1-(1+¢€)n,n) be the unique maximizer.

O<n<
Since the map 7N % strictly increases on 7 € [O,;],
the definition of #(t) and (30) imply that the left-hand side

and the statements in

equation of (29) holds with y(1) = 1%”({)
Y=
(i) hold.

Similarly, the following equation holds:

1

4.

V(Ll-(1-emn) = & for nelo, —
(3D

A==t 7
L+en

The strict concavity of 7~ V(t,1—(1—¢)n,n) ensures
the existence of the wunique maximizer 7%(t) :=
argmax 1\ V(t,1-(1-¢)n,n). Then, the right-hand

0<77<—

side equation of (29) holds with y(t) = +([)( 5
]

in (ii) hold.

and the statements

eu(lx) < U (£,x) < eu(t,x) for

We observe that (i) and (ii) imply —

—ex 1-y 1+€x
€ [y(®),y(t)]. Then, we conclude (111) by this observation and
Lemn_la 3.3 (ii).

It only remains to check y(t) < y(t). The inequality holds when
y(t) = 1. Suppose that y(t) < 1. Then, (ii) implies @ <
-7
_eu(ey(®) eu(t,y(1)
1-ey(t) —  14ey(t)
positivity of v. This observation and (i) produce y(t) < y(t). O

, where the second inequality is due to the

In the proof of Theorem 3.2, we construct the optimal trading
strategy via y in (19). The next theorem explicitly characterizes
(t, x) in terms of y(t) and y(t) as defined in Lemma 4.1.

Theorem 4.2. For fixed t € [0,T), the argmax in (19) is a
singleton and J is

y(@© ifx €[0,y(®)
Y, x)=9x  ifx e[y, y0)] (32)
y@) ifx e ()]

where y(t) and y(t) are determined in Lemma 4.1.
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Proof. We rephrase the maximization in (19) as

1- 1-y
v(t,y) ( 1+ex ) Vl + 1-ex 1
max [ = 1-ex
yelol] \ 1-v 143y ey} ey x>y}
- 1-y 1-y
:max{ max <M(H¥> ),max v(t,y)<1—§x) }
yelx1] \ 1=y \1+&y yelox] \ 1-7 \ 1-¢y

(33)
Using Lemma 4.1, we evaluate
) if x > y(t)
o(t,y) ( 1+ex ) 4 1-r - -
max { — | — = _ 14 s
yelx1] \ 1-7 \ 14y olty®) [ 14ex if x < y(t)
1-y 1+Ex(t) pa
|22 if x < ¥(1)
u(ty) [ 1-ex 1y 1-
el W =Yoo (e :
y€[0,x - —€ oey®) [ 1-ex . —
- <1_§<[)> ifx > y(t)
(34)
Since y(t) < y(t), (33), and (34) imply
~ 1y 1=y
u(t.y) 1+4Ex 1-ex
selon) < 1y << 1+Ey> Lo ¥ (1—9) 1{x>y}>>
(Y o
vl 1+ex .
e <_1+EX(‘)> ifx e [O’X(t))
=1 if x € [y(), 3(1)] 35)
1y
u(t,y(t)) 1-ex . —
- <lf§(t)> if x € (y(t),1]

and we conclude that the corresponding unique maximizer is as
in (32). O
Our next task is to provide recursive stochastic representations for
v and its partial derivatives (v, v,,, U;, etc.) to facilitate further

analysis. By applying the Feynman-Kac formula to the PDE (6),
we derive the following recursive stochastic representation:*

. T .
o(t,x) = E [e/; (oa™-t)au / o (-t 0 )

t

oo (e
u(s,y +eX
. — —t 1 X
seton \ 7 ( 14y > @)
1=y
1_£X§t,x)
+(? 1{X§[’X)>y} ds N (36)

where Xs(t’x) satisfies the following SDE:
dx"Y = 201 - 28 - yo?xyds + o1 - 2)dB,,
(t.x)
X = x. (37)

One may also derive the expressions for the partial derivatives of
v with respect to x by taking the derivatives inside the expectation

in (36). These expressions are in terms of XS([’X) and its partial
derivatives with respect to x, which are not explicit: the SDE in
(37) does not have an explicit solution.’

Observe that

1-y
Z = ( 1 ) for x€[0,1), (39)

1-y®)
and A, and Yg“") solve the following SDEs:
dA;, = uA;,ds+ oA, dB,, A, =1, (40)

Ay = Y"1 = Y")u - 02Y " Nds + oY1 - YI)dB,,

Y& = x. (41)

The following lemma is used to justify our later applications of
the Leibniz integral rule.

Lemma 4.3. For nonnegative integers n and m and nonnegative

constants k and |,
I
>] < 00. (42)

Proof. For n € N, direct computations produce

amz{) ¢ gyt

axn

max [E | max
0<t<s<T 0<x<1

axm

oy ag,a-ag !

dxn (xAg+1-x)n+1 ’
5nZ£hX) n 1-y—-n
e = (=) @y = (A — D (RA + 1 X)T
(43)
Observe that
(xA+1-x)X<1+A° for ceR, xe[0,1], A>0,
[A—=1]1°<1+A° for ¢>0, A>0,
UZ 0202 (44)
[E[A;[] < exp << C(M - 7) + T)T)

for ceR, 0<t<s<T.

The expression in (43) and the inequalities in (44) produce

(42). O

Proposition 4.4. Let A, Y and Z" be defined as in (38),
and let L(t, x) be defined by

_ 1=y
v(t,)_/(t))<1:;2)> if xe&0y)],
if xe@O.50). @)

1-y
v(t,i(t))< ) if xe[y,1]

=)

L(t,x) :=3v(t,x)
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(i) For (t,x) € [0,T] x [0, 1], v has the following representation:

T
o6, %) = e 2TVE[Z67)] + 4 / e O | Z0VL(s, V) ds.
t

(46)

(ii) For (t,x) € [0,T)x(0,1), the function L is continuously
differentiable with respect to x and

E1-puty®) [ 1+ex
1+ex

1+Ex(t)

1y
> if xe 0,y
if xe€@@®),y®), 47)
} 1y
_ ) < ex ) i xeFu).

1-¢x 1-65(0)

L.(t,x) = qv,(t,x)

L

For(t,x) € [0,T) x (0,1), v,.(¢, x) has the following representation:

az{
U, (t, x) = e *T-IE [—’ ]
ax

T

(t,x) (t,x)
+1 / e"l(“"”[E[th’x)Lx(s, Y Z 4+ Zr(s, V() | ds.
t
(48)
Furthermore,  v,(t,0) :=lim, v, (t,x) and v (1) =

lim, 4, v, (t, x) are well-defined and finite.

Proof. (i) We observe that (35) and (45) imply

_ 1y
L(t,x) = (1 —y) sup (M ((m) Lyerap

yel0,1] 1-y 1+€y

1-y
1-ex
+ < - ) 1{ye[o,x>}>) : (49)

Let 0(t, x) := e"“% for (¢, x) € [0,T] % [0,1). Then, (6) and
.
(49) imply

0 =0,(t,x) + x(1 — x)(u — 0%x) 0, (t, x)

AL(t,x)
a-0)t-r’

2
+%x2(1 - X)?0,,(t, x) + e (50)

AT

o - o(T, x).
Let x € [0,1) fixed. We apply Ito’s formula to 0(s, Y§‘~")) and use
(50) and (41) to produce

T
—AT 1 —/ISL ,Y(['X) -
- +/ LT )ds=v(t,x)
t

-y -y
T
+ / o(1 =YY (s, Y)dB,. (51)
t

Observe that the expectation of the stochastic integral term above
is zero, because

T 2
E [ / ((1 — Yy g (s, Y§"x>)> ds]
t

T ’ 2
= [ Bl e . a2 06 Va2 e )
; a-x)t-r

ds < o,

where the equality is due to the definition of ¥ and (39), and the
inequality is due to Lemma 3.1 (iii) and Lemma 4.3. Therefore,
(51) and (39) produce (46) for (t,x) € [0,T] x[0,1). Since v €
C ([0,T] x [0,1]), to complete the proof, it is enough to check that

T
lim <e’“T”[E[Z;f’X)] +1 / e HOOE[ 201G, V)| ds)

x11 ¢

T
= e‘A(T")[E[Z(Tt’D] +/I/ e““")IE[ZS’UL(s, Yf’l))] ds.

t

Indeed, Lemma 4.3 and ||L||,, < oo allow us to apply the
dominated convergence theorem above.

(ii) We differentiate (45) with respect to x and obtain (47) for x €
0,1\ {¥(t), y(t)}, and the continuity at x € {y(¢t), y(¢)} is due to
Lemma 4.1. By Lemma 4.1 (iii) and (22), -

Ll < C(E+¢) (52)

for a constant C > 0. We take derivative with respect to x in
(46), and put the derivative inside of the expectation (Lemma 4.3,
IL]l < oo, and (52) allow us to do this) to obtain (48).

Finally, lim, |, v, (¢, x) and lim,4, v, (¢, x) are well-defined because
X @ is strictly concave by Lemma 3.3 (i), and these limits are
-y

finite due to Lemma 4.3, ||L||, < oo and (52). O
The next proposition presents properties
about the boundaries of the no-trade
region.

Proposition 4.5. Recall that we denote the Merton fraction as
u

I =
Yo

(i) Lett € [0,T). If 0 < yy;, then y(t) > 0. If yy; < 1, then y(t) < 1.

(i) If 0 < yy < 1 and at least one of € and € is strictly positive, then
y() < y(0) fort € [0, T).

(ii)) If 0 < yy; and t € [0,T] is the solution of the equation (if a
solution doesn’t exist, we set t = 0)

T T
e = u(1+¢) ewtds[ o=aT 4 2 o v(u,y(w) du \ds,
‘ s (4Eya)'

(53)

then X(t) > 0fort €[0,t) and )_J(t) =0fort €[t,T).

Ifyy < 1andt € [0,T) is the solution of the equation (if a solution
doesn’t exist, we set t = 0)

2 T etz
e=@o'—p [ e 2
7
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sell region

Ym no-tradé fegion

y()

buy region f .

0 t t T

FIGURE 1 | The graph shows y(t) and y(t) as functions of t. The

dashed orange line is the Merton fraction y,, = Lz The parameters are
g

u=020=1y=09, 1=3,¢=€=0.05and T =1. We generate the
graph using (29) and the numerical solution of PDE (6) obtained via the
explicit finite difference method. The mesh sizes for the space and time
variables are 1/10% and 1/10°, respectively. [Color figure can be viewed at
wileyonlinelibrary.com]

T =y
<e-ﬁ<T-S) +2 / e P Iu(u, y(lt))( ()> d“)ds’

where B 1= — (1 — y)u + 2% y) , then y(t) < 1 fort € [0,t) and
() =1fort € [t,T).

Figure 1 illustrates the no-trade region and ¢ and ¢ in Proposi-
tion 4.5.

Proof. (i) Assume that 0 <y, (yy <1 case can be treated
similarly). Lemma 4.1 implies that

Ux([ 0)

+ev(t,00>0 < Y()>0. (54)

The expressions of Y and Z'** in (38), L in (45), and L, in (47)
imply

=A

(t,x)
. tx) _ . Y.
1;%1 Y,V =0, lim— st

limz™ =1,
x|0 dx x]0

(£,X)

. 0Zy _ _ _
lim =— = (1 -p(4, - 1),
. oY)
I;H)IL(I,X) = —(1+EX(r))1*V {X(t)>0} + U(t,O)l{X(t)=O},

. EeEA(NO)]
L.(t,0) :=lmL,(t = —
x( > ) ;E)l x( ’x) (1+EX(I))17}/ {X([)>O}

+ (2, O)I{X(r)=0<y<[)} —e(1 =y, 0)1{y(t):0},

where we use v, (t,0) := lim,, v, (¢, x) in Proposition 4.4 (ii). v >
0 and (54) imply

L‘c(t 0)

L(t,0) > U(t,O)l{ > —eu(t, 0)1{ (z)=0}' (55)

X(t):o} )

We take limit x | 0 in (46) and (48) and apply the dominated
convergence theorem (justified by Lemma 4.3) to obtain

—U’;O’O) +¢ev(t,0) = e M OE[A;, — 1 +¢€]
-, TE €

T
+ /1/ e‘““”(M +E[A,, -1+ e]L(s,O))ds
> £
t

> e M0 (eHT=0 — 1 +¢)

T
2 /t e—/l(s—z)(eu(s—t)_1)(1—§)U(S,O)I{X(S>=O}ds

>0,

where the inequalities are due to (55), v > 0 and i > 0 (implied by
Yu > 0). Therefore, by (54) and the above inequality, we conclude
that y(¢) > 0.

(ii) Suppose that 0 < y), < 1 and at least one of € and ¢ is strictly
positive. By part (i) result, we have y(t) < 1 and y(t) > 0. In case
y(t) =0 or y(t) =1, then y(t) < }(t). Therefore, it remains to
consider the case that 0 < yft) <y(t) <1.ByLemma4.land v >
0, we have

ve(ty(®)  elty®) o) _ olty®)
) g0 1y

(56)

v(t,x) in

The above inequality and the strict concavity of x

Lemma 3.3 imply y(t) < y(¢).

(iii) Assume that 0 < y,; (y); < 1 case can be treated similarly).
Lemma 4.1 implies that
—-eu(t,0) >0 <= y(t) > 0. 57)

ux([ 0)
1—

By the same way as in the proof of part (i), we take limit x | 0 in
(46) and (48) and obtain

”’j“” u(t,0) = e *TVE[A,, — 1 —¢]
Y

T
+4 / e oo (HAlD | 4, — 1 - E]L(s,0) )ds
-v
t

— e—/l(T—t) (e/x(T—t) —-1- E)

T
+/1/ e—ﬂ(s—t)(eﬂ(s—t)_l)(l +9) V(s y() ds
t

(L+ey()~r

T
A=) gus—1) ( Lx(50) )
+A/ e < - —¢eu(s,0) {y(s)=0}ds, (58)

where the second equality is due to y(t) > 0 by part (i). Let f, g :
[0,T] = R be defined as

v(y()
ey

f(t)::e-ﬂ(”x(‘y‘” 2o, o)) () 1= Ae M

85UB01 SUOWWOD A8 8(cedljdde ay) Aq peusenob ae sejoie YO ‘85N JO S9N 10) ARIGIT BUIUQ A8]1M UO (SUONIPUOD-PUe-SULBI WD A8 |1 ARe.d1jBul[U0//:SANL) SUONIPUOD pue swie | 8y} 89S *[6202/.0/vz] Uo AkeiqiTauljuo A8|iM *JO 8Ininsu| feuolieN Ues|n AQ TOO0L eW/TTTT OT/I0P/W00 A8 | Ake.d1jpuluo//sdny wouy papeojumod ‘0 ‘S966/9%T



Then, we can rewrite (58) as

T
f®)=e*(eHT0—1-8) +(1+ E)/ (e#s=) — 1) g(s)ds

T
+ /1/ eﬂ(s_[)f(s)].{f(s)so}ds,
t

where we use the equivalence of f(¢t) < 0and y(t) = 0 by (57). We
differentiate above to obtain -

T
fl)= —/x(f(t) +@1 +€)<€H + / g(s)ds>> = Af(Ol50)<0p-

(59)
We define ¢ as

t :=inf{t €[0,T] : f(s) <Oforalls € [t,T]}, (60)

then the set in (60) is non-empty because f(T) = —ece™*T <0.
Since u > 0 (due to y,, > 0) and g > 0, the form of ODE (59) and
definition of t above imply f(t) > Ofort € [0, t). This observation
and (57) imply y(t) > 0 for t € [0,¢) and y(t) = 0for ¢t € [t,T). To
determine ¢, it is enough to observe that the solution of ODE (59)
fort €[t,T)is

T T
eI F() = (1 + E)/ e(“+’1)3<e‘” + / g(u)du)ds —€cetT,
t N

(61)

If there is no solution to (53), then f(¢) > Ofort € [0,T)andt =0
If there is a solution to (53), then such a solution should be unique

and f(t) = 0. O

5 | Asymptotic Results

In this section, we provide asymptotic results to analyze the utility
maximization problem when both transaction costs and search
frictions are small. For convenience, we assume throughout this
section that€ = ¢ =: € € (0,1) and 0 < y,; < 1. We focus on the
asymptotics of the no-trade region and the value function ase | 0
and 4 — oo simultaneously, and then compare these results with
the already-known asymptotic results in the benchmark cases of
transaction costs only (1 = o0) and search frictions only (¢ = 0).

Our heuristic inspection using the results in Gang and Choi
(2023) implies that the multivariable limits as (e, 1) — (0, c0) do
not exist in general. It turns out that a specific scaling relation

A=c e% for ¢ > 01is relevant to consider, as explained below. For
the log utility and fixed 4 < o0, Section 5 in Gang and Choi (2023)
provides asymptotic results as € | 0. According to Proposition 5.5
and Proposition 5.7 in Gang and Choi (2023), one can check the

following limits:

lim (hm “no-trade regionwidth”) _ 2 £0
A—oo \ €]0 Ae o2

— lim <hm “no-trade region width” )

- €l0 \1-o0 Ae ’

(62)

im (hm “decrease 0fvaluc“> _ oym1-ym)(T-1) # 0
A—>00 \ €l0 Vae V2

= lim (111‘11 “decrease of value” )

€l0 \ 1= ﬁe :

“no-trade region width”
Ae
do not exist in general. On the

Therefore, the multivariable limits lim ;) )
“decrease of value”

Ve
other hand, it is well known in the literature (see Janecek and

Shreve 2004; Gerhold et al. 2012; Choi 2014; Bichuch 2012) that in
the case of transaction costs only (4 = o0), the asymptotics are as
follows:

and 1im(€,/l)—>(0,oo)

1 2
“no-trade region width” = O(e3), “decrease of value” = O(¢e3).

(63)

In the case of search frictions only (¢ = 0, see Matsumoto 2003,
2006), the decrease of value is O(%) and the width of the no-trade
region (WNTR) is zero. We combine this observation with (62)
and (63) and attempt to match the orders. We naturally conjecture
that a suitable relation between € and A for the asymptotics would

satisfy®

1

1 2 2
Ae ~¢3 and \/Ze~e§~2 = A~¢ . (64)

Motivated by the above discussion, we make the following
assumption, which holds throughout this section.

Assumptlon 5.1.(i)Forc>0ande € (0,1), € =c¢and 1=

ce 3.(11) yu € (0,1).

Notation 5.2. (i) Under Assumption 5.1, to emphasize their
dependence on ¢ € (0,1) (with A dependence through the

2
relation A =ce 3), we denote v, Uy, Uy, V;,¥,¥,L, Ly, etc. by

€ € € =€ €
VS, U5, Uk, U5, V6, Y, LS, LG, ete.

(ii) The case of the perfectly liquid market (¢ =0 and 1 = o0)
corresponds to the classical Merton problem, and we denote the
value function and optimal fraction as v° and y,,.

(iii) In the case of search frictions only (no transaction costs, € =
0), we denote the value function and optimal fraction as v°* and
9594 to emphasize their dependence on A.

(iv) In the case transaction costs only (no search frictions, 4 = o0),

we denote the value function and the no-trade boundaries as v7°%,
=TOe TOc

y and y“eto emphasize their dependence on ¢.

As benchmarks for our asymptotic results, we present the
asymptotic results for the cases of transaction costs only

10
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(see Bichuch 2012) and search frictions only (see Matsumoto
2003, 2006).

* In the case where there are no transaction costs or search
frictions (¢ = 0 and 4 = o0), the utility maximization problem
becomes the classical Merton problem Merton (1969);;1971).
The explicit formula and HJB equation for the corresponding
value function v° are

VO(t) = eQomT-D) (1) + Qa)V’(1) = 0, 63)
’ v(T) =1.

* In the case where there are transaction costs only (e €
(0,1) and 1 = o0), the utility maximization problem becomes
the problem investigated in Bichuch (2012). The asymptotic
results are as follows:

1
3

_TO, 12y2 (1-yp)? 1 1
y E(t)=)’M+§<—yM( ) ) €3 +o(e3),
14

1
2 (1— 2\ 3 1 1
YIO<(t) = y,, — 1<1zyM(1 ym) )3 e o(ed),
) S (66)
2
3

—nye? [12y%,0-ym)?
OTOS(t, yo) = VO(t) — a }:}’U ( Vi (1=yn) )
Y

VOOT = 1) - €5 +0(e?).

* Inthe case where there are search frictions only (¢ = 0 and 4 <
), the utility maximization problem becomes the problem
investigated in Matsumoto (2003). The asymptotic results are
as follows:

PSOA(E) = yyy + 02y (1 — y3)2yy — 1) - i + O(%)s

_ 4.2 (1_ 2
05O (t, yyy) = V(1) = T 0T — £) -+ 2+ 0(3).
(67)

Notice that the no-trade region vanishes in this case, $5°*(¢) =

¥ 1) = y oA,

Remark 5.3. As seen in (66) and (67), when only one type of
friction is present, the coefficients of the correction terms (with
respect to the friction parameter) are explicitly determined. In
contrast, Gang and Choi (2023) examines the case where both
types of frictions are present, providing asymptotic results only
for a small transaction cost parameter €, while keeping 1 < o
fixed. Consequently, the asymptotic coefficients in Gang and Choi
(2023) depend on A in an implicit manner, as they are expressed
in terms of solutions to PDEs (see Theorems 5.4 and 5.6 in Gang
and Choi (2023)).

A key motivations for the asymptotic analysis in this paper is to
develop a method for obtaining explicit coefficients by allowing
both € - 0 and 1 — o0, in contrast to Gang and Choi (2023),
where 1 < co remains fixed. As discussed around (62) and (64),
achieving this requires selecting an appropriate curve along
which the limits are taken.

The following theorem is the main result of this paper. Along

2
the parametric curve 1 = ce™ 3 (see the discussion for (64)), the

boundaries of the no-trade region and the value function have
1 2

asymptotic expansions in terms of €3 and €3, respectively.

Theorem 5.4. Let Assumption 5.1 hold and a,,a, : (0,0) —
(0, ) be defined as

3 3
oyym(1-ynm) 3y2c2
= 1 -1},
a(e) Vae <yc3yM(1yM) + )

(68)
y-y)aty2, (1-ym)? 3 ZC% :
ay(c) 1= M 1) +1]
4c yo3ym(1=ym)
Then, fort € [0,T),
—¢ 1 1
Yy @®) =yy+aic)-€3 +o(e3),
1 1
V() =yu —ar(0) - €3 +0(e3), (69)

Ut a) = V() = ay (@O O)(T = 1) - €5 +0(e3).

2
Alternatively, due to the relation 1 = ce 3, the above asymptotics
can be written in terms of A

V(O =y +Vea ) 7 +o(5),
YO =y = Vea(©) 7= +o(7),
Uty = 0°(0) = € ay (VT = 1) -+ +0(3).

The proof of the theorem is postponed to Section 7. One of

the main difficulties in the analysis is the rigorous treatment of

subtle limiting behaviors that do not appear in the benchmark
2

cases. For example, lim, |, v5,(t, x)/€3 depends on the choice of
2

X € [ye(t),ie(t)] in our model, whereas lim,, vif’s(t,x)/ei =0

for x € [ye(t)je(t)]. We present Lemmas 7.3 and Lemma 7.4 to

address these subtle limiting behaviors. Figure 2 illustrates the
asymptotics in Theorem 5.4.

From (68), direct computations using L’Hopital’s rule produce the
following limits:

12y;, (1-yy)*

2
(1-p)ya? < 12y}, (1-yy)* ) 3
—_—
Y

. 1 3 .
fimay(e) = J(BACRE), - fim ante) = S (240

(70)

Aoty ono? - gy

lim \/E a,(c)=0, limca,(c)=
c—0 c—0 2

Using the above limits, we can rephrase (66) and (67) to clarify
the connection of our asypmtotics in Theorem 5.4 with the
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FIGURE 2 | The graphs describe “width of the no-trade region” and “value decrease” as functions of € along the parametric curve 1 = c¢” 3, where

1
the dashed orange lines are their approximations 2a,(c) - €3 and

ay(@u0()(T-1)
1

2
- €3 in Theorem 5.4. The parameters arec =1, u=0.2,0 =1,y =0.9,

-y
t =0.75and T = 1. We generate the graphs using (29) and the numerical solution of the PDE (6), obtained via the explicit finite difference method. The

mesh sizes for the space and time variables are 1/103 and 1/10°, respectively. The graphs are plotted using 10 points of ¢, ranging from 0.0001 to 0.001

in increments of 0.0001. [Color figure can be viewed at wileyonlinelibrary.com]|

benchmark asymptotic results:
_TOe . L 1
W =+ (Jim 1)) - €3 + o),
1 1
YOO = yu — (}l“(}o al(C)) -€3 +o0(e3),

VTOS(t, yyg) = 090) — (Jim 0,00 o OT ~ 1) €5 +ole),

PSOA() = ypr + (Ll_r)% cal(c)) . \/LZ +0(\/LZ), & 21_{% cai(c)=0)

0S4t ypr) = V(0 - (lim e as(@) )0 (O = 1) - 1 +0(3).

(72)

Indeed, Theorem 5.4 bridges the benchmark asymptotics in (66)
2

and (67) through the parametric relation A = ce” 3, where the
case ¢ = oo corresponds to (66) and the case ¢ = 0 corresponds
2

to (67). In this sense, our approach of using 4 = ce 3 unifies the
asymptotics for transaction costs and search frictions.

Section 5 in Gang and Choi (2023) contains asymptotics for
¢, which differ from Theorem 5.4: we let € | 0 and 1 - oo at

the same time through the relation A = ce_g in Theorem 5.4,
whereas 1 is fixed in Theorem 5.4 and Theorem 5.6 in Gang
and Choi (2023). It is also worth noting that the correction
terms in Theorem 5.4 and Theorem 5.6 in Gang and Choi
(2023) are not explicit (in terms of solutions of some PDEs),
whereas a,(c) and a,(c) in Theorem 5.4 are explicit in terms
of the model parameters. Therefore, given model parameters

2
Hu,0,v, 4, €, one can compute the auxiliary parameter ¢ = 1e3 and
use the formulas in Theorem 5.4 to estimate the optimal trading
strategy and value.

6 | Impact of Search Frictions on Trading
Decisions

While transaction costs have been extensively studied in optimal
trading models, the combined effect of transaction costs and
search frictions remains less well understood. In many financial
markets, investors cannot trade continuously but must wait
for suitable liquidity events, leading to execution delays. These

search frictions, modeled as trading opportunities arriving at
random times, introduce an additional source of illiquidity that
may meaningfully influence trading behavior.

Search frictions are present in a variety of financial markets.
In highly liquid environments, such as major stock exchanges,
trading opportunities arise frequently, and the impact of search
frictions is likely to be minimal. However, in less liquid mar-
kets, trading is constrained by counterparty search and market
frictions, leading to sporadic transactions. A notable example
is the over-the-counter (OTC) market, where trading does not
occur on centralized exchanges but rather through decentralized
dealer networks. In OTC markets, the time required to execute
a trade depends on the ability to find a suitable counterparty,
potentially introducing substantial search frictions. For instance,
Ang et al. (2013) analyzes OTC stock market data and reports that
the proportion of days with no trading volume ranges from 0.01
to 0.94 (see their Table 3).

Similarly, Table 1 in Ang et al. (2014) highlights asset classes
characterized by extended intervals between trades, including
corporate and municipal bonds, emerging market equities, and
private equity, where the typical time between transactions may
range from several hours to several weeks.

To account for these variations in search frictions, in the numeri-
cal examples below, we set 1 (interpreted as the annual expected
number of trading opportunities) to range from 4 to 500

A =4, 20, 100, 500. (73)

We impose Assumption 5.1 and Notation 5.2 throughout this
section. Our numerical experiments aim to evaluate whether
search frictions materially impact trading decisions. If transaction
costs alone primarily determine investor behavior, then models
that exclude search frictions may provide a sufficiently accurate
representation of trading strategies. However, if search frictions
substantially alter the no-trade region, ignoring them could lead
to significant misestimation of optimal trading behavior. To
quantify the influence of search frictions relative to transaction
costs, we introduce a measure based on the WNTR, which
characterizes the investor’s optimal trading strategy. Specifically,
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TABLE 1 | The parameters are as in (73), (75), and (76).
o =20% o =50% o =100%
Ae=a ¥y y y-y R Yy y Y-y RO ¥ y Y-y R@
€=05% 4 0.12 63.8% 56.4% 74% 071 62.3% 583% 4.0% 038 61.6% 59.9% 1.7% 0.17
(63.6%) (56.4%) (7.2%) (0.69) (61.8%) (58.2%) (3.6%) (0.35) (60.6%) (59.4%) (1.2%) (0.12)
20 0.58 64.6% 555% 91% 088 63.6% 56.6% 7.0% 0.67 624% 58.1% 4.3% 0.42
(64.5%) (55.5%) (9.0%) (0.86) (63.4%) (56.6%) (6.9%) (0.66) (62.0%) (58.0%) (4.1%) (0.40)
100  2.92 65.0% 55.0% 10.0% 096 64.5% 55.6% 89% 086 63.8% 564% 7.4% 0.73
(64.9%) (55.1%) (9.8%) (0.94) (64.4%) (55.6%) (8.8%) (0.85) (63.6%) (56.4%) (7.2%) (0.71)
500 14.6 65.1% 549% 102% 098 649% 551% 9.8% 094 64.6% 555% 9.1% 0.89
(65.1%) (54.9%) (10.2%) (0.98) (64.9%) (55.1%) (9.7%) (0.94) (64.5%) (55.5%) (9.0%) (0.88)
10* 292 65.2% 54.8% 10.4% 1 65.2% 54.8% 10.4% 1 65.1% 549% 10.2% 1
(65.2%) (54.8%) (10.4%) (1) (65.2%) (54.8%) (10.3%) (1) (65.1%) (54.9%) (10.1%) (1)
€e=1% 4 0.19 65.2% 549% 10.3% 0.77 63.5% 571% 64% 048 623% 592%  3.1% 0.24
(64.9%) (55.1%) (9.9%) (0.75) (62.9%) (57.1%) (5.8%) (0.44) (61.2%) (58.8%) (2.3%) (0.18)
20 0.93 66.0% 54.0% 12.0% 090 65.0% 552% 9.8% 074 63.7% 56.8%  6.9% 0.53
(65.8%) (54.2%) (11.7%) (0.89) (64.8%) (55.2%) (9.5%) (0.73) (63.2%) (56.8%) (6.4%) (0.50)
100 4.64 66.4% 53.6% 12.8% 096 659% 541% 11.8% 0.89 652% 55.0% 10.2% 0.78
(66.3%) (53.7%) (12.5%) (0.95) (65.8%) (54.2%) (11.5%) (0.88) (64.9%) (55.1%) (9.9%) (0.77)
500 232 66.6% 53.4% 132% 0.99 66.4% 53.7% 12.7% 096 66.0% 54.0% 12.0% 0.92
(66.5%) (53.5%) (12.9%) (0.98) (66.2%) (53.8%) (12.4%) (0.95) (65.8%) (54.2%) (11.7%) (0.91)
10* 464 66.7% 53.3% 13.4% 1 66.6% 53.4% 13.2% 1 66.5% 53.4% 13.1% 1
(66.6%) (53.4%) (13.1%) (1) (66.5%) (53.5%) (13.0%) (1) (66.4%) (53.6%) (12.9%) (1)
€=3% 4 0.39 70.3% 49.9% 20.4% 0.89 66.5% 542% 12.3% 063 64.7% 57.0% 7.7%  0.40
(67.8%) (52.2%) (15.7%) (0.83) (65.6%) (54.4%) (11.1%) (0.59) (62.9%) (57.1%) (5.8%) (0.31)
20 1.93 70.9% 49.2% 21.7% 095 682% 52.0% 162% 0.83 66.8% 53.8% 13.0% 0.67
(68.8%) (51.2%) (17.5%) (0.92) (67.7%) (52.3%) (15.3%) (0.81) (65.9%) (54.1%) (11.9%) (0.63)
100  9.65 71.2% 48.8% 22.4% 098 69.1% 51.0% 181% 093 684% 51.8% 16.6% 0.86
(69.2%) (50.8%) (18.4%) (0.97) (68.7%) (51.3%) (17.4%) (0.92) (67.8%) (52.2%) (15.7%) (0.84)
500 483 714%  48.6% 22.8% 100 69.5% 50.5% 19.0% 097 69.2% 50.9% 18.3% 0.94
(69.4%) (50.6%) (18.7%) (0.99) (69.1%) (50.9%) (18.3%) (0.97) (68.8%) (51.2%) (17.5%) (0.94)
10* 965 71.4% 48.5% 22.9% 1 69.7% 50.2%  19.5% 1 69.7% 50.3%  19.4% 1
(69.5%) (50.5%) (19.0%) (1) (69.4%) (50.6%) (18.7%) (1) (69.4%) (50.6%) (18.7%) (1)

Note: The values for y = iE(O) and y = y°(0) are obtained by numerically solving the PDE in (6), with values in parentheses corresponding to the asymptotic

approximations from (69). To compute R(1) in (74), we approximate iTO’e(O) and y79¢(0) using iE(O) and y°(0) for 1 = 10*. The values in parentheses in the
column for R(4) are computed using the corresponding asymptotic approximations from (69).

we define:

“WNTR in a market with both search frictions
and transaction costs”

R(A) =
“WNTR in a market with only transaction costs

and no search frictions”

¥ (0) - y°(0)
=—=— (74)

¥ 75(0) - yTo(0)

The ratio R(1) serves as a measure of the extent to which
search frictions affect the optimal trading strategy. When R(A) is
close to 1, the impact of search frictions is limited, and trading
behavior is primarily dictated by transaction costs. Conversely,
when R(1) deviates significantly from 1, search frictions play a
more substantial role in shaping the no-trade region, indicating
that they should not be ignored in trading models.

Table 1 evaluates the impact of search frictions across different
market environments by computing the boundaries of the no-
trade region @e (0) and y¢(0)), WNTR, and R(A) for varying levels
of annualized volatility o and transaction costs ¢.” The values of
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o and ¢ are specified as follows:
o = 20%, 50%, 100% and ¢ = 0.5%, 1%, 3%. (75)

The remaining market parameters are set as follows:

T=3years, y=3, Yy=60% w=yc’yy. (76)

The values for y = ie(O) and y = y°(0) in Table 1 are obtained by
numerically solving the PDE in (6), with values in parentheses
corresponding to the asymptotic approximations from (69). To
compute R(1) in (74), we approximate il O'E(O) and y79¢(0) using
?E(O) and y¢(0) for a sufficiently large A, setting A = 10*. This

choice is justified by the fact that ym‘(o) and yT%¢(0) in (66)
represent the boundaries of the no-trade region in the absence
of search frictions. The values in parentheses in the column
for R(1) are computed using the corresponding asymptotic
approximations from (69).

Table 1 reveals several key findings from the numerical analysis.
First, WNTR increases with 1. Transaction costs discourage
frequent trading, while search frictions limit the timing of trades.
When 4 is low, trading opportunities are infrequent, requiring
the investor to make large portfolio adjustments whenever a
trade is possible. This urgency results in a smaller WNTR.
As A increases, the investor anticipates more frequent trading
opportunities, reducing the need for aggressive rebalancing.
Consequently, WNTR expands, reflecting greater patience in
trading executing trades. This observation aligns with the finding
that R(1) in Table 1 increases with A and remains bounded above
by 1.

Second, WNTR decreases with o. Higher volatility increases the
risk of large portfolio deviations. When trading opportunities are
limited, a higher o amplifies the risk of the portfolio deviating
significantly from the Merton fraction y,, due to extended waiting
times before the next trading opportunity. In response, the
investor reduces WNTR, opting to rebalance more aggressively to
maintain a position closer to y,, when an opportunity arises.

Third, R(1) decreases with o. The reasoning behind WNTR
decreasing with o applies here as well. Since R(4) measures
the extent to which search frictions affect the optimal trading
strategy and is bounded above by 1 in Table 1, a smaller R(1)
implies a greater effect of search frictions. Thus, Table 1 suggests
that the “narrowing effect” of search frictions on WNTR is more
pronounced for larger o.

Lastly, R(1) tends to increase with c¢ for fixed o. For instance,
when ¢ =100%, some of the (c,R(1)) pairs in Table 1 are
(0.12,0.17), (0.19,0.24), (0.39,0.40), (0.58,0.42), (0.93,0.53), etc.
We also observe that the values obtained from the asymptotics in
(66) and (69) closely approximate those obtained by numerically
solving the PDE in (6), particularly for large 1 and small €.

The asymptotics (66) and (69) provide a natural approximation for

R(1)
3 3
2. oym(1-ym) 3y2c2 +1 _1
Vae yo3ym(1-ynm)
R(A) ~ . (77)

1
(M)3
14

Figure 3 illustrates the approximated values of R(1) in (77) as a
function of ¢ for the varying levels of o. The approximation sug-
gests that R(4) increases with ¢ and converges to 1, consistent with
(70). This result provides a quantitative measure of the impact of
search frictions on WNTR. For instance, the figure indicates that
WNTR is reduced to, less than half due to search frictions when
approximately ¢ = €34 < 0.04 for o = 20%, ¢ < 0.25 for o = 50%,
and ¢ < 1 for o = 100%.

7 | Proof of Theorem 5.4

We prove Theorem 5.4 in this section, starting with some
technical lemmas. We use Notation 5.2. Under Assumption 5.1,

by Proposition 4.5, there are f,?e € [0, T) such that

0<y(M<1 if telor) [o<F@®<1 if tefor)
Y =0 it tels,T) \y(@©)=1
(78)

The following lemma estimates the location of t° and 7.

Lemma 7.1. Let Assumption 5.1 hold. Then, there are ¢, > 0 and
C > C > 0 such that

—€

t,t €[T—Ce, T—Ce] for e€(0,¢)

Proof. We prove the inequalities for ¢ (f6 can be treated by the
same way). Considering the lower bound of v¢ in (22), for small
enough e, there exists t° € [0, T) that satisfies (53). Hence,

T T
ce'T =u(l+e¢) ewtds[ o=AT 4 7 PR ACA I P
€ s (1+£X5(u))1*7

T T
< Cu(l+ e)/ e“‘*’m(e” + /1/ e’“‘du)ds
[ s

=C(1+e)(er —e),

where C > 0 is a constant independent of e. This implies that
there exists €, > 0 such that

£E§T+lln<1— >5T—5e for €€ (0,¢],
M

C(1+¢)

where C >0 is a constant independent of ¢ and the second
. . . . In(1-x)
inequality is due to lim,, =-1.

X
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FIGURE 3 | The graph shows the expression in (77) as functions of ¢ for varying o (blue, orange, green lines for o = 0.2, 0.5, 1). The common

parameters are y,; = 0.6 and y = 3. [Color figure can be viewed at wileyonlinelibrary.com]

Similarly, for small enough ¢, (53) produces
T
ce!l > u(l+¢) / DT g — KI¥S) poir (e®HT — gty
e +2

This implies that there exists ¢, > 0 and C > 0 such that
4> T+ Lln(l— M) >T—-Ce for €€ (0,¢)],
- U+ u(l+e) -

D0 _ _1 and the

where the second inequality is due to lim,,

2
relation 1 =ce¢ 3. O

Before we start to prove Theorem 5.4, we list three technical
lemmas whose proofs are provided in the appendices.

Lemma 7.2. Let Assumption 5.1 hold.

(i) There exist a constant C > 0 independent of (t,e) € [0,T) X
(0,1) such that

1
Ce3
min{LA(T—)}

@ =yl [FT@ 3| [T O -y < (79)

F(O-y0)
= >0.

w1

(ii) For fixed t € [0,T), lim_

(iii) There is €, > 0 such that for (t,e) € [0,T] x (0,¢,], we have
—€
YO <yu <y @

Proof. See Appendix C. O
Lemma 7.3. Let Assumption 5.1 hold.

(i) For (t,e,x) € [0,T) x (0,1) x [Xe(t),)_ze(t)], there is C > 0 inde-
pendent of (t, €, x) such that

[vs(t, %) £ Ce, (80)
|o“(t, x) - 0°(0)| < Ce?, (81)
it %) — 0°(0)] < c(e§ +0o=p?)- (32)

(ii) For fixed t € [0,T),

vE(t,x1)—VE(t,x7)

lelg)l sup 5 =0, (83)
x1,02€[y O 0] €3
€ €
leigl sup Sl vita) ;‘ ol f o, (84)
x1x0€lye (0.5 (0] €3
Proof. See Appendix D. n

Lemma 7.4. Let Assumption 5.1 hold and G*(t,x) := x*(1 —
X)HVM' Let t €[0,T) be fixed, h(z) := f and x. €
-y ez

[Y*(6), Y (©)]. Then,

Ge(t,x.) + yy,(1 — yp)" 7 ya?v’(t)

E0)

N TR 10
—/ Gé(:,h(z))z—”e s zlg, 2o,
2(0) ”

where z°(t) := h™'(y*(1), Z (t) := k™'Y (1) and z. := h~'(x,).
Proof. See Appendix E. O

We now proceed to prove Theorem 5.4. The proof consists

of three steps. Throughout this proof, C >0 is a generic

constant independent of (¢, s, x,€) € [0, T) X [t,T) x (0,1) x (0,1)
2

(also independent of 4 due to relation 1 = ce 3) that may differ

line by line.

Lett € [0, T) be fixed. Since 0 < y,, < 1, Lemma 7.2 implies that
for small enough € > 0,

0<y(t)<yy < }E(t) <1.

In the end, we are interested in the limiting behaviors as € | 0.
Hence, we assume that € > 0 is small enough and the above
inequalities hold.
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Forx € [ye(t),)_/e(t)], using L¢(¢, x) = v°(t, x) and (65), we rewrite
(6)as

0 = vi(t, x) — vY(1) + Q) (vE(t, x) — V(1)) + L’ (D(Q(x) = QYx))
+x(1 = x)(u — yoix)vi(t, x) + Mvix(t, X)
for x € [y*(6),y (®)]. (85)

Step 1. We define I°(¢, x) as
I(t,x) 1= G(t,x) = y(1 = yp ) " 0(DACx = yu ),
where G is as in Lemma 7.4. We multiply % to (85) and obtain
-y

AW (£,x)—0 (1))
1-y

ycr2 1-x 1=
(1)
2 1-ym

+x(1 = x)(u — yo’x) ==

A0, x) UO(I))

0= +Q(x)

- 1) V(DA(x — yy)?

2
‘”x(’ 2 2 (1= )T X)

for xe [Xf(t),f(t)]. (86)

The above equality with x = y,,, together with Lemma 7.2 (i) and
Lemma 7.3, produces

A (Eya)-07() +Q( )i(vs(t,ym)—v“(t))

o? 1=y 7e €lo
M + =0 = yp) I, i) — O,
1-y 1-y 2

(87)

10
sup  |I5(¢,x,) — I(t, x,)| — 0. (88)
x10€ly< (0,5 ()]

Let h, x, z, z°(¢), Ee(t) be as in Lemma 7.4. Note that y*(¢) < x, <
ie(t) andz°(t) < z, < Ze(t). Sincez € [ge(t),f(t)] isequivalent to
h(z) € [y*(t),¥ (t)], the convergence in (88) produces

N
/1 *T|Z Zg\dz

z (1)
/ (0, () - 1t )| 22

28(0)

< sup
x1x€lyE (0.5 (0]

IE(t, xp) — I5(t, x)

z (t) €10

V2 ‘*'z gy — (89)

=0 ¥

where we also use the following observation for the convergence
part above:

‘(0
: \/7L —*IZ zEle
2(0) 20
Vi, V2,
=1- %<e_?(zf_5 (t)) +e o ( ® E)) <1. (90)

We combine Lemma 7.4 and (89) to obtain

It x) + 71 — yp Y 00 (0OAx, = ya)* + i (1= yu) T ya0°()

z (1)
- / (I5(t, x) + y(1 = yp ) 0 (OAR(Z) = ¥y )?)

25(0)

Vor, !
Vo ez g, (1)

20

Using the explicit form of the integral in (90), the above
convergence can be written as

: <9_@(%‘5€(”) + e‘@(;m_ze)%e(t, x.)

€l0
+ 71 = )OI (t, x.) — 0, (92)
where J¢(t, x) is defined as
Pl0)
J(t,x) 1= Ax — ypy)? — /

z5(0)

+ oy, (1 = yy)* (93)

In (92), we substitute x, = }E(t) and x, = y°(t), then subtract the
resulting expressions to obtain the following equation:

! (ag(f@-ﬂ”) + 1) (Fe¥ @) - Fey)

7= Y 0O (5@ ) = @y ©)) = 0. (94

We combine (88) and (94) and conclude that
—€ €lo
T,y (1)) = Jo(t, y*(£)) — 0. (95)

Letz,, := h~'(y,). Observe that(79), 7 (¢) = h(z (t)) and y*(¢) =
h(z:(1)) imply -

Z(0) - z5(0)] « —=——. (96)

T min{LA(T-1)}

Then, h(zy) =y, W(z) = h(z)(1—h(z)), A =ce: and (96)

imply

€l0
sup VA |h(z)) = h(z,) = yu(1 = 3z - 2)| — 0,
21226l (0.Z ()]

97

sup A [(h(2) = y)? = ¥, = 9Pz = 2P| < 0. (98)

ze[z¢(0.2°(1)]

The limit in (98) and the bound in (90) produce

z (1)
/ M@ =3P = =P =) (99)

25(0)

Ve 10
‘i—ﬁe s zlg, 2o, (99)
g

From (95), we obtain the following:

0 =lim (Je(t,f(t)) - Jf(nf(ﬂ))
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= tim (AG7(0) = y)* = 205 =y
Z(1)

Sy / Az - 2,7
z6(1)

o <e_@|z‘zi(”’ —e ol ) dZ>

=tim (2(5® - y®) (F O + ) - 20 )
- -0 (EO-20) (FO+20 - 224

+ 3= VA(F O + 20 - 22,
V2a ¢ — 3
_E2E0-r0) \( o, ViEo-zw
(o) ()
VB e e .
—tim (1= FEE D) VA0 + 0 - 200

VA(F 0y 0) | opyaomm)
< e ), (100)

where the second equality is due to (99), the third equality is due
to integration parts, and the last equality is due to (97). Lemma 7.2

2 €
(i), (97), and A=ces imply lim V2 (z (t) - gf(t)) > 0.
Therefore, (100) implies that \/Z (}e(t) + ye(t) — 2yM) — 0ase |
0. We rephrase this observation as

=€y — Vet
lim<y(t) Y P 12()>=o. (101)

€lo

€3 €3

In other words, asymptotically, the no-trade region is symmetric
around the Merton line.

We substitute x =y, in (93) and x. =y, in (99) and use
integration by parts to obtain

Z() VA
0=tim (G 43w [ Az
€ 2() g

V2
e e FEmlgy oy, (1 - yM)z)

where we apply (97), (98), and (101) to obtain the last equality. We
substitute x, = y,, in (92) and combine with (102) to obtain

2
VAGE 0=y () -
TE(t,yar) + 7 (L= yyrY 7 00(0) (( e
2 V2
+c72y12\4(1—YM)2 ) 2} 0.
. _2
By (87), the above limit and 1 = ce™ 3, we conclude
0 = lim <c<vf(t,yM>—v;’(z» 4 SO 1)
- 2 2
€lo -3 (-pe3
. ~ 2
_ya?’m <\ﬁ@ (O-y*() + ayMu—yM)) + o2y3, (1-ym)?
. .
2 23 V2 2
(103)

Step 2. We inspect the integrals of the terms in (85) with respect
to x, from y¢(¢) to )_)E(t). By the mean value theorem, there exist

xixr e [ye(t),)_/e(t)] such that

/y © Uf(t,x)—u?(t) dx — Uf(t,yM)—U?(t) . f(t)—f(t)
2 T
o e

(1-y)e3 €3

¢ *\_ o€ F(O-yE(t €lo
_ U Utgl’yM) o 1X ® -0, (104)

(1-y)e3 €3

SA0) —
/ M R ) QUuA(UF ) —2°0) T D=y ()
dx — 2 : T
y

<) (e (-3 &3

s

Y (e (8,2 )—00(t € (t,yp)—00 (¢ Y (O)-y5(t) €lo
_ (a(x; (v x63> 0) QU yMg) v (>)> EACRL
(1-y)e3 (1-y)e3 €3

(105)

where the convergences are due to Lemma 7.2 (i) and Lemma 7.3.
By (101), we have

—€

3
/ 7O 000-aom A4 % («Vs(f)*ﬂﬂ)
v (1-y)e 24 E%

3 3 3
2 (= (- FO-y 10
__r <y(t)1yM> _(X()lyM> _l<y()lg()> Y

6 3 3 4 &3

- (106)
i .
= lim (J (6 yu) = Y2 (1= ) (6_7(”“ ®)
€lo By (80) and Lemma 7.2 (i), we obtain
(A(ZM—de(f))z N a\/I(Z\%—ze(t)) N %2 > o i By
x(1=x)( u—yo*x )os(t,x —€
| / #dq < C|y ® -y (O] — 0. (107)
—¢ —c —c Xs(t)
e B Ow) <A<z (t)z—zM)2 L ovia \/(;—zm N %2 ) ))
By integration by parts and Lemma 4.1,
A ¢ A (=€
= lim (]s(t,yM) _ (e—@(ZM—Z ®) " e—\/u—;(z (t)—zM)> .
€10 / PO i _ 0T R )
- = —<
(/1@%)—360))2 L VIGO0 ©) | o )) 0] e A @
8 2v2 2 ’
V2 102 YO Ay Oy )
(102) 2(1+¢y%(1))
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Fo
o2 x(1-x)(1-2x)vs.(t,x) €lo 5
- —_— 2 dx — —0? 1-— 200(¢ .
[, e V(= 0

(108)
where the convergence is due to Lemma 7.2 (i) and Lemma 7.3 (i).

Now we integrate the right-hand side of (85) with respect to x from
YE(t) to ie(t) and multiply it by ﬁ, then apply (104)-(108) to
z e

obtain the following:

T
€l0 3

0 =lim <<c<vf(r,ym>—v?<z>J " c@(nyUs(r,yM)—uO(n)) FO-y0

2 2
(1-p)e3 (1-y)e3

—£ 3
2,0 —y€
-0 <—y - m) —co?yy (1 - yM)ZUO(t)>. (109)

24 &3

Step 3. We multiply ACaA) to (103) and subtract (109) to obtain

1
€3

€lo 12 3

c 3
. g ¥ (O)-y<) \ﬁ ywm(A=yar)
0=11m<—i< = + ”\45 ) +eyi(1—yy)?
yo3yy, (1-ya)? )
3y/2c
The above equation implies that

1

+1> —1]=2a,(c).

—£ E
lim y (t)—l}f(l) _ V2oyy(=yar) 3y2c2
el .3 Ve yo2ymA-yum)

(110)

We conclude the desired asymptotic result for ie(t) and y¢(¢t) by
the above equation and (101). B

It remains to prove the asymptotic result for v¢(¢, y,,). Using (65),
we rewrite (103) as

2
8 [ QUM ELy)-0W) | yo2e0mT (T O-¥ O | oyu-y)
= 2 - 1 + X
at -y’ 2 03 Vae

202 (1 2 €lo
%y (1=ym) ) 0
2¢

+ (111)

Then, (110) and (111) imply

3 QUM (E (0 )—00 (1)) O]
hrgl 5t ( 2 = 1 ’
el a-7)e3 ~r

The bounds in Lemma 7.3 (i) enable us to use the dominated
convergence theorem as below:

T
M0 () / lim 2 <eQ<VM>S<uf(s,yM)—u°<s)>> ds
t

2
1-y €l0 ds (-p)3

T
=lim [ £ <eQ(VM”(uE(s.m;)—u%s») ds
€lo ¢ ds (=p)3

V() -0 ()

— _eQ(YM)[ . lim s
S0 )3

where the last equality is due to vé(T,yy) =v%(T)=1. We
conclude the desired asymptotic result for v¢(t, y),).

8 | Conclusion

This paper investigates the optimal investment problem in a
market with two types of illiquidity: transaction costs and search
frictions. Building on the framework established by Gang and
Choi (2023), we extend the analysis to a power-utility maximiza-
tion problem. Our main contribution is the development of a
novel asymptotic framework applicable when both transaction
costs and search frictions are small (¢ <« 1 and i« 1). We derive
explicit asymptotics for the no-trade region and the value function

along the parametric curve 4 = ce_g for ¢ > 0. This approach
unifies the existing asymptotic results for models with only
transaction costs or only search frictions, providing a coherent
methodology for handling both types of illiquidity simultane-
ously. Additionally, our framework offers explicit expressions
for the correction terms, facilitating practical computation of
the optimal trading strategy and value. Our asymptotic analysis
provides insights into the limiting behaviors not present in
models with only one source of illiquidity. As a future research,
we plan to extend our results to a multi-asset model.
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Endnotes

IKyle (1985); Back (1992); Foster and Viswanathan (1994); Choi et al.
(2019) have explored how asymmetric information affects price impact
and optimal trading strategy in equilibrium, while Almgren and Chriss
(2001); Gatheral and Schied (2011); Predoiu et al. (2011); Robert et al.
(2012) have examined optimal order execution problems with given
price impacts.

2This lack of explicit expression is the main weakness of the asymptotic
results in Gang and Choi (2023). Additionally, the asymptotics in Gang
and Choi (2023) are only for small e, with fixed 1.

3The strict positivity of W; is discussed in Gang and Choi (2023),
footnote 7. For completeness, we include the explanation here. Let
7, :=inf{t >0 : P, = n} and 7y = 0. For 7,, < t < 7,,,1, the dynamics

02
(1) produce W, = Wf.(n))er(t_rﬂ) + ng)e(#*7)(t—rn)+a(Br—Brn)' W, _ >

0, WS;), >0, Wg,), >0 and (2) are satisfied, then W, >0, Wg? >0
and ng) > 0 hold. By this way, we can inductively show that W, >
0, WE? > 0and ng) > 0 for all n, almost surely. Now the expression of
W, above implies that W, > 0 for all ¢ > 0, almost surely.

4The representation in (36) is recursive because it involves v itself.
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SFor example, vy, is expressed in terms of (X, %Xf’x), %Xf’)‘)).
These processes satisfy a 3-dimensional SDE with Markovian structure,
but the solutions are not explicit. In contrast, the processes (Y§""), th’x))
in (38) and their partial derivatives with respect to x are explicit, as
shown in (43).

For the detailed analysis in later sections, it is more convenient to express
v and its derivatives in terms of explicit stochastic processes rather than
of using the expression (36) involving X§t‘x>. To this end, we define Ay,

YS”‘), and th'x) forx € [0,1]and 0 <t < s < T as follows:

2
g
Ay = W TDHOBB

) ._ _xAy a8
YS T XAg+1-x € [0’ 1]’ ( )
1—

70 = (xAg +1-x) > 0.

These processes are explicit because their dependence on x is straight-
forward, allowing for easy computation of their derivatives with respect
to x. Subsequently, recursive expressions for v and its partial derivatives
are derived in terms of these explicit processes.

5Ekren and Muhle-Karbe (2019) investigates a model incorporating both
temporary and transient price impacts, presenting asymptotic results
for the joint limit as both impacts diminish. To obtain nontrivial limits,
Ekren and Muhle-Karbe (2019) appropriately rescales the price impact
parameters. In this sense, our consideration of (63) shares a similar
motivation with the asymptotic setting in Ekren and Muhle-Karbe
(2019).

In our model, the proportional transaction cost € applies symmetrically
to both buying and selling. Consequently, our setup is comparable to
the model in Bichuch and Guasoni (2018), where transaction costs are
imposed only on sales, but with adjusted cost level of 2¢. In this sense,
€ = 3% in our model corresponds to a one-way transaction cost of 6% in
Bichuch and Guasoni (2018), which is within the range observed in real
estate markets.

8 Alternatively, considering the maximization problems in (29), one may
apply a suitable version of the envelope theorem to obtain the result.
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Appendix A: Proof of Lemma 3.1

In the proof, we assume 0 < y <1 (the case of y > 1 can be treated
similarly). Let a :=max,e[o1] Q(x) where Q is in (7), h(z) := 15;7
and C,([0,T] x R) be the set of all bounded (with the uniform norm)

continuous functions. For f € C, ([0, T] X R), we define ¢(f) as

$(f)t,2) = E [e“TefrT (@ -2-a)du

T s (6,2)yy_4_
+2 / o (Qu -2 “)d“Kf(s,Yg“Z))ds] . (AD
t

where K is

L ) (13T
Ky(1.2) 1= sup O 0) with 8.6) = (F58)  leen

-r
1-ch(z)
+ ( —eh(©) ) 1{§<z} (A.2)

and Y§[‘Z) for (s, z) € [t, T] x R is the solution of the following SDE:

2
dy®? = (u -Z+a- y)crzh(Yit’z))>ds +odB,, Y=z (A3)

Since K i and Qoh are bounded and continuous, one can check
¢(f) € Cp([0,T] x R) by the dominated convergence theorem. From the
definition of a, we observe that for z € R,

—o0o < min Q(x)—1—-a<Q(h(z))-A—a< -1 (A4)
x€[0,1]

We check that ¢ is a contraction map: for f1, f, € Cp([0, T] X R),
T
I$(f D) = ¢(Flleo <A / e sup | f1(s,6) = fals )| ds
t ¢eR

<A =eIf1 = falleos

where the first inequality is due to (A.4) and ||g||, < 1. Therefore, by

the Banach fixed point theorem, there exists a unique function f €
Cp([0,T] X R) such that ¢(f) = f.

1
LemmaA.l K; € C2"'([0,T] xR).

Proof. Throughout the proof of this claim, C > 0 is a generic constant
independent of (¢,s,z,8) € [0,T] x [t,T] x R x [0, 1] and paths. For § €
[0,1]and t € [0, T],

Ki(t,2+8) = K;(6,2)] < If oo - sup gz + 6,0) - g(2,$)| < €5,
¢eR
(A.5)

where the second inequality is due to || z—g |l < 0. By SDE (A.3), for s €
zZ
[t, T], we have
Y§l+5,z) _ Y§1’2>

t+8
<loB-Bup)- [ (k=2 +A=Po ) )du
t

N
#1 [ @=pe (o) - el
t+8

av).

We apply Gronwall’s inequality (see Lemma F.1) to above and obtain

N
< C<|BH5 —B|+6+ / |Y{j*5’2) -y
t+6

|Y§t+5,z) _ Y§[,z)

< C(|Biys — Bi| +6). (A6)

Using (A.4) and (A.6), we produce the following estimate: for s € [t,T]
and é € [0,1],

. [’e/[s (Q(h(Y](lz,z))),,l,a)du _ e/fié (Q(h(Y,(lHE'Z)))—/l—a)du

<CE [| /s (Q(h(ij'Z))) . a)du
t

N
- / (Quacr{ ) -2 - a)du\] <cvs, (A7)
t+6
where we also used || iZQ(h(z))lloo < oo for the last inequality. Similarly,
(A.5) and (A.6) produce

E HKf(s’ Y§t+5,z)) _ Kf(s, Ygt,z)) YEHE'Z) _ Ygt,z)

Jscel

]SC\/E.

(A8)
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For 6 € [0,1] and (t,2) € [0,T] X R, (A.4), (A.7), and (A.8) produce
|$(1)e+0.2) - (Nt 2)| < V. (A9)
The above inequality implies that
|kt +6,2) - Kp(1,2)| < up |ft+38.- 7o)

= sup [¢(/)(t +8.0) - 3. 0| <€ Ve.
{erR

1
We conclude KfECE’l([O,T]XR) by the above inequality and
(A.5). O

Let a €(0,1) be fixed. Lemma A.l1 and Theorem 9.2.3 in Krylov
and Society (1996) guarantee that there exists a unique solution f €

' 22*([0, T] x R) of the following PDE:

0=Fi(t.2)+ (k= +( =1 ) fot,2) + S f2a(t,2)
+Q(n(2)) = 4 — a)f(t,2) + AK (¢, z)
f(T,z) =T
(A.10)

By the Feynman-Kac formula (i.e., see Theorem 5.7.6 in Karatzas and
Shreve (2014)), we have f = ¢(f) = f.

Observe that h can be continuously extended to z = +o0 as h(o0) := 1and
h(—o0) := 0. Then,

lim e {1, 2) = lim e~ ¢(/)(t,2)

T 1y
= eQU)-AT-1) 4 /1/ Q-6 gup [ 708 f(s, §)< - ) ds,
t ¢eR Eh(f)

where the last equality is due to the dominated convergence theorem.
Therefore, we continuously extend f to z = +oco0 and the above equality
produces

0 =2 (74 (t,00)) + QD) = D) (e f(t, )

1-y
+ A;up <e af, §)<1 sh@)> ) (A11)

We can treat lim,_,_., e~ f(t, z) by the same way and obtain

0= 2 (e i1, ~00)) + (QUO) = (e~ f(t, ~o0)

—at 1-y
+/1§1€1£< fe. §)<1+eh(§)) ) (A12)

We set v(t, x) = e~ f(t, h"}(x)) for (¢, x) € [0,T] x [0,1]. The PDE for
f in (A.10) implies that v satisfies (6) for (¢, x) € [0,T) x (0, 1). We check

(ii) by (A.11) and (A.12). To check (iii), since f € C'*22*%([0,T] x R), it
is enough to observe that for z = h™1(x),

v (t, x) = e (f,(t,2) — af(t,2)),

x(1 = x)vy(t, x) = e~ f,(t, ),

x2(1 - x)zvxx(t, x) = e—at (fzz(t, Z) - (1 - 2x)fz(t, Z))

Appendix B: Preliminary Analysis for Section 5

This appendix is devoted to presenting and proving preliminary asymp-
totic results used in the proof of the lemmas in Section 5. As in Section 5,
we set € =¢ =¢ € (0,1) and assume that yy € (0,1). Recall that Ay,

v and z{ are defined in (38).

Lemma B.1. Let C > 0 be a generic constant independent of (t,s,x, 1) €
[0,T]x [t,T] % (0,1) X [1, 00) that may differ line by line.

(i) For nonnegative integers n,m, k, |,

N4 1
E omzE) ory
axm oxn
0, m>lorn>2

+{xl, m=0andn=0 (B.1)
1, m=0andn=1

<C(s—t)

In particular,
2 (t.x)
[EHZS"‘) ] <1+C(s—1t), [E[ 5(92;2 H <C(s—1),
(1.x)
[E[aL]gc S—1. (B.2)
dx

(ii) Let neN and F:[0,T]x(0,1)—>R. Suppose that
y F(t,y) is piecewise continuous for each te€[0,T] and
SUP(, yeforixo1) |V = Y)'F(t,y)| = Cr < oo. Then,

T (t%)
i(/ Le—AMs—DE |:Z§t,x)(ayx ) F(s, Y(t X)):| dS>
ox ‘ ox

(iii) Let F : (0,1) - R be a continuous function. Suppose that F' is
continuous on (0,1), F"" is continuous on (0,1) except finitely many points,
the left and right limits of F"' exist at the discontinuous points and

ccpVa
= Ga—or

(B.3)

esssup (|FO)| + [y = »F'0)| + 21 - yPF'O)]) < 0. (BA)
ye(0,1)

Then, the derivative below exists and

< (|om - 0Fe)|

(t,x)
X [azs F(Ygt,x))]
ox

ot
+xa - x)F’(x)D +CGs—1), (BS)
E [ 2 ey ’”)] (Jow = 0Fc0
+‘x(1 - x)F’(x)D (s—1)+C(s =12 (B.6)

Proof. Throughout this proof, C > 0 is a generic constant independent of
(t,8,x,1) € [0,T] x [t,T] x (0,1) X [1, 00) that may differ line by line.

z‘ 9 any 0
7) using
the expression in (43) and the SDE for AE’ ) in (40), then we apply the

inequalities in (44).

(i) To obtain (B.1), we apply Ito’s lemma to (

Since Z; () 0, we obtain the first inequality in (B.2) by (B.1) (with m =
n =0,k =1and! = 0). The expression in (43) and (B.1) (withm =2,k =1
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and [ = 0) imply

|

Holder’s inequality and (B.1) (with m = 1, k = 2 and [ = 0) produce the
last inequality in (B.2).

52 Z(t X)
ox2

] <C(s—1t).

]—sgn(y—l) [E[

(ii) The probability density function ¢(y; s — t, x) of YE""’ is calculated as
p(re )

2
o~ (G- (22)) )
oy(1-y)y/2m(s—t)

= (s —6x) =95 -1,%)
(e (1)
o2x(1-x) K s—t (1-y)x :
‘We use the expression above to obtain
e (=) (292 s yptris - 10 )|
0 ox 1-y x(1-x) V)P ’
1 1-y n
_ 1-x ya-y)
- A ( 1-y ) (x(l—x) ) lF(S’y)l

. 1 f _ y(l—x)) _ n(1-2x)+x(1-y)
a2x(1-x) ( Bt —t —n ( (1-y)x ) x(1-x)

p(y;s—t,x) i=

- o(y;s —t,x)dy
1 oy B
- ¢ [th 0 (00 ) _ ey )
| BBy

|

-n—-x(1-y-2n)

a(s—t)

c-Cp

< - F
= -0yt (B8)

where the inequality is due to (B.1) and Holder’s inequality. This implies
that

1 1-y n
9 1-x y(1-y) e
‘/0 ox << l—y) (x(l—x)) F(s,y)qa(y,s t’x)>dy

(tx
1 [E[Z([x)ay (Y(”‘)(l Y(tx))) F(S,Ygt,x))

T w7 Tex

(B‘_B[—n x(1-y - 2n))]

o(s—t)

is well-defined and continuous in x. Therefore, together with the estimate
(B.8), we validate the interchange of integration and differentiation
below:

T (t.x) "
;( / le““)[E[Zit‘x)(aY" ) F(s, Y§"x>)] ds>
X ‘ ax
/ Lo t)/ i( 1 X ) (yg ”) F(s,y)p(y;s —t, x))dyds

< CCVR
CREES N

@

where the inequality is due to (B.8) and Lemma F.3. Especially, when n =
1, we have

T (t,x)
9 ( / Ae~As-OF [zgww; F(s, ng)] ds
ax f ax

! /Ae-m '>[E[z<"‘)‘aY F(s, Y(”‘))<B B‘) 1+x(1+y))]ds

x(1-x)
(B.9)

L B ) = f(Ay) with (@) = (1 - p)a -
) The conditions for F allow us to apply Ito’s

(iii) By (43), we have 2
D(xa+1-x)" VF( —
lemma (see 6.24 Problem in p. 215 of Karatzas and Shreve 2014) and obtain

FAyrg) = / g(Ayo)du + / F(Aug)oAygdB,,
0 0

where g(a) := f'(a)ua + if”(a)azaz. The inequalities in (44) and (B.4)
imply that the stochastic integral term above is a square integrable
martingale. Therefore,

(£,x) s—t
E[%F(Yﬁ""))] = ELf(A;)] = E[f(As10)] = / Elg(Ay0)ldu
0

We differentiate above with respect to ¢, apply Ito’s lemma and use the
inequalities in (44), then

2

(t,x)
EE[aZg—wai“’")H = [Elg(as 0| < lg@I+CGs = 0. (B10)

Since g(1) =y(1 —y)a?(ypy — X)F(x) + (1 — y)a?x(1 — x)F'(x), (B.10)
implies (B.5) and (B.6). O

Recall Notation 5.2 (ii) and (iii). When e = 0 and A = oo, the value function
is vO(t) in (65) and optimal fraction is yy; = }% When € =0 and 1 <

o0, we denote the value function as USO'A(t,x) and optimal fraction as
$504(¢). Similarly, we denote LS9A(t, x) := L(t, X)|c=o, Where L is defined
in (45). Observe that

POMD = y0| _ =F0|_ and L4 x) = 0504, p04 (1)
- €= €=l
for all x € [0,1]. (B.11)

The following results can be found in Matsumoto (2003): there is a
constant C > 0 independent of (t,4) € [0,T) X [1, o) such that

|JA)SO,A([) _ YM‘ < %‘, (B.12)
0041, 9504 0)) - ()] < £ (B13)

A(000)-050A(t,yp)
lim ( ad ) =
A—00 1-y

w4y§4<21—yM>2 - eQUMT-O(T _ ). (B.14)

For the later analysis, we provide more estimates in this direction.

Lemma B.2 (Asymptotlcs for € =0 case). The functions vSOA(t,x),
UiOl([ X), U (t Xx) obtained by substitution € =0 can be continu-
ously extended to x = 0 and x = 1. There exist positive constants C,Q,C
independent of (t, x, 1) € [0,T] x (0,1) X [1, 00) such that

an

50,1 c
pL (t,x)| < 7 for neN, (B.15)

C - min{l, A(T - )} < — # “min{L,A(T - )}, (B.16)
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Furthermore, for (t,x) € [0,T) x (0,1),

SO.A
lim e 0 —ya200(1). (B.17)
A= 1-y
Proof. Throughout this proof, C > 0 is a generic constant independent of
(t,x,4) €[0,T) % (0,1) X [1, o0) that may differ line by line. Using (B.11),
the representation in (46) for € = 0 becomes

vSOA(, x) = e HT-DE [Zg,)a]

T
+2 / e‘l(s‘t)vso"l(s,ﬁso'l(s))[E[th’x)]ds. (B.18)
t

We take derivative with respect to x above. Using Lemma 4.3 and the
dominated convergence theorem, we put the derivative inside of the
integrals: for n € N,

ﬂvso,z(t, x) = e—A(T—t)E[

(1,x)
3"ZT
axn

axn

T
+/1/ e Ms=DySOA (g )A/SO/I(S))[E[ ]ds (B.19)

The above equality, Lemma 4.3, (43) and the dominated convergence
theorem enable us to conclude that vSO4(t, x), V3% (1, x), V39 (¢, x) can
be continuously extended to x = 0 and x = 1.

Observe that
xe™ <min{l,x} and 0<1-e™*—xe

~* <min{l,x} for x>0,

x> for 0<x<1, 1-e¢*

® %

—xe’x21—2>0 for x>1.
e

By the above inequalities, for positive constants c¢; and c,, we can find
positive constants ¢ and ¢ such that

c-min{l,x} <cjxe ™ +c(1—e™* —xe ™) <c-minfl,x} for x>0.

(B.20)
We apply (B.1) to (B.19) and obtain
:x _uS0A(t,x)| < C(T - e T 1 C2 / e A6-D(s — 1)ds < ;l
t

where the second inequality is due to (B.20). Thus, we conclude (B.15).
The expressions in (38) and (43) imply

1 —1-
min{Ast1 Y1} < (xAg +1-x) 7,1} for 0<x<1,

2
. - Agp—1
lélgl[E [mln{AS, 1}< F) ]

2
_llm[E[maX{A1 4 1}<f:;’;1) ] =0%2>0,

2
2 5(t,x) —1— _
. [E[BZS ]:y[E (xAs,+1—x)1y<M>].
’ s—t

T Ao | ox?
We combine the above inequalities, limits and expression to conclude
that

< max{A

. 1 a2z 1\
lslgl (——(1_7)(3_0 [E[ e ]) =yo* >0, (B.21)

and there exist positive constants ¢ and ¢ independent of (¢, s, x, 1) such
that

2.,(6,X%)
c<——— [E[a Z5 ]sE. (B.22)
= A=y)(s—1) ax2

From (B.19) for n = 2, we obtain the following expression:

= MT = )e~4T-0) . 1 w
A=y)T-1) 9x2

T
+ /12/ e—&(s—t)(s _ I) . USO,/I(S,}A)SO,/I(S))
t

2,(6,X)
(e[ ] )
A=)(s—1) ox2

We apply the inequalities in Lemma 3.3 (ii), (B.20), and (B.22) to the
above expression to conclude (B.16). Finally, in the above expression, we
substitute u = A(s — t) and let 1 - oo:

2304t x)
1-y

A(T—-t)

lim — = lim ety - vSOA(L 4, pSOA(E 4y
A—00 1-y =0 Jo (l Y (A )

(t,x)
. _ 1 E 52Zut/l+t du
a-n% 3x2

[se]
= / e Hudu - v0(t) - yo? = ya?ul(r),
0

Avxx A(t,x)

where the second equality is due to (B.13), (B.21), (B.22) and the dominated
convergence theorem. O

Lemma B.3 (Estimates of v, v, v5, and v$,,). Let Assumption 5.1 hold.
Let C > 0 be a generic constant independent of (t,s,x,€) € [0,T) x [t,T) x
2

(0,1) x (0,1) (also independent of A due to relation 2 = ce 3) that may
differ line by line. Then, the followings hold:

2
3,

x(1 - x)|vs, (1, x) — v3%(, x)‘ < Ce (B.23)
v (t,x) — vim(t, x)l < Ce, (B.24)
.
veE(t, x) — vSOA(t, x)‘ < Ces, (B.25)
v, (6,x) 2 .
-T5 > C(e3 —¢) min{A(T — 1), 1}, (B.26)
1
x2(1 = x)2|ve (1, x) = v3%, x)| < Ce3, (B.27)

where V5, (t, x) exists and is continuous in (t,x) € [0,T) x (0, 1).

Proof. For convenience, let g° : [0,1]> — R be

1-y 1-y
. 1+ex 1-ex
ge(x’y) = <(1+€y) - 1>1{y>x}+ ((l—ey) — 1>1{y<x}‘ (BZS)

Then, the mean value theorem (consider € as a variable) produces

<Cl|x—-yle for x,y€]0,1]. (B.29)

From the expression of L in (49), we obtain

L(t0) ~ 1204t 0] < sup 1of(ty)gCe )
yelo,1

+ sup |v5(t,y) — VSOA(L, )

yelo,1]
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<Ce+ sup |v°(t,y) —v5O4(,y)|,  (B30)

yelo,1]

where the second inequality is due to (22) and (B.29). The above inequality
and (46) produce

ve(t, x) — vso’)‘(t,x)‘

T
- ’,1 / e H-0F | 209 (1565, YY) — 1904, V) ) | ds
t
T
S/I/ e‘l(s“)[E[th’x)] Ce+ sup
t yelo,1]

T
5/1/ eC-D6=D( Ce + sup
t yel0.1]

where the last inequality is due to E[Z"Y]<1+4C(s—
£) <e€G-D by (B1). For convenience, we define f(t):=
elC-r SUPyeio1) ‘vf(t,y) - vSO~’1(t,y)|. Then, inequality (B.31) can
be written as

v(5.y) ~ vSO’ﬂ(s,w))ds

VS(s, ) — 0SOA(s, y)|)ds, (B.31)

T T
f) < Ce/ 2e©=Psds +/ Af(s)ds.
¢ t

Since f is measurable due to Lemma F.2, we apply Gronwall’s inequality
(see Lemma F.1) to obtain

T T T
f) < Ce/ Ae(c"l)sds+/ <Ce/ /le(c‘ﬂ)“du>/lel(s‘t)ds
t ¢ s

Ceh (€A _ €AY 4 CeA
1-C 1-C

. </1(eCT—eC‘) —eCT(1 - e—/l(T—t))>'

C

2
We apply 1 = ce 3 to the above inequality and conclude that

sup

1
vE(t, ) — VSO, y)| = @O f(¢) < Ce3. (B.32)
y€lo,1]

Notice that (B.25) is not obtained yet.
ve(t, x)
1-y —
SO A
%. Therefore, the expression of L in (49), together with (B.30) and
(B.32), implies that

Since the value function V in (5) should decrease in €, we have ——

1 _7S0.2
< LE(t,x)—L>9%(t,x) <0

—Ce3 (B.33)
1y

(Proof of (B.23))

We take derivative with respect to x in (48), and put the derivative inside
of the expectation (Lemma 4.3, ||L||,, < oo and (52) allow us to do this) to
obtain the following expression:

dx2

v)Ecx(t’ X) = E_MT_OE [

T
+/1/ e s ‘)[E[
t

r (t.x)
+;ix</1 / e*’l@*‘)[E[Zg"x)Le( Y(”‘))‘ay ]ds). (B.34)
t

a2z ]

(t,x)
24 e, Y(“‘))+ LE(s, YW))" ]ds

This implies that

0t ) = 03040, 0)|

<

T
/1/ e~ Als— l)uz[a Z (LE( Y(tx)) LSOA(S Y(tx)))]
t

T (x
1 e—A(S—I)IE aZA
. ax
E} ’ (tx) (t,0), 3Y "
=12 / e—ﬂ(s—”[E[zs PLY Y = ]ds .
t

In the right side of the above inequality, the first term is bounded by
1

ca ftT e~A-De3 (s — t)ds due to (B.2) and (B.33), the second term is

bounded by C4 ftT e *-De ds due to Lemma 4.3 and (52) and the third

+

LG, Y(tx))dY( ]dsi

+

2
term is bounded by x(lc_x>63 due to Lemma B.1 (ii) (with n =1 and

2
F = L) and (52). These bounds and 1 = ce™ 3 produce (B.23).
(Proof of (B.24))

The expression of L, in (47) implies that L{(t,x) is contmuously
differentiable with respect to x, except x = y°(¢t) and x =y (t). To be
specific,
1Ay O) (e )
(14€x)? 1+ey<(1)

it x ey ()

Lix(t,X) = 05, (1, %) it x e,y ©),
=Ry @) ( l-ex )1‘7 . .
s 50 if xe@ (@),1).
(B.35)
Lemma 3.3 (i), (B.15), and (B.23) imply
z €
_Ce3 < Vi (£X) <0. (B.36)
x(1-x) 1-y
We combine Lemma 3.3 (ii), (B.35), and (B.36) to obtain
E €
_i < LXX_(t’x) <0. (B.37)
x(1-x) 1-y

To apply Lemma B.1 (iii), we set F(y) = Lf(s,y) — L594(s, y) and observe
that F'(y) = L5(s,y) and F”(y) = LS.(s.y) except y € {y(s). 7' (5)}. We
check that (B.4) is satisfied due to (22), (52) and (BT37). Therefore,
Lemma B.1 (iii) is applicable and (B.6), together with (B.33), (52), and
(B.37), produces

(tx) . 1
E [—f’i (Lf(s, Y9y — 504G, yi”‘)))] SCEr +e)(s— 1)+ Cs— 1)

(B.38)

We use the stochastic representation (48) to obtain

vi(t,x) — Uio”l(t, x)‘

T
/1/ —/1(s t)|E[
t

! )
,1/ e—l(s—t)[E[thsx)Le( Y(tx))ay ]ds‘.
t

<

<L€( Y(tx)) LSO/I(S Y(fx))):|

+

The first term in the right-hand side is bounded by
1
C/lftT e A0 <(€§ +€)(s—t)+(s—t)2> ds due to (B.38) and the
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second term is bounded by CA ftT e~A6-D¢ ds due to Lemma 4.3 and (52).
2

These bounds and 4 = c¢™ 3 produce (B.24).
(Proof of (B.25))

Using (B.11) and (B.33), we obtain

L (s (€550 () (.50 )
0= (Lw«l(s, v )— LE(s, Yy )
5S04
— 1%7 (Uso,x(s’ $504(s)) — LE(s, Yit'y (t))))
550,14
< L( SO/I(S soa(s)) — (s, ysm(s))_ Ve (s, ysoa(s))g (Y(tv ®) AS‘“(S)))
4

1—

SO (5 SO (53) 1 (5,950 (s))

€ (s.9

9SO
< Ce ‘Yit,y o) _ j}SO,A(S) +

1-y

SO2 (5,950 () -0 (5,950 (s))

(B.39)

$S0,4
<Ce (‘Yﬁ"y . yw(z)‘ + %) +2

1y

where the second inequality is due to (49) and (B.28), the third inequality
is due to (B.29) and the last inequality is due to (B.12).

By the same way as we prove Lemma B.1 (i), we can check that [E[(Ygt’x) -
x)?] < C(s — t). Hence, by Lemma B.1 (i) and Holder’s inequality, we
produce

[E[th,x) . |Y§t,x) _

x” < VA +CG-0)CG—1) < CeC6-D\/s 1.

(B.40)
The stochastic representation in (46) produces

0< %( SO, /l(t,yso,/l(t)) _ Us(t,};so,a(t»)

T t)[E[Z(ryS“(r» 1 <Lsox( y 550 (r)))_Le(s,yg,y"sov‘(z))))]ﬁ

ds

o
st

+,1/ T z)[E[ZwSOﬂm)] 0504 (59505169504 () 1
t

_A(s_,)[E[Z§r,y50~4<r)>C€ (‘Y(zysmo)) »SO,A(O' + % )

1-y

1-y

T
< C/l/ e(C-A6=0 <e(\/s —t+ %) +
t

VS04 (5,950 (5))—v€ (5,950 (5)) > ds

where the first and second inequalities are due to (B.39) and the last

inequality is due to (B.40) and (4.3). Since the map t — vSA(t, PSOA(1)) —

vE(t, 959A(1)) is measurable due to Lemma F.2, by the same way as

we treated (B.31), we apply Gronwall’s inequality (see Lemma F.1),
2

Lemma F.3and 1 = ce 3 to the above inequality to obtain
2
|oO4(e, 95040 - ve(2, 904 (1))| < Ce5.
The above inequality and (B.24) produce (B.25): for (¢, x) € [0,T) x (0, 1),

ve(£,¢) — vSO(t, &)

vE(t, x) — vSOA(t, x)‘ =

2
<Ces3
¢=pS04(0)

+ /x (vi(t,z) - vioa(t, z))dz‘
¢

(Proof of (B.26))

By (B.30) and (B.25), we have

2
3

LE(t, x) — LSOA(t, x)| < Ce3. (B.41)

Since P (Ygt’x) & {Xe(s),)_ze(s)}) =1 for t < s, Lemma 4.3 and (B.37) and

the continuity of x — L$(t, x) allow us to put the derivative inside of the
expectation in (B.34):

0t ) = A/ e-tomog | 22

(t,x) (t,x)
+<2—5Z: EAtaNC "“’ L >Lf(s Y ">)] ds

LE( Y(I X))

ax ox

T 2
2 7(0X) (£.x)
+e-l<T-l>[E[—" — ]+/1 / e-Ms-tJ[E[Z.E"")Lix(s,Yi""))<—af;x )]ds.
t

(B.42)

The above expression produces the following equality:

T
Sa0-05e0 o [T s Z(rx)Lxx(sY‘”‘)> v\ g
1-y ¢ 1-y dx

T
() re e ()5S0« ()
+/1/ e_,l(s_t)[E[azzs LG5,y () 150A (s Y ¢ )]ds
t

ox2 1-y

T
o [ eieog (B e sere]
' dx ox § ox2 1-y :

(B.43)

In the right-hand side of the above equality, the first term is bounded

above by 0 due to (B.37), the second term is bounded above by
2

CcA ftT e -De3 (s — t)ds due to (B.2) and (B.41) and the third term is

bounded above by CA /IT e 2-D¢ ds due to and (52) and Lemma 4.3.

2
These bounds and A =ce 3, together with 1 —e=*T~8 < min{A(T —

t), 1}, produce

N (D) > _ vig’l(t,x)

— Cemin{A(T —t),1}.
1-y 1-y

We combine the above inequality and (B.16) to conclude (B.26).
(Proof of (B.27))

By the same way as we obtain (B.34), we take derivative with respect to x
in (B.42):

33760
Vi (£, ) = e TOE [—T ]

ox3

r @0\ 2
d —A(s— t, L, 9Ys
+ a(l/l e A-DF |:Z§ DLE (s, Y X>)<T> ds

T
(t,x) (t,x) 2 (,x)
_ oz ay (™ 82y,
pa [ eteoop [E2 e vy 4 (2 ZEI
. dx dx2
L (s Y(t,x))ays ) 82709 gyt 5700 g2yt ) a3y
XxXA S 3 ax2 ax ax  ox2 S ax3

LiGs, ng)] ds.

This implies that

SO,4
U;:cxx(t’ x) ~ Uxxx (t’ x)‘

T (t.x)
< %(/1 / e—l<s—l>[E[z§‘~")L;X( Y“’”)(‘”x >]ds)
t
(t,x)
Zs3 (Le(S, Y_E[’X)) _ [SOA(s, Ygl'x)))
X

T 3
o [ s
t
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252§“‘> sy + 7 a2y () L5 Gs Y(t,x))ayﬁf*x)
dx dx S dx2 XXAT TS dx

< 52Z§l’x) aygl,x)

(1,%) 324/(6.%) 3y(6:X)

0Z; 0°Yy 8°Yy

s s Z(t»x) s L;(S, ’7§I;x)) ds
ox2 ox dx

dx2 § dx3

In the right-hand side of the above inequality, the first integral is bounded
2

Cce3Va

x2(1-x)?

due to Lemma B.1 (i) (with n = 2 and F = L) and (B.37) and

2 2
the second integral is bounded by CA ftT e A6D(e3 + . 117x)€§ +¢)ds
2
due to Lemma 4.3, (B.41), (B.37), and (52). These bounds and 1 =ce¢ 3
produce (B.27). O

Lemma B.4. Let Assumption 5.1 hold. Let C > 0 be a generic constant
independent of (t, s, x,€) € [0,T) x [t,T) x (0,1) x (0, 1) (also independent
2

of A due to relation A = ce 3) that may differ line by line. Recall that t° and
T appear in (78).

(@) v, (t, x) = V5, (¢, x) exist and are continuous in (t,x) € [0,T) x (0,1).
Furthermore,

i, x)| <C, g, (t,x)| <C. (B.44)
(ii) There exists ¢, > 0 such that fore € (0,¢y] and t € [0, min{f,fs}),

vl (YD) evf(Ly*(1)

Aye(t) 1-y 1+eXE(t) e 5
Xf(t) T a T Vi (LYS(D)  ye2ve(Ly<(1) (0 = ya_z()
Ty eror
N (B.45)
v (Y (®) | iy (1)
1y 1-63" (1)
T ST e @)
1-y (€5 ()2

Obviously, yf(t) =0fort € (t°,T) and y:(t) =0fort e (fe, T).

(iii) Recall that L appears in (45). For € € (0,¢,] with ¢, in (ii) and t €
0.1\ {7}

1y

if x ey )

if xe@ @,y (B4
- y
HeF () F xe GO

1-€y (1)

ﬁMﬂm<““>

1+€X€(t)
Li(t,%) = vé(t, x)

1,
iy ) [ reex )
14ex 1+eye ()
L, (t,x) = vs,(t, x)
R A O ( 1-ex )1—7
1- (1)

if x€(0,y°1)
if xe @,y B4
if xe@®1)

1—ex

|Li(t,x)| < C, |L,(t,x)|<C for x€(0,1). (B.48)

(iv) For (t,x,¢€) € [0,T) x (0,1) x (0, €y ] with ¢ in (ii),

(t,x)
= ds
a.

T
Ve (tx) = A / e-Ms-f)[E[zS")—" vit(s,Yg'X))d{
t

X

IO (s)}]

< c(e-W-fJ te ) (B.49)

Proof. (i) Lemma B.3, (65), (B.13),, and (B.15) imply that for (¢, x) € [0, T) X
(0,1),

2
“(t,x) <C,  |vi(t, x)| < Ce3,
[vé(t, )| [us( X>2| € ) (B.50)

[x(1 = x5, (1, %) < Ce3,  |x*(1 —x)?vE, (1, x)| < Ce3.

Since L&(t, x) = vé(t, x) for x € [y¢(¢), }e(t)], the mean value theorem and
the bounds of L{ and v§ in (52) and (B.50) imply

2
3

|LE(t, x) — ve(t, x)| < Ce3  for (t,x)€[0,T)x(0,1). (B.51)
By (B.11), (B.41), and (B.13), we observe that for (¢, x) € [0,T) x (0, 1),

[LE(t, x) = 0O(8)| = |LE(t, x) — LSOA(t, x) + v502(t, p5O4(1)) — vO(1)

2
< Ces. (B.52)
Let f€ : [0,T) % (0,1) > R be defined as

o2x2(1-x)?
— 5, (t,x)

Fe(t,x) 1= x(1 = x)(p — yox)vi(t, x) +
+ ALEE, X) — V(L X)). (B.53)

Then, (B.50), (B.51), and (52) imply that for (¢, x) € [0,T) x (0, 1),
Ifet, 0l <C, |filt,x)|<C. (B.54)

From (6) and (B.53), we obtain the bound of vf in (B.44): for (t,x) €
[0,T) % (0,1),

(e, )| = [=QG)v*(t, %) = f(t, 0)| < C, (B.55)

where the inequality is due to (B.50) and (B.54).
Using (B.53), we rewrite (6) as

0= %(eQ(x)’ve(t,x)) +eQMfe(t x) with v(T,x) =1

T
= 0E(t, x) = eQIT-D) +/ eQOs=1) (g, x)ds. (B.56)
t

We differentiate (B.56) with respect to ¢ and x (x and ¢, respectively) to
obtain

s, (t, x) = v, (¢, x) = —Q()v5 (¢, x) — Q" ()ve(t, x) — f5(t,x), (B.57)
where the differentiations are justified by the bounds in (B.50) and (B.54).

The above expression shows the continuity of v$, and the boundedness of
v¢, in (B.44) due to (B.50) and (B.54).

(ii) We prove the result for yf(t) (?f(t) case can be treated by the same
way). Observe that

lim inf <—

/lvfcx(t,f(t)) ysz/lvg(t,f(t)) 1
—l0 1€[0,65)

€3 > lim inf
1-y (L+eye(1))? fe3 2 —¢l0 tg[0,1-Ce)

A0S, (1,y5(t
_ RO S b,

(1-p)e3

where the first inequality is due to Lemma 7.1 and (22) and the second
inequality is due to (B.26). The above observation implies that there exists
€y > 0 such that

V(LY (0)  yeut(Lye()
1-y (L+ey ()2

>Ce>0 for (t,€) €[0,t)x(0,¢&].

(B.58)
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V) ety ()
1-y = 1+ey<(t)

[0,£°) % (0,€q], we apply the implicit function theorem to this equality

(justified by (B.58)) and conclude that X:(t) exists and is as in (B.45).

By Lemma 4.1, we have for t € [0,t°). For (t,e) €

(iii) We differentiate (45) and (47) with respect to ¢t and apply (B.45), then
we obtain (B.46) and (B.47).% These expressions and (B.44) imply (B.48).

(iv) As before, in this part of the proof, one can justify the inter-
changes of differentiations and integrations using suitable bounds such

as Lemma B.1 (i) and (B.48).

Since limy7 ¥¢(t) = 0 and limyyr )7€(t) =1, (45), (47), v5(T,x) =1 and
v(T, x) = 0 imply
ltiTr%lLe(t,x) =1, thE S(t,x) = (B.59)

Since (th’x), Y§"">) and (Z§0 tx) s Y(0 ) ) have the same probability distribu-
tion, we have

T
y / e~ AMs—DE [Z(i ) aY Le( Y(f x))]
t

T-t
=/1/ -’WE[ (0")‘” TIPN Y“”‘))]
0

We differentiate above with respect to ¢, then (B.59) and the continuity of
t = L% (t, x) imply

T )
3</1 / e-l(s—”[E[zf"‘)—aYS Li(s, ng‘))]ds
ot ¢ ox

T—t
=2 / *’“‘[E[ <°">‘” ;t(t+u,Y£0’x))]du
0

T (t,x)
=2 / = [Zﬁ""’ 5?—L§t(s, Yg”‘))] ds. (B.60)
X
t
We differentiate (48) with respect to t and obtain

(t.X) (£,%)
Ve (t,x) = e MT-DF LT |y i 2 947
xeR ax ot ox

ot

T (t,x) (t,x)
+i(/1 / e-ﬂs-”[E[zg"”—aZ\' L§(s,Y§"X>)+—"f; Le(s,y§"x>)]ds
t X X

T o
= efMT*”i[E[—”(f" ’] + / e”l(H)[E[Zy‘x) 21 s, Yi""))] ds
ot ox . ox

T
+ i (l / —ll(s t)[E [ - Le( Y([ X))] > + Ae—i(T—l)uE |:BZ(TIVX) ] R
ot P ox

(B.61)

where the second equality is due to (B.60). Using

(t,x)

8z, .
L — =0, we obtain
ox

%<A/tT A f)IE[ (Le( Y(tx)) O(S))]ds>

_ /12/T “A(s— ‘)[E[ (LE( Y(’x)) O(S))]ds
t

+/1./[T At atuz[aa (Le( Y(tx)) 0(s))]ds

T 2
<CA? / e~ A0 <€§ (s—t)+(s— t)2>ds (B.62)
¢

T 2 2
+ C/l/ e~As-0 <65 +5— t>ds < Ces, (B.62)
t

where the first inequality is due to Lemma B.1 (iii) (with F(y) = L¢(s,y) —
v0(s)), (B.52) and (52) and the second inequality is due to Lemma F.3 and
2

A =ce 3.Similarly,

T ) x)
i<,1 / e A= ‘)[E[ z °(s)] ds) + Ae~AT- ‘)[E[ ”
ot ¢ dx
s T-t 70 ( )
- /1/ ’“‘[E[ °(u+t)]du + e~ M- ‘)[E[ ]
at 0 5x

T—t
= ‘—/1/ e MQyy) V0(u + 1) E
0

070 du‘

Tt ,
< Cl/ e My du < Ce3, (B.63)
0

where the second equality is due to (65), the first inequality is due to
2

Lemma B.1 (i) and the last inequality is due to 2 =ce 3. Combining
(B.61), (B.62), and (B.63), we obtain

T
CAGs— (t.x) 8YE (t,%)
o (%) = A / A f)[E[ZS 2 e (5,0 s

o _[azit E] ’ (t.x)
— e—A(T—I) 2E [ T ] +2(2 / —l(s t)[E [ LE( Y X )]
ot ox ot :

|
dx

2
<C <e*ﬂ(T*‘) +¢e3 ) (B.64)

(t
where the boundedness of %[E[aZTX ] is due to Lemma B.1 (iii) (with
F(y) = 1). The expression of L¢, in (B.47) and the bounds in Lemma B.1
(i) and (B.44) imply

T )
'/1 / e A-DE [z§’~x>_@Y;x (L;t(s,yg”‘))
t

< Ce.

€ (t.x)y |
=05, (s, Yg7) I{Xf(s)<Y§l’x)<§€(s)}>] ds

Finally, we conclude the desired result by the above inequality and

(B.64). |

Appendix C: Proof of Lemma 7.2

Throughout this proof, C,C;,C, > 0 are generic constants independent

of (t,s,x,¢) €[0,T) x [t,T) x (0,1) x (0, 1) (also independent of 1 due to
2

relation A = ce” 3) that may differ line by line.

(i) By Lemma 4.1 and (B.11), we have vio’l(t,ysov’l(t)) = 0. By the mean

value theorem,

SO,A
vy (Y

R N O B (IO

> 1nf
ye(o.

_ ASO,/l(t)|

SO,A
Uxx (t,y)‘~ _e

> Cmin{l,j(T—t)} .

YD) = 9504, €D
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where the last inequality is due to (B.16). By Lemma 4.1 (iii) and (B.24),
we obtain

o4y ()] <

05 (6, 35 (0) = v{OH (e y )| +

vi(t,f(t))‘ < Ce.
(C.2)

‘We combine (B.12), (C.1), and (C.2) to obtain

1
Ce3
min{1,A(T—)}"

YO =y <
By the same way, we obtain the other inequalities in (79).

(ii) Let t € [0, T) be fixed. Since min{1, A(T — t)} = 1 for small enough ¢,
the inequalities in (79) and 0 < y,; < 1 imply that

0 <lim_ (D) < limg oy (1) < 1. (C.3)

By the mean value theorem, there exists x¢ € [ye(t),is(t)] such that for
small enough ¢,

V5 (6, ) (1) = y¥(0) = v5(6, 7 (1) — Uit Y (1)

I R O I e A S A Q)
- 1€y (1) T+ey<(0)

(C.4)

where the second equality is due to (C.3) and Lemma 4.1. We observe

2
U7 3 5. Therefore, (C.4) and (22)
10 vE (1,x€)

that (B.36) and (C.3) implyli_m€

produce
T O-yE(t —(—y) 2/ 5 € (1,5 (¢
lim y()lg()=lim (1 y)e3 u(t,{e(t)) Ve (LyE(1) >0
—<l0 3 —<l0 v (t,x¢) 1-€y (1) L+eye(t)

(iii) Considering Lemma 4.1 (i), it is enough to show that

Fro Stym)  v(tym)
lim su <U"— - —) <0
€lo [E[Og") e(1-y) 1+eynm

€ €
and lim _ inf (—”X("YM’ + L) (‘*VM)) >0.
—=<l0¢gfo,1) \ e(1-y) 1-eym

‘We prove the first inequality above. The other inequality can be proved by
the same way.

By (79), we have
1
‘ie(s)—yM‘SCe:g for OSSST—%. (C.5)

The expression of Ygt’x) in (38) implies that
(tym) 5 ¢ ) _ _B > (% _ By _ 1 ¥ (5)A-ym)
PV > (5) IP‘(BS B> (5 =) =0+ 2 In( 2

1

1
2P<312C<1+ﬁe5>> for t<s§T—%,
o
(C.6)

where the inequality is due to (C.5) and the mean value theorem. By the
same way as we prove (B.1), we check that for t < s,
(t,x)
th,x) Y

[E[ T 1‘] <cvVs—t, (X))

x=ym
(t.x)

[E[ Z{ <—‘3Y&' - 1>
ox

|

<Cys—t. (C.8)

X=Ym

By (22) and Lemma 4.1 (i), for x > y*(t),

v5(t,x) _ ve(t,x) < vE(t,x) _ ve(t,x) <Ce. (C.9)
e(1-y) 1+eyym 1+ex 1+eypr

From the expression of L in (45) and L,, in (47), we obtain

17
LE@x)  LEY) _ cOm—0u () @) 14ex 4
e(1-y) 1+eyy - (1+ex)(1+eyp) 1+eye(t) {XSXE(t)}

CEREEY
< eaw ) {xe0r0F 0}

_ <z+e<yM—x>>vf<z,f<z>>< lex )1‘V
(1-ex)(1+eypr) 1-6y° (1) {xzf(t)}

<Cie—Cyl [ (C.10)

27O}

(t,x)
where the inequality is due to (22) and (C.9). Since th’x) Mg—x > 0,(C.7)
and (C.10) imply

[E[Z(t,x) oy <L§(s,y§"x)) B Lf(s,yy'x)))]

s ox e(1-y) 1+ex X=yar
(x0) av{™ ( _ )
< E <Zs o 1 C1€ C2 l{Ygt’x)Zfé )} o
+E [Cle - czl{Y.S“YM’zf(s»]

scl(\/s—t+e)—C2 P(Ygt’y’”)zf(s)> for t<s<T. (CI1)

By (C.11) and Lemma F.3, we have

T X X X
/1/ e”l(s’t)[E[ZEt‘x) oy <L§(s,y§fv ) B Le(s v ))>]ds
t

dx e(1-y) 1+ex x=yp
L T
< Cies — Czl/ e"l(s“)lP’(YS’yM) > ie(s)>ds
t
| (A(T-1)-1)* © _é
< Cie3 -C e’"/ ¢ dzdu, C.12
1 2/0 c \ﬂ ( )

a+ ﬁ
where the last inequality is due to (C.6) and the substitution u = A(s — t).

Lemma B.1 (iii) (with F(y) = 1 and F(y) = L¢(s, y), respectively) and (52)

produce
(t,x)
‘[E [—aza ] <C(s—1)2 (C13)
* X=YMm
az(,‘*") (t,x) ,
|2y <cles-n+s-02).
X=YM

By the same way as we prove (B.1), we check that [E[Z(TI 'x)] >1-C(T —1t).
Then (C.13) produces

e AT-DE [ L I
e(1-y) ox I+ex X=yar
2
< Cre AT T omdT-0(1 — Cy(T - 1))
€
1
< Ced — e AT, (C.15)
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where the last inequality is due tosup,,, t"e™ < oo forn = 1,2. By (C.14),
(C.8) and Lemma F.3,

T (t2) e (60
2 / -0 |8 LY | o
¢ ox e(1-y)

X=YM

T 1
SC/I/ e’“s’t)((s—t)+ l(s—t)z) < Ces,
t €

T (tx) ¢ (L)
1 e A=DE [ 700 (Y 1V EGYsT O ¢
¢ S dx 1+ex

T 1
< C/l/ e AD/s —t < Ces3.
t

X=YMm

The representation of v in (46) and v, in (48) produce

1

vE(Lx)  ve(tx) _ e_}‘(T_t)ﬂE[

(t,Xx) (t,x)
4 4T
e(1-y) 1+ex

e(l-y) ox 1+ex
T

+2 / e Lf(s,Yit'X_>)]ds
¢ | dx e(1-y)

dx e(1-y) 1+ex

! (1) [ or&? Ly
+A/ e AU | Zg" < s _1> X7 s,
t L

ox 1+ex

T r ) [ e oyt eyt
v 2 / IO ngoﬁ(m _Mﬂds
t L

We substitute x = y,; above and apply (C.12), (C.15), and (C.16) to obtain

v tym)  vE(tym) )

hmew sup ( e(1-y) 1+eyy

telo,T)

2

- AT-1)-1)*" o -z
< Climgyy sup [—e 270 —/ e‘“/ L —dzdu
% elon) 0 cz(1+%) e

Z2

o0 =
e‘“/ ¢ 2 dzdul<o.
Caae Ly V2R

(a-1)*

<C sup |—e@-— /
a€l0,00) 0

Appendix D: Proof of Lemma 7.3

Throughout this proof, C >0 is a generic constant independent of
(t,s,x,€) €[0,T)x [t,T)x(0,1) x (0,1) (also independent of 1 due to
2

relation 1 = ce 3 ) that may differ line by line.

(i) We obtain (80) by Lemma 4.1 (iii) and (22). We combine (B.13), (B.15)
and (B.25) to obtain (81). To check (82), we rewrite (6) using (65) as

vé(t, x) — v2(t) = QA (1) — ve(t, x))

+ 7(1;7)02 (x = yu)205(, X) — fE(8, %), (D.1)

where f€ is defined in (B.53). Since L¢(t, x) = vé(t, x) for x € [y4(¢), ?e(t)],
2

(80) and (B.36) imply that | f€(¢, x)| < Ce3 forx € [)_zs(t), ?e(t)]. We apply

this inequality, (81) and (22) to (D.1) and conclude (82).

(ii) For x;,x, € [yf(t),ie(t)], the mean value theorem and (80) imply
[v¢(¢, x1) — V(¢, x3)| < Ce. Then we conclude (83).

Since vfx is continuous by Lemma B.4 (i), the mean value theorem and
(79) imply

1
(e x) = o _ed
[vs (£, x1) = v (t, xp)| < sup LT

xely<(),y (]

|ogc(t, )] -

for x1,x, € [y*(6), 7 (1.
The above inequality and the following lemma produce (84).

Lemma D.1. Let Assumption 5.1 hold. Let €y > 0 be as in Lemma B.4 (ii).
For a € (0,1), there exists a positive constant C independent of (t, x,€) €
[0,T) x (0,1) x (0, €y] such that

2
[vs, (8, x)| < c<e5 + e-““T-f)). (D.2)

1
Proof. By (B.53), (B.50), and (52), we have | f5(t, x)| < Ce3. We apply this
inequality, (79) and (B.50) to the expression in (B.57) to obtain

1
V(%) - 1{X5(t)<x<§€(t)}‘ < Ces
for (t,x,e)€[0,T - %] % (0,1) x (0, 1). (D.3)

By (C.7), (D.3), and Lemma F.3, we have

(T_i)w (t.x) oYY (t,x)
—A(s—=1) X))ot ¢ BN Y
‘/I/l e E [(ZS - 1>sz(5’ Yo I{X‘(s)<Y§‘ ' (S)}] ds

(T—%)vz | B
< C/l/ e A /s —t e3ds < Ces. (D.4)
t

Since 1 fTT_ 1 e 2670ds < Ce*T-D, Lemma B.1 (i) and (B.44) produce
A

T
.
T—

We combine Lemma B.4 (iv), (D.4), and (D.5) to conclude that for
(t,x,€) € [0,T) % (0,1) X (0, ],

ds < Ce™MT-D,

-As—0) L )y
< [E[|ZS o V(S YT Ly aven

-

(D.5)

2 (r-3ve
[vS, (&, )] < C<e"1(T“) + €3> +/1/ eHMsD)
t

d

Fora € (0,1),letk®(a) := SUD(; 1)e(0,T)%(0,1)

v, (s, YE”X))

. l{zi(s)<)’§['x)<yi(s)}] ds.

05, ()]

5. Then, the above
e—aA(T—0) 4¢3

inequality implies

@-Lywve 2
€ 2 —aA(T—s)
05, (LX) ;< c +/1/ e~ A=) & +Ez ké(ar)
3 t

e—aA(T—1) 4¢ e—aA(T—1) 4¢3

= [l{gs(sw&"") 5 (s)}] ds

(T—%)\/l
< € —(1—a)A(s—t) o e . .
<C+k (a)/l/t e E [1{X€(s)<Y§" ) 5 (s)}] ds. (D.6)

Observe that for t <s < (T — %)vt, the definition of Ygt’x) in (38)
produces

P(y () <&V <5 9)
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A-x)y¢(s) o?
=P <h’l <X(l——X€(3))> - (M - ?)(S - t) < G(Bs —B[)
=¥ ©®\ 9
<In <xu_m)> (=X r))

<p(-Cei <B,—B, <Cei) =P cs <B e (D.7)
= € s t € - \/.37 1 \/; ) .

where  the P(a<By—B; <b)<
P (—b—a <By—-B; < —) for a < b, (79) and the mean value theorem.

Then, (D.7) with the substitution u = A(s — t) produces

inequality is due to

(T—%)vt
—(1—a)A(s—t)
4 /t ¢ E [I{XE(S)<Y§['X)<f(3)}] ds < Cq

. ® —(1-a)u _i i
.—/0 e [F"< ﬁ<B1<ﬁ>du'

Since the constant C, above does not depend on ¢, x,¢ and C, < 1, (D.6)

a

Appendix E: Proof of Lemma 7.4

Throughout this appendix, C > 0 is a generic constant independent of
(t,s,x,€) €0,T)x [t,T) % (0,1) x (0,1) (also independent of 1 due to
2

relation 1 =ce 3) that may differ line by line. First, we prove the
following lemma.

Lemma E.1. Let Assumption 5.1 hold. Let €, > 0 be as in Lemma B.4 (ii)
and a € (0,1). Then, there exists €y, € (0, €y] such that

x(1 - x)lvxxt(t,x)l < C<€§ + /le_aA(T_t)>
for (t,x,e) €[0,T)x(0,1)x(0,€], (E.1)
YL, (yf(t)) <C for (t,€)€[0,T —e3]x (0, el (E2)

Proof. Using (B.9) with F = L%, we rewrite (B.34) as

<x> T 527 )
] +/1/ e A ‘)[E[ Lf( Y, )]
t

T )
~As—t) 1 ,(tx)9Ys (BS—B: _ )
+4 /t € E [(x(l—x) Zs dx a(s—t) 14+ x(1+ }’)

+az" ) gyt > 18G5, YO x))]

xx([ x) = e M- t)E[

ox dx

5 Z( T—t
_e—A(T I)[E[ ] +ﬂ./ —lu[E|:
dx2
0
T—t B,
i e 2L —14+x(147) 700 6y 00 N 87 5y 0%
o x(1-x) u ax dx dx

LS(u+t, ij’"‘))] du, (E3)

Le(u+t Y(Ox))] u

because (th’x),Ygt‘x),Bs —B;) and (Z(0 =)y 0 B,_,) have the same

s—t 27 s—t
distribution. By the same way as in the proof of Lemma B.1 (iii), we can
check that

) BZZ(T"")
— —— | <C. .
ot E [ dx2 ‘ ¢ (E 4)

We observe that (B.59) and the inequalities in (B.48), (B.2), and (E.4)
produce

T—t <0x)
2 32
2 A/ et | &2 Lf(u+t YO gy 4 e AT-0F [ 1=
at 0 3 6x2
T-t X
el =

dx2
T-t )
< C<A/ e Mudu+ e"l(T“)> <C (53 + e"l(T“)>. (E.5)
0

The expression of L, in (B.47) and the bound in (D.2) imply

Le(u +1, Y(0 x))] du+ e M T-D 2 o [E[

2
|LE, (1, x)| < c<e§ + e*aﬁ(T*D). (E.6)

Using (B.59) again, we obtain

T—t
i 1 —/lu E Bu 1+x(1+y)Z(0 X) 5Y(0X) + az;"v’” 5Y£10,x)
at x(l x) u ax ax ax
0

LE(u+t, Y;o,x))] du)

T—t By
1 et | [ 2 00 ay (0 + 0700 5y 0
0 x(1-x) u ax ax dx

L £, du

T—t )
1 o—hu 3 —aAM(T—t—u)
Cx(l_x)ﬂ/o <1+—ﬁ>(€3 +e >du

1
<c—t (e§+ le""’l(T")>, (E.7)
x(1-x)

where the first inequality is due to Lemma B.1 (i) and (E.6) and the second
2

inequality is due to Lemma F.3and A = ce 3. We combine (E.3), (E.5) and
(E.7) to conclude (E.1).

The bounds in (B.44), (D.2), (B.26), and (22) imply that there exists ¢y, €
1
(0,€0] such that for (t,€) € [0,T — €3] x (0, €p],

vs, (LY ()

evf (1Y (1) 2
1-y 1 +e;f (6]

€ € 2,6 € 2
Ce3, Uty @) yetut(yt(0) > Ces

1-y (I+ey<(1))?

(E.8)

The above inequalities and (B.45) produce the inequality for yf(t) in (E.2).
The inequality for if(t) can be checked by the same way. O

Now we prove Lemma 7.4. By the mean value theorem and (B.15), we
have

€l
- <Clxe —ymul — 0,
-v

where the convergence is due to (79). The above inequality and (B.17)
imply

lim Auig’}‘(t,xe) _

20
lim - ya=v°(¢). (E.9)

Direct computations using (38) and the definition of G¢ produce

(1,x) (6,x)
2 o~ As=D) (tx) [ 9Ys v (Y ™) P
A /t = [Z ( ax T O Tt by
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T
-4 e—A6=0)
xz(l—x)l“'Y ¢

3 (£,x)
E |:(Y§t’x))2(1 _ Ygt’x))1+y Vs (5Y5 ™)

[ 1{X€(s><Y_2"*)<f(s)}] ds

N T ¥©
= oo / e"l(s")/ G(s,)p(y;s —t,x)dyds. (E.10)
t Ye(s)

In (B.43), we apply (B.35) and follow the same procedure after (B.43) to
obtain

T
M5 (602052 ) 22 / e As—0)
1-y ¢

2
(t,x) € (t,x) 1
[E[Zﬁ""’(—ays > Galo¥sT) ds| < Ce5.

ax 1-y ' 1<{}f(s)<Y§”x) <f(s)}]

We combine (E.9), (E.10) and the above inequality to conclude that

T
(8, %)+ Y2, (1 — )7 yo200(0) — A / )
t

¥ (s) a0
/ GE(s,)p(y;s — t,x.)dy ds — 0.
yo(s)

Therefore, to complete the proof, it is enough to prove the following:

T ¥ (s)
A / e / (s, y)p(v:s — t, x)dy ds
t YE(s)

Z°()

JE
- / G(t, h(z))i_? oo gy 20, (E.11)
()

1

Xe(1-xc

By (79), there exists e(’)o € (0, egp] such that < Cfor(t,e) € [0,T —

%] x (0, e(’)o]. Then the form of ¢ in (B.7) implies

C

e

0<p(yis—1,x) < for (5,7,6) € (1T = 11%(0,1) X (0,¢f -

(E12)

The mean value theorem, (E.2), (B.50), and (E.12) imply that for (s,€) €

1
(6, T —€3)x(0,¢0],

c(s)

S0)
' / G*(s,Y)p(y;s — t,x)dy
Yy

—e
y ()
- / G yelvis — txddy| <CVE—r. (E13)
Ye()

1
The mean value theorem and (E.1) imply that for (s,e) € (t,T —€3) X
(0’ €0],

S0) S0)
/ (s, y)p(vis — £, x)dy / Gt y)p(y:s t,xe>dy‘
ye(t) yE(t)

yo YY) (05 (5.9) =05 (£,3))
/ Ay(L = y) - %qo(y;s - t,xe)dy'
)

1
< c/1<e§ + Ae-“ﬂT-S))(s —b- [F“(ye(t) <y® < ;e(t))

<C (\/Z WY e‘“”‘”) (s—1). (E.14)

We combine (E.13) and (E.14) to obtain

T ¥ (s)
'/1 / e~ =D / Ge(s,)p(y;s — t,xc)dy
t

ye(®)

¥ ()
- / (6, )0 (vis — ,x)dy | ds
@)

T 3
<ca / =MD (\/s i+ <\/Z +23 e—aMT—s))(s - t))ds 2o,
t

(E.15)

2
where the convergence can be checked using Lemma F.3and A = ce” 3.
Observe that

w o)
'ﬂ. / e~ AGs—t) / G5(t,y)
t ye@

—Xe 2
),

qo(y; s=t xe) h oy(1-y)\/27m(s—t) exXpf— 202(s—t)
2
(=5 -0V/%) z
exp| - — —exp <—2U—2)
<o e[ dzds < 0
| e = vy o zds — 0,
(E.16)

where the inequality is due to the boundedness of G¢ and the substitution
_ ho-h o)
- s—t

dominated convergence theorem. The boundedness of G¢ also implies

z and u = A(s —t) and the convergence is due to the

o a0

10

'/1/ e‘ﬂ(s‘t)/ GS(t,y)p(y; s — £, x.)dy ds| < Ce=2T-0 =5 ¢,
T Y@

(E17)

We substitute z = h~!(y) and u = \/A(s — t), then use Fubini’s theorem
below:

2
S N )
A e’“s")/ Ge(t, exp|— —Y)Xe dy ds
—/z Ye@) ( y)UY(l—W\/Zﬂ(S—l) b 202(s—t) Y

(1) ©
= / GE(t, h(z))/ Va1 exp (_uz - M;_Zj;)z )du dz
0

z5(t) om
0] N
= / Ge(t, h(z)) Y2 o= 5 2l gy, (E18)
200 20

where the last equality is due to the observation that for k > 0,

—uz—% _d e’z‘/; « —¢2 ez\/E ® —¢2
e u _E< > /ﬁ_ue d¢ — B ﬁwe d¢

L k
= / e_uz_'ﬁduz ‘/;e‘z\/’;,
0

2

Finally, we combine (E.15), (E.16), (E.17), and (E.18) to conclude (E.11).
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Appendix F: Additional Lemmas

Lemma F.1 (Gronwall’s lemma). Let a, 3, f : [0,T] — R be measurable
and 8 > 0. Assume that

T T
/ FOBOd <o and f(1) <alt) + / Bs)f (s)ds
0 t

for tel0,T].

Then, f satisfies the following inequality: for t € [0,T],
T N
F@O < alt) + / a(s)B(s)elt P gs, (F.1)
t

Lemma F.2. Let F : [0,T] x[0,1]*> — R be continuous. We define f :
[0,T]x[0,1] — [0,1] as

f(t,x) := max {z | Z € argmax o 1) F(t,x,y)}, (F.2)
then f is upper semicontinuous (which is obviously Borel-measurable).
Proof. This is Lemma D.1 in Gang and Choi (2023). O

Lemma F.3. There is a constant C,, independent of t € [0,T), A € [1, o)
such that

h /T e36-0(s _ pyids < C A~ min{L, (T - )} if a>0
. i e if ae(-1,0)
(F.3)

Proof. Simple change of variable implies

T A(T—t)
1 / eH0(s — 1)%ds = 17% / et u%du
t 0

< Co A min{l, (T —t)} ifa >0,
I e/ ifa € (-1,0),

where we use the fact that fooo e "u%du < oo for a > -1 and e *u* <1
fora >0andu < 1. O
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