Engineering with Computers
https://doi.org/10.1007/500366-025-02154-8

ORIGINAL ARTICLE

=

Check for
updates

Topology optimization with material point method: investigation
into the design sensitivity and the effect of shape functions

Sanghyeon Park' - Byeonghyeon Goh' - Hayoung Chung'

Received: 25 November 2024 / Accepted: 18 April 2025
© The Author(s) 2025

Abstract

The Material Point Method (MPM) is considered promising for analyzing structures that experience large displacements and
extreme events, areas where typical mesh-based analysis methods falter due to mesh distortion. By leveraging both Eulerian
and Lagrangian descriptions, MPM facilitates the easy application of boundary conditions, overcoming the inherent limita-
tions of mesh-based approaches. However, integrating MPM into topology optimization has been hindered by challenges in
deriving analytical sensitivities and inherent numerical inaccuracies. This study introduces a novel topology optimization
approach that employs MPM instead of the finite element method. The design variable is parameterized by material point
volumes that utilize point-wise properties to represent design layouts. This approach addresses the calculation and valida-
tion of analytical design sensitivities and significantly enhances design flexibility, as the density of the design variable is not
confined to an existing grid and can be user-defined. Furthermore, the research explores the effects of cell crossing errors
on the stress field within topology optimization and proposes modifications to the shape function to mitigate these errors,

thereby improving the applicability of MPM.

Keywords Topology optimization - Material point method - Meshfree method - Quasistatic implicit formulation - Cell

crossing error

1 Introduction

Topology optimization is a mathematical method that is used
to determine the optimal distribution of materials within a
design, aiming to minimize a specific objective while adher-
ing to predefined constraints. This technique is particularly
beneficial for creating lightweight structures that offer a
high degree of design freedom and is widely applied in
various engineering disciplines, including the aerospace [1]
and automotive [2] fields. Traditionally, the finite element
method (FEM) is utilized to analyze structural responses
and to derive sensitivities for both optimal and intermediate
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design outcomes. However, relying on mesh-based discre-
tization introduces several challenges. These include diffi-
culties in achieving accurate results under severe structural
nonlinearities, such as during contact, impact [3], or when
faced with issues such as mesh distortion [4] and material
fragmentation [5, 6]. Furthermore, when mesh-based vari-
ables are employed as design variables, typically seen in
the solid isotropic material penalization (SIMP) method, the
flexibility of the design variable, particularly with regard to
resolution, becomes constrained. Enhancing the resolution
beyond the mesh’s limits or adjusting the design domain’s
granularity typically necessitates complex numerical inter-
ventions, such as remeshing [7] and employing multi-reso-
lution topology optimization [§—10].

In response to these challenges, extensive research has
been conducted on meshfree methods as viable alternatives
to FEM in topology optimization. Two primary approaches
have been developed for applying meshfree methods in this
field. The first approach is where meshless methods are
employed solely to facilitate the representation of design
variables: Neofytou et al. [11] employed the reproduced ker-
nel particle method (RKPM) to adaptively add boundary
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nodes, while Wang et al. [12] used the radial point interpola-
tion method (RPIM) to optimize microstructural composite
design. This method integrates the design variables with the
homogenization technique to determine the effective proper-
ties of the composites and enable their inverse design. The
second approach replaces FEM with meshless methods for
structural analysis, including Conner et al. [13] and Masoero
et al. [14] where the discrete element method is incorpo-
rated into density-based topology optimization. Meanwhile,
RKPM [15] and other meshfree methods have also shown
considerable promise in a variety of topology optimization
[16-19].

However, replacing FEM with meshfree methods intro-
duces several numerical challenges that require careful
consideration. As pointed out by Garg et al. [20], mesh-
free methods typically offer lower numerical accuracy and
efficiency compared to FEM. Moreover, applying boundary
conditions with meshfree methods is notably more complex,
a crucial aspect since the accuracy of analysis is essential for
effective topology optimization, as emphasized by Krongauz
etal. [21].

Therefore, Sulsky et al. [22] first introduced the mate-
rial point method (MPM), which effectively integrates the
advantages of both Lagrangian and Eulerian descriptions.
The MPM utilizes an Eulerian background grid to solve the
governing equations and to facilitate interactions among
Lagrangian material points, thus significantly reducing mesh
distortion [23, 24]. This method offers enhanced conveni-
ence for imposing boundary conditions and external forces
compared to traditional Lagrangian or Eulerian approaches
[25]. Furthermore, MPM is particularly adept at providing
precise simulations of large deformations and complex mate-
rials behavior, demonstrating substantial improvements over
conventional methods in these areas [23, 26, 27].

The MPM has been utilized in the field of topology opti-
mization, significantly advancing the capabilities of structural
analysis and design. As a hybrid Lagrangian—Eulerian method,
MPM combines the advantages of both descriptions, allowing
it to effectively handle large deformations and prevent mesh
distortion. These features make MPM particularly suitable
for problems involving extreme deformations, contact inter-
actions, and mesh distortion, where mesh-based methods may
encounter difficulties. Li et al. [28] first proposed the use of
a material point as an analysis step in topology optimization.
Similar studies have been conducted using Taichi [29], an
open-source programming language designed for high perfor-
mance numerical computations with MPM. Recent advances
by researchers such as Yuhn et al. [30] and Sato et al. [31]
have leveraged Taichi MPM to introduce methodologies for
time-varying density-based topology optimization. These stud-
ies focus on optimizing both the structural configuration and
the dynamic movement of the body simultaneously by dem-
onstrating the advantages of MPM in topology optimization,
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particularly in extreme events such as large deformation and
contact scenario. However, to the best knowledge of the
authors, there is no existing literature on sensitivity analysis
and the effect of cell crossing error on topology optimization.
Sensitivity analysis is crucial as it assess how variations in
optimization parameters affect the objective function, thereby
validating and ensuring the robustness of topology optimiza-
tion outcomes [32]. Cell crossing error, a well-known issue
in MPM, occurs whenever material points move across grid
boundaries, which can lead to inaccurate structural analysis.
Therefore, addressing cell crossing error is essential to ensure
the accurate performance of topology optimization.

In this work, we introduce a novel density-based topol-
ogy optimization technique utilizing the implicit quasistatic
MPM under linear elastic strain. Here, the material point
itself serves as the design variable. Analytical sensitivity is
derived and validated through comparison with numerical
sensitivity, addressing both self-adjoint and non-self-adjoint
issues that arise from the use of derived analytical sensi-
tivities. Additionally, this study focuses on on the impact of
cell crossing errors on topology optimization and proposes
methods to mitigate these effects. Furthermore, we demon-
strate the capability of multi-resolution topology optimiza-
tion, capitalizing on the ability to separate material points
from the background grid. This separation facilitates multi-
resolution topology optimization with varying distributions
of material points.

The structure of this paper is organized as follows: Sect. 2
provides a detailed overview of the implicit quasistatic
MPM method employed in this study. Specifically, this sec-
tion includes the governing equation and shape functions.
Based on the MPM presented, Sect. 3 describes the opti-
mization approach that integrates MPM into topology opti-
mization. This section includes the optimization problem,
where two types of objectives are addressed: compliance
and stress minimization. The section elucidates how MPM
works to achieve optimal designs and highlights its validity
and effectiveness in the optimization process. Accordingly,
Sect. 4 presents the design sensitivities related to material
points that are calculated using an adjoint method. Section 5
provides numerical examples in cases with and without cell
crossing error, thus investigating the impact of the error on
the optimization results. Section 6 presents the additional
benefits of the proposed method using MPM. Finally, Sect. 7
concludes and summarizes the findings and contributions of
this research.

2 Material point method

The MPM is a Lagrangian particle method developed as an
extension of the fluid implicit particle method [22], designed
to address challenges in continuum solid mechanics. The
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primary advantages of MPM stem from its unique integra-
tion of both Lagrangian and Eulerian descriptions, which
facilitates a comprehensive approach to modeling solids.
This method effectively resolves mesh-related issues such
as mesh distortion and element entanglement. Additionally,
MPM is seamlessly compatible with the FEM, due to its
utilization of weak-form formulations, enhancing its appli-
cability across different computational mechanics.

Figure 1 illustrates the domain representation typically
employed in MPM, where the continuum body € is repre-
sented by a number of Lagrangian material points positioned
on the Eulerian fixed grid E. The continuum variables, such
as stress and displacement, are evaluated at the material
points at their respective material coordinates (i.e., x in ).
It is customary to associate a material point with a quad-
rature point in FEM. It is worth noting that the number of
material points within a grid cell can vary depending on the
required accuracy [33-35].

In this work, implicit quasistatic MPM [36] was utilized,
as it provides numerous advantages, such as the ability to
accommodate complex constitutive models [37], capture
large time-scale responses [38—40], and increase numeri-
cal stability [36], which are crucial for stress analysis [41],
which is essential to solve static problems considered in the
present work. In this section, we provide a brief description
of the governing equation for the implicit quasistatic MPM.
Detailed formulations are available in the study by Charlton
et al. [36].

2.1 Governing equation

At static equilibrium, the governing equation for the struc-
ture is given by:

/(0' : 5Vu)dV—/(;7b-5u)dV—/ (t-ou)ydA =0,
Q Q Q

ey
where Q is the volume of the structure, and # is the specific
density. Further, u and 6u represent the displacement and the
virtual displacement, respectively. The Cauchy stress within
the body is indicated by o, which is induced by external
loads, including the specific body force b and the boundary
traction ¢ applied on the boundary 0Q. Equation 1 is equiva-
lent to the updated Lagrangian formulation of a continuum
body [3].

Fig. 1 Schematics of the mate-
rial point method (MPM)

aQ

In MPM, the displacement of the material point u is approx-
imated by the displacement of background grid d,:

NVI
u=(S,)d @)
I=1

where S, is the shape function that facilitates the interaction
between the Lagrangian material points and the Eulerian
background grid, [ is the Eulerian background grid index,
and N, is the number of nodes. The equilibrium equation
over the background grid is:

/ (V.S @ su)av - / (LS, nb - 6u)dv
E E

3)
- / (S,,1"¢ - 6u)dA = 0.
O
where éu denotes the virtual nodal displacement. The first
integral term in Eq. (3) represents the internal virtual work
within a grid cell, while the second and third terms represent
the external virtual work due to the body and traction forces,
respectively. Following [42], volume integration is approxi-
mated by numerical integration, where material points are
considered as quadrature points. The body force term in Eq.
(3) is assumed to be negligible, and the traction force term
is calculated as a mapping from the surface to the body. In
the implicit MPM, the physical domain is discretized into
material points, which are employed to numerically compute
the stiffness of background grid cells as calculated in Eq.
(2). Consequently, Eq. (3) leads to the internal force ( inty

E
ext

and the external force (f.") defined on the grid as follows:

N, N,

mp mp

S (19,5, 1% V) = 3, 60 (15,1075
=l N=1

=ody (fi —f') =6d), -R =0.

C))
where N,,, denotes the number of material points, V,, repre-
sents the volume of the material point, and f;’“ is the exter-
nal force at the material point. R is the residual force vector,
and a standard Newton iteration method is used to calculate
the equilibrium, i.e. R = 0, with a tolerance of |R| < 107°.
Linearizing f'™, one can obtain the stiffness of the grid ele-

E
ment K and the material point K ,:
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where « is the spatial consistent tangent modulus [36] for
a material point within the background grid cell. As linear
elastic material is used in this study, the spatially consistent
tangent modulus is equal to the isotropic material stiffness
tensor D with Young’s modulus E and Poisson’s ratio v.

2.2 Shape functions

In the MPM, material behavior is largely determined by
the shape function S,,,, which facilitates the projection of
physical quantities-including mass, momentum, and inter-
nal forces-between material points and background grid
nodes. Accordingly, the continuity of the shape function is
crucial to the accuracy and stability of the method. If con-
tinuity is compromised, the accuracy of the solution can
immensely deteriorate. If continuity is compromised, the
accuracy of the solution can immensely deteriorate. For
instance, the stress field becomes fictitiously discontinu-
ous when the material points traverse the background grid
cells, and the grid-material point pairs change abruptly.
In particular, the standard MPM [22] faces challenges in
integrating internal forces (Eq. (4)) and computing the
stiffness matrix (Eq. (5)), primarily due to the discontinu-
ity of the gradients of the shape function. This parasitic
phenomenon, often referred to as the cell crossing error
[43—45], is widely known, and several numerical remedies
have been proposed to mitigate the error. One of the early
efforts to reduce the error includes the development of the
generalized interpolation material point (GIMP) method

Fig.2 Material point interpo-
lation function: (a) standard
interpolation (S(V)p) and (b)
generalized interpolation (S7)
in one dimension

(b)
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by Bardenhagen and Kober [46], where each material point
possesses its domain, and the associated shape function,

Sg), is smoother than the standard shape function S(V)p [22].
The standard shape function S(V)p and the generalized inter-
polation function SS) are as follows:

o _ J1+&X,—X)/h —h<X,-X <0 ©
K 1-(X,-X)/h0<X,-X <h
(h+1,+X,—X)*/4hl, ~h—1, <X, ~X < ~h+l,
1+ (X, = X,)/h —h+l, <X, -X, <,
G _ ¢ )2 4 e
SO =1 1-X,-X)*/20, -1, <X,-X, <I
L= &, = X)/h l,<X,-X,<h-I,
(h+1l,-X,+X,) /4hl], h=1,<X,-X,<h+l,
)

where h represents the size of the background grid cell, )?p
and X, denote the positions of the material point and the
background grid, respectively. /, , and [, , are half the hori-
zontal and vertical lengths of the material point domain, as
shown in Fig. 2.

Note that the gradient of the standard interpolation
function Sgp is discontinuous at the regions denoted 1, 2,
and 3, while SS; is not, as shown in Figs. 2 (a) and (b).
The difference between the two interpolation functions
can also be seen in their effect on the grid cells of the
material point. Figure 2 (b) shows that not only is the cell
containing the material point affected, but also the cells
that overlap with the material point domain. Consequently,
more rectangular red boxes representing background grids
affected by the material point are involved in the analysis
in the GIMP method, as shown in Figs. 2 (a) and (b).

In this work, we thoroughly investigated for the first
time the effects of using different shape functions on topol-
ogy optimization. Our focus was particularly on enhancing
the accuracy of both structural and sensitivity analyses in
the presence of cell crossing error, which ultimately influ-
ences the outcomes of topology optimization.

@ : Material point

. : Background grid
affected by material point

2lpx

: Material point domain
(lp = half of domain length)
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3 Topology optimization

This section presents the proposed topology optimization.
The problem definition is first presented, which is followed
by in-depth research regarding the feasibility of using V, as a
design variable, and the formulation of the sensitivity of the
objective function with respect to the terms of the material
point and the background grid.

3.1 Optimization problem

The problem is formulated to minimize either of the objec-
tives — compliance J, or stress objective J, — subject to a
specified volume constraint V*, which serves as an upper
bound on the volume V(p) occupied within the design
domain E:

min Jy(p) = c(p) = (fi - u),» 2(p) = 0py(p)

wmmmRzﬁhﬁea

Vip) <V,
0<pun<p=<l,
®)
where p is the density of the material point, serving as the
design variable. The p-norm stress aggregation scheme is

utilized to compute the stress objective function oy, as out-
lined in [47]:

Ny 1/p
O-PN(p) = Z 6-€m’mp(pmp)
mp=1
o ©

mp

= Z pmp vmmp pm[’)

mp=1

where o-’v’m,mp is the von-Mises stress calculated at mp-
th material point. The parameters p and g are used in the
p-norm aggregation scheme [48, 49], and represent the
general stress penalization parameter [48, 50, 51], respec-
tively. Although stress minimization is less common than
imposing stress constraints, problem definition Eq. (8) is
maintained for consistency throughout the paper. R is the
residual regarding the static equilibrium of the structure. It
is worth noting that the equilibrium equation Eq. (4) is stated
in terms of material points, and the forces are projected from
those on the grid.

3.2 Design variable

As previously mentioned, this study employs the density
assigned to material points as a design variable. Specifically,

the point-wise design variable p is calculated as a scaled
volume V,,/V?), where V) denotes the domain volume and V,,
is the material volume.

It is noteworthy that the design variable p(x) represents
the amount of material at the point x, the initial location of
the corresponding material point, as is typical in density-
based topology optimization methods. This variable assumes
a continuous scalar value ranging from 0O to 1 due to scal-
ing. Consequently, Young’s modulus assigned to the mate-
rial point E,, is calculated similarly to the approach used in
the SIMP method:

E,(p) = Epin + P (Eg — Epin)- (10)

Here, pl represents the penalization factor, and E; is the
Young’s modulus of the material. To avoid numerical sin-
gularity, a fictitiously small Young’s modulus, E,;,, is intro-
duced, and its value is 107°. Although this method is the sim-
plest among other design parameterization techniques that
utilize particle-wise variables, it offers significant advan-
tages. It is not only readily differentiable (i.e., it does not
require additional constraints [30]) and is inherently binary,
but it also integrates seamlessly into the typical topology
optimization pipeline, such as the SIMP method.

However, it is important to note that using V), to represent
the design raises a critical question about the equivalence
of removing a material point with a localized zero mate-
rial density, especially since numerical integration and the
grid-to-point (G2P) and point-to-grid (P2G) mapping pro-
cesses differ in these scenarios. This question is also crucial
as it pertains to the flexibility of the design representation,
which comes from the fact that VS is variable and can change
depending on the number of material points. To address this
issue, we examine the impact of localized near-zero material
density on the structural response in this section. Figure 3
illustrates the three models with the same problem domain
but different number of material points to represent the same
toy cantilever model, with a tip load F. One-sixteenth of the
upper top material is assumed to be removed. This removal
is modeled in three different ways: by eliminating a single
material point (Fig. 3 (a)), by assigning zero material density
to a particle where V0 = 1/4 (Fig. 3 (b)), and by distribut-
ing the removal across four particles, each with V(J =1/16
(Fig. 3 (¢)). For brevity, the former and latter cases hereafter
are referred to as case 1, 2, and 3, respectively:

The magnitude of nodal displacements (|d;|) for the
material indexed in Fig. 3 (a), analyzed using the MPM and
interpolated, is presented in Fig. 4. It is clearly observed
that the displacements of the background grid in case 1 and
case 2 are identical, demonstrating that a zero-density mate-
rial point is equivalent to the absence of a material with the
same volume fraction. This equivalence persists even when
Vg is reduced by a quarter, as shown in Fig. 3 (c), where
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Fig.3 Material point distribu- (a) (b)

tion in a background grid with

force applied to one material
point: (a) case 1: The top-
right corner material point is

removed; (b) case 2: The top-
right corner material point has
zero density; (c) case 3: Three

NN

material points are replaced by
twelve material points in case 2
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Fig.4 The magnitude of nodal displacements (Id;|) for the material
indexed in Fig. 3 (a) and its relative percentage error between the case
2 case 3

the design resolution is accordingly refined. Although the
magnitudes |d,| do not exactly match those in the previous
cases, all errors are smaller than 1.0% and do not vary with
the location of node 1, as illustrated in Fig. 4.

3.3 Implementation of the algorithm

This section outlines the proposed topology optimization
method and its accompanying algorithm, both of which are
crucial for implementation. In this method, the design vari-
able p is stored on a separate design grid, distinct from the
MPM layers (i.e., the material points and the background
grid). This separation is necessary because the background
Cartesian grid is much larger than the structural domain, as
it needs to fully encompass the material points within the
Eulerian grid. Additionally, updating the design variables
during optimization can be cumbersome if p is defined as
a member variable of a material point, since it is typically
implemented as an individual object and does not commu-
nicate within each optimization iteration. As described in
Section 3.2, the only constraints for storing design variables
are the dimensions of these variables and the undeformed
coordinate of the material points. Consequently, a simple
adaptive Cartesian grid is employed in this study, as depicted
in Fig. 5.

As shown in Fig. 5 (a), the design grid, a structured
Cartesian grid with quadtree refinement, stores the density
p; of the particles labeled /. The centroid of each element
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Fig.5 Configuration of a the design grid and b MPM layers, where
the material points are situated on a background grid. The size of the
design grid (indicated by a red dashed line) matches the size of the
background grid cell that houses the initial-state material point

corresponds to the initial location of its material point, and
the element size is proportional to V;’. The introduction of
a design grid, akin to those found in density-based meth-
ods, facilitates the incorporation of widely used numerical
techniques such as filtering [52], erosion-dilatation [53], and
manufacturing constraints [54].

A flowchart of the algorithm is shown in Fig. 6. Once the
optimization problem and design domain are defined, mate-
rial points are generated within the background grid. The
initial material volume Vg and the width of the shape func-
tion & are determined accordingly, leading to the creation
of a design grid based on these parameters. As mentioned
earlier, the design variable p on this grid is similar to the
density field in the SIMP method; therefore, we employ sev-
eral numerical techniques such as filtering [55] and penaliza-
tion [56] on the design variables. Initially, p is set based on
the volume constraint. The density in the design grid is then
mapped onto the material points, where the total of mate-
rial volume V,, is computed. Structural analysis is conducted
using the MPM, during which the point-wise variables spec-
ified in Egs. (4) and (5) are calculated. These variables are
subsequently used in sensitivity analysis. The design vari-
ables are updated based on the increment A p that is obtained
through the gradient-based optimization, considering both
the objective functions and constraints and their sensitivities.
The iterative process continues until the stopping criterion is
met, which in this case is defined by a deviation between the
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Fig.6 Flowchart of topology

L. . Composition of
optimization using the MPM

material point &
background grid

current objective value and that of the previous four itera-
tions falling within a tolerance of 1074,

4 Sensitivity analysis

In this section, we present the analytical sensitivity of
the objective function, based on the adjoint method. The
Lagrangian functional £ can be written as:

L(p,u) =J(p,u) + A'R(p,u), (11)

where A is the adjoint variable. From the definition of resid-
ual R in Eq. (8), the sensitivity of the augmented functional
can be formulated as

%—a_‘]_ka_‘].aup_kjf aR+ 12
dp  op du, Jp P (12)

R ()up>
o Y ou, o
For simplicity, the external load £, such as the body force
and the deformation of the load (i.e., dead load), can be
ignored without loss of generality, leading to the adjoint
equation.

int\ ~!
== (L) ()
ou, ou,, ou E
oJ i
s, = —(— K )
[ VP] ou »
Note that 4, dJ/du,,, and of int / du,, are point-wise variables,

as defined by Eq. (8). In the conventional FEA-based SIMP
method, sensitivity analysis is performed using a fixed

13)

Producing of

design grid Initial domain

}

MPM analysis

|

Filtering

Sensitivity Design grid update
analysis (Pnew = Poia +Ap)

Objective &
Constraints

Convergence?
(tol< 10™%)

END

global stiffness matrix K, which allows direct differentiation.
However, in the implicit MPM used in this study, due to the
Lagrangian material points, the computation of A requires
matrix inversion at each material point, leading to significant
computational overhead. To alleviate this, we calculate these
variables on the background grid using the global stiffness
matrix K on the fixed grid E, similar to the FEA frame-
work. Since design variables are associated with material
points, but analysis is conducted on the background grid, the
adjoint variable computed on the grid must be mapped back
to material points. These processes are performed via the
G2P operation, ensuring consistency while reducing compu-
tational costs. This ensures consistency between the design
and analysis domains while accounting for the discretization
approach of implicit MPM.

As a consequence, the design sensitivity of the objec-
tive function J with respect to the design variable p is
simplified to:

%Z‘?_J_<QK—1> s (14)
dp Oop du p 0p

In this study, we focus on two objective functions: mechani-
cal compliance J, and p-norm stress J,, as shown in Eq. (8).
The subsequent sections describe the derivation process,
which is complex due to the duality of the variables present
both at the material points and on the background grid. We
also verify their design sensitivities (i.e., dJ/dp) as detailed
in Appendix A, where they are compared to numerical dif-
ferentiation methods.
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4.1 Mechanical compliance

Being a self-adjoint, mechanical compliance (J,) minimiza-
tion problem concerns the adjoint variable equivalent to the
displacement field u,, by assuming linear elasticity:

T
,1;=_<?.K—1> :<z)fe$—[-u'K_1>
u u
P » (15)

— (T -1y _
- (fexl K )p - _up'
Note that this self-adjoint characteristic is valid as this work
considers infinitesimally small deformations and linear elas-
ticity; otherwise, the adjoint equation must be solved sepa-
rately. Accordingly, the sensitivity becomes

int
o Wy %

= - ¢ —_— = - e — U

dp P op Poop (16)
- ei-1) T . 30
=-pl-p -up-Kp-up.
where K, is the linearized contribution of the particle dis-
placement to the internal force (i.e., particle stiffness) found
in Eq. (5), and Kg denotes the stiffness when p = 1.0.

4.2 P-norm stress

Given that p-norm stress is employed as the objective func-
tion, it is essential to calculate the sensitivity accurately,
adhering to the characteristics of the p-norm. The design
sensitivity of the p-norm can be articulated as follows:
dﬁ = % _ T K,

c— - u

R T (17)

Based on the definition of p-norm stress in Eq. (9), the first
term of Eq.(17) can be expressed as:

N, A T A

aJ. = dJ. 06, 06
2 — z: ~ 2 < i JV> N , (18)

ap N=1 aO-vm,N aO-N ap

where 6, denotes the penalized stress measure shown in Eq.
(9). The calculation of the second term in Eq. (17) is done
with non-self-adjoint. This computation involves relating

Fig.7 a Problem domain of the (a)
cantilever beam used in compli-

stress calculations to the grid and then mapping them to the
particle, akin to the procedure in Eq. (13). Therefore, the
adjoint variable for each material point in the p-norm stress
minimization problem can be calculated as follows:

AT = % Kt
P ou »

Nyyp A 19
0.]2 ()O'Vm,]v T g S K_l ( )
06y Py lal-| VP]N

p

#=1 9w

Consequently, the p-norm stress sensitivity with respect to
the design variable can be expressed as:
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(20)
This formulation clearly demonstrates the relation between
the stress distribution and the design variables, affirming
the critical role of an accurate stress calculation in obtaining
optimal designs.

5 Benchmark problems

In this section, we consider well-understood topology opti-
mization problems focusing on compliance and stress mini-
mization, which serve to verify the accuracy of the design
sensitivity and the validity of the optimized layouts. Addi-
tionally, these examples are tailored to elucidate the effects
of the shape functions — namely, the standard MPM and
the GIMP method — on the optimization process and the
resulting optimized layouts.

Throughout this study, both the cantilever beam [52]
(Fig. 7 (a)) and the L-shaped beam [48, 57, 58] (Fig. 7 (b)),
each subjected to a concentrated force, are considered for
compliance minimization and p-norm stress minimization

40 mm &) 7

N\

ance minimization, b Problem
domain of the L-shaped beam
used in stress minimization
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problems, respectively. The force F is assumed to be small
enough to ensure that the structure deformation is within
the linear-elastic region. To avoid the singularity problem
near the loading point, the force is equally distributed to
the six material points located at the point [47]. Through-
out the examples, uniform material properties are assumed,
with Young’s modulus set to 1 x 10° Pa and Poisson’s ratio
to 0.3. The target volume fraction (V*) is set to 0.4. The
penalization parameter pl, the stress penalization parameter
g, and the p-norm aggregation factor p are set to 3.0, 0.5,
and 12, respectively. The value for p was adopted based on
several experiments, in alignment with findings from an
earlier study [49]. In the subsequent examples, we utilized
the globally convergent version of the Method of Moving
Asymptotes (GCMMA) [59] with a movement limit of 0.3,
alongside the density filter technique introduced by Bruns
and Tortorelli [60], to achieve a binary design after iterative
search.

5.1 Problems without the cell crossing error

This section presents the optimized layouts for compliance
and stress minimization problems, accompanied by their
convergence graphs to validate the proposed method. We
further detail the optimized values and the iteration num-
ber at which convergence was achieved. These benchmark
solutions align with the typical optimized layouts obtained
using finite element analysis in topology optimization, due
to the absence of cell crossing errors. It is important to note
that although the objective values are comparatively lower
than those reported in the literature [43], this discrepancy
does not indicate the superiority or inferiority of our method
compared to traditional topology optimization approaches
using the finite element method.

5.1.1 Compliance minimization

Figure 8 shows the initial material point configuration and
the corresponding von Mises stress field, analyzed using
the MPM across different shape functions denoted as S,,,.
As shown in Fig. 8, the background grid domain is larger

200 400 600 800 1000

than the structural boundary defined in Fig. 7 (a). A total of
3,200 material points are distributed within the structural
boundary, as shown in Fig. 8 (a). Figure 8 (b) and (c) pre-
sent two sets of results: one uses the standard MPM and the
other employs the GIMP method. Remarkably, both sets of
results exhibit identical displacement and stress, demonstrat-
ing that the outcomes are not affected by the choice of the
shape function. In addition, the design sensitivities are also
identical, as shown in the Appendix A. This finding leads
to the conclusion that the continuity of the shape function
does not affect the analysis as long as the cell crossing error
is not present.

The iteration history of the layout, along with the number
of iterations and the value of the objective function, is shown
in Fig. 9 (a). The design, initially populated by gray elements
(i.e., p between 0 and 1), evolves into a binary design during
the optimization process. The evolution is typical of den-
sity-based methods, but is noteworthy in its efficiency and
alignment with existing works. The corresponding volume
fraction and the compliance convergence graph are plotted
in Fig. 9 (b). The solution converged at the 76" iteration,
where the objective value reached 83.57 and the volume
constraint remained active. The resulting layout aligns with
well-established material layouts, including those in litera-
ture [52, 61], which are conducted compliance minimization
using FEA based SIMP method.

5.1.2 Stress minimization

Figure 10 presents the initial configuration of material points
and their associated von Mises stress fields, meticulously
analyzed through both the standard MPM and the GIMP
method. The 6,400 material points is used to represent the
L-beam. The expansive background grid, as detailed in
Fig. 10 (a), is designed to ensure the material points are
contained within the grid throughout the structural analysis.
Both analysis models yield identical displacement, maxi-
mum stress and sensitivities (Appendix A), reconfirming the
invariance of shape functions if the analysis is free from the
cell crossing error as discussed in Sect. 5.1.1

HuENEEEEEE e a

200 400 600 800 1000

Fig.8 a Material point distribution of the problem domain, structural analysis of von Mises stress field using b standard MPM and ¢ GIMP

method
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Figure 11 displays the material layout changes and the
convergence graph during the optimization, which are
identical regardless of the shape function used. Both the
p-norm stress and the material layouts during convergence
are shown in Fig. 11 (a). Consistent with the other stud-
ies on stress minimization [11, 47, 49], optimized designs
strategically avoid placing material at the internal corner
where maximum stress occurs, as illustrated in Figs. 10
(b) and (c). As a result, p-norm stress is decreased by 97%

(a)
Tter.: 1 0bj.:41889  ter.:5 . Obj.: 193.57  Iter.: 10 Obj.: 138.67
Tter.: 15 Obj.: 10111 Iter.: 20 Obj.:88.84 lter.: 30 Obj.: 84.22
Tter.: 40 Obj.:83.77  Iter: 60 Obj.:83.64  lter.: 76 (final)  Obj.: 83.57

after topology optimization. The convergence process is
almost monotonic as depicted in Fig. 11(b). However, the
final step of the iteration is found to be higher than the
one in the compliance minimization problem discussed in
Section 5.1.1 due to minor layout changes, as clearly dem-
onstrated by the similarity between layouts from the 201
iteration as shown in Fig. 11 (a) which leads to violation
of the convergence tolerance.

(b)
700
630 *Compliance
560 <Volume fraction
o 490
=
§40
= 350
£ 20
O 210

10 20 30 40

Iteration

50 60 70

Fig.9 Iteration history of a layout and b volume fraction and compliance in a cantilever beam with a concentrated force using standard MPM

and GIMP method under the absence of the cell crossing error

(a) (b)

Oymmax = 2.29Pa

©

Ovmmax = 2.29Pa

Fig. 10 a Material point distribution of the problem domain, structural analysis of von Mises stress field using b standard MPM and ¢ GIMP

method
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Fig. 11 Iteration history of a layout and b volume fraction and p-norm stress in a L-shaped beam using standard MPM and GIMP method under

the absence of the cell crossing error
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5.2 Effect of the cell crossing error

This section elucidates the effect of cell crossing errors — a
well-recognized problem in MPM — on optimization results
and convergence. The analysis employs the same benchmark
problems of compliance and stress minimization discussed
in Sect. 5.1. Cell crossing error arises when material points
traverse cell boundaries, which causes discontinuities in the
shape function gradient. However, cell crossing error does
not necessarily occur in every instance where material points
across multiple cells. To analyze its effect on topology opti-
mization, we have intentionally induced cell crossing errors
by shifting material points beyond the boundaries of back-
ground grid cells. For consistency with previous examples
and to focus on the effects of cell crossing error under small
deformation, the material points were deliberately shifted
in the x direction.

5.2.1 Compliance minimization

The effect of cell crossing error is first examined in the
compliance minimization problem, using the configuration
described in Sect. 5.1.1. Initially, the impact of cell crossing
error is particularly evident in the stress continuity, as illus-
trated in Fig. 12. The von Mises stress field shows periodic
overshoots in the x direction when shifted particles near the
cell boundaries crossed during the deformation, as shown in

Fig. 12 von Mises stress fields (a)
of the cantilever beam model
with material points with a
small displacement; stress fields
obtained using a the standard
MPM and b the GIMP method

Fig. 13 Optimized layout for (a)
compliance minimization in the
presence of a cell crossing error
using a the standard MPM and
b GIMP method; iteration his-
tory of compliance and volume
fraction in compliance mini-
mization using ¢ the standard
MPM (Obj: 90.99) and d GIMP
method (Obj: 86.5)
(©)

Fig. 12 (a). This fictitious discontinuity is mitigated by using
the smoother shape function provided by the GIMP method,
as shown in Fig. 12 (b). In addition, while the stress discon-
tinuity is a noticeable effect, the accuracy of the displace-
ment measurements is also affected by the induced error.
Specifically, the tip displacement is significantly overesti-
mated by 13.8% in the standard MPM analysis. However,
this overestimation is reduced to less than 1.8% when using
the GIMP method.

Figure 13 displays the optimized designs and optimiza-
tion history obtained using the standard MPM and the GIMP
methods. Cell crossing errors significantly impact the design
layouts, as illustrated in the optimized layouts (Figs. 13 (a)
and (b)). Compared to the layout using the GIMP method
(Fig. 13 (b)), which aligns with designs without cell crossing
errors, the layout from the standard MPM (Fig. 13 (a)) shows
fictitious materials aligned along the y-axis, corresponding
to the regions where material points crossed cell bounda-
ries. These undesirable struts cause the objective function
to converge at a higher value (90.99) compared to that of
the GIMP (86.5), with increases of 9.6% and 3.7% over the
case without errors, respectively. This phenomenon stems
from an overestimation of sensitivities, influenced by the
overestimated displacement gradient accountable by stress
jumps (Fig. 12 (a)). However, it is important to note that
this loss of optimality does not lead to inconsistency in the
sensitivities; as shown in the convergence histories of both

(b)
1,000

500

(b)

(d)

*Compliance
“*Volume fraction

+Compliance
Volume fraction

Volume fraction

Iteration

Iteration
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methods (Figs. 13 (c) and (d)), the optimization processes
exhibit similar monotonic convergence without noticeable
oscillations.

5.2.2 Stress minimization

In this example, stress minimization is initially investigated
in the presence of cell crossing errors using the standard
MPM and GIMP method. Note that the impact of cell cross-
ing errors is greater in MPM because the shape function is
more involved in calculating stress than in compliance. The
von Mises stress fields of the initial design are obtained by
analysis using the FEM, standard MPM, and GIMP method
(Figs. 14 (b) — (d)). All the results reveal a high concentra-
tion of stress at the re-entrant corner, but the stress distribu-
tions differ remarkably depending on the degree of mitiga-
tion of the cell crossing error. Specifically, Fig. 14 (c) shows
a low measurement of von Mises stress, which appears as a
line, deviating from the typical analysis as shown in Figs. 14
(b) and (d).

For a more intuitive comparison, the distribution of the
von Mises stress along I'(€) in Fig. 14 (a) is shown among
the FEM, standard MPM, and GIMP method. The compari-
son graphs are shown in Fig. 14 (e). The analysis based on
the standard MPM shape function contains an oscillatory
deviation in the stress; this deviation is induced by the cell
crossing error, causing an overestimation of the p-norm
stress by approximately 10%. In contrast, the results obtained
using the GIMP method showed only a marginal difference
compared to the FEM results.

Figure 15 shows the optimized layout, the corresponding
von Mises stress field, and optimization history obtained
using the standard MPM and the GIMP methods. Notably,
Figs. 15 (a) and 15 (b) reveal that the optimized layout using

(a) (b) (e)
25
(UVHI)IHGX
= 2.29 Pa 2
1.5
1
(UUIH)I"(IX (JVVII)IIIGX 0 i
=248Pa =2.24Pa -
0

the standard MPM method exhibits stress oscillations, with
the maximum von Mises stress reducing from an initial 2.48
Pato 1.81 Pa. In contrast, the optimized layout of the GIMP
method significantly reduces the maximum von Mises stress
from 2.24 Pato 1.62 Pa, as shown in Figs. 15 (c) and 15 (d).
Despite both methods demonstrating smooth convergence to
optimal values in their respective iteration histories (Figs. 15
(e) and 15 (f)), the final optimized layouts differed mark-
edly. This difference underscores the substantial impact that
the choice of shape function has on the optimization result,
particularly in mitigating the effects of cell crossing errors.

The objective and corresponding maximum von Mises
stress values were higher in the design obtained with the
standard MPM because of the reduced crispness of resolu-
tion in its optimized layout. The layout obtained using the
standard MPM had poor crispness, in contrast to the result
obtained using the GIMP function, which has a smooth
boundary. This observation aligns with the results of com-
pliance minimization, where the superior performance of
the GIMP method is evident. Both outcomes stem from
the overestimation of stress induced by cell crossing errors
near the edges of the background grid. Consequently, the
impact of cell crossing errors on stress optimization is more
pronounced than on compliance optimization, highlighting
the critical role of accurate stress estimation in achieving
optimal designs.

6 Applications to configurable design
spaces

Thanks to the design parameterization utilizing the den-
sity and position of the material points, the design space
of the proposed method is highly reconfigurable from two

- FEM
-~ conventional MPM
< GIMP method

0 10 20 30 40 50 60 70 80 90 100

I'(©)

Fig. 14 a Problem domain of the L-shaped beam and von Mises stress field of this beam obtained with b the FEM, ¢ standard MPM, and d
GIMP method; e von Mises stress along the path of each method (the FEM, standard MPM, and GIMP method)
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(@)

(©)

Fig. 15 Results of stress minimization: a optimized layout and b von
Mises stress field of the optimized layout using the standard MPM; ¢
optimized layout and d von Mises stress field of the optimized layout

perspectives in compliance minimization. First, even with a
coarse background grid, curved design spaces can be readily
created by simply adjusting the density of material points,
effectively altering the design domain. This approach dif-
fers from simply setting the density of the material point to
zero, as it allows material to be reintroduced into the region
without constraints. Secondly, the resolution of the design
is easily adjustable by increasing the number of material
points within each cell, thus facilitating multi-resolution
topology optimization. Although multi-resolution topology
optimization is not a novel concept, it is worth noting that
the presented work simplifies this process by eliminating the
need for complex numerical treatments beyond adjusting the
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using the GIMP method, and iteration history of p-norm stress and
volume fraction using e the standard MPM and f GIMP method

span of the shape function, thus enhancing straightforward-
ness and efficiency.

6.1 Design domain specification

Figure 16 (a) illustrates the problem domain of the cantilever
beam, which features a circular hole with a radius of 10 mm
and a center located 15 mm from either end (a = b = 15
mm). The hole was created by removing material points
within the specified void area, although the boundary of the
hole does not align with the background grid. This removal
process is crucial to differentiate from simply assigning a
zero density to a material point, as discussed in Sect. 3.2.

Density 1 0

Existence of Index Yes Yes No

Fig. 16 a Problem domain of cantilever beam with a hole: b case 1: material point distribution of the problem domain with material points with
a density of 1 and ¢ case 2: material point distribution of the problem domain with densities O and 1 of the material points
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A comparative analysis was conducted to highlight the
differences between two cases in topology optimization.
Figure 16 (b) shows the problem domain divided into two
regions: the filled region, where the density is set to one
and material points are present, and a shaded region, where
there are no material points or density. In contrast, Fig. 16
(c) introduces white square regions, indicating areas where
the density of the material points is zero.

The target volume fraction was set to 0.4 in both cases.
Figure 17 shows the iteration history of the layout, along
with the corresponding volume fraction and the compliance
convergence graph. The optimized layouts were similar to
those obtained using FEM, as earlier reported by Sigmund
[52]. The optimality of both cases was comparable, with
only a 1.4% difference in the objective value. It is important
to note the distinct differences between the white and shaded
regions in topology optimization. As shown in Figs. 17 (a)
and (b), material points cannot be reintroduced into white
regions during the topology optimization process, unlike
in shaded regions where the density of the material points
can be adjusted. This leads to a slower rate of convergence
observed in case 2 compared to case 1.

This result demonstrates the difference between zero den-
sity material and the removal of material points. The former
has limited influence on the design layout,whereas the latter
can significantly alter the design domain without modifying
the background mesh. This highlights the capability to easily
implement complex changes in the design domain, which is
particularly advantageous for coarse meshes.

6.2 Multi-resolution topology optimization

One advantage of MPM is the ability to freely add or
remove material points without being constrained by the
background grid. Since each material point has its own
design space, controlling the resolution of the space
becomes straightforward. Specifically, material points with
different lengths of the material point domain /, in Eq. (7),
which relates to shape functions, permit variations in the

(2)

400 - 045
<Compliance

*Volume fraction
300 II‘ :Ai 0.425

200

100 ’}

1ance

>

Compl

Volume fraction

v

0.35
0 10 20 30 40 50 60
Iteration

distribution of material points within the design area. The
proposed method inherently separates the analysis grid
from the design grid, enabling multi-resolution topology
optimization through the flexibility of the design varia-
ble. This method allows for an efficient exploration of the
design space by considering both global and local features.

Figure 18 (a) displays a cantilever beam subjected to
a distributed force on its top plate, a common example
for multi-resolution topology optimization [10, 62, 63].
Three distinct cases are shown in Figs. 18 (b) - (d), all
using the same background grid. The low-resolution exam-
ple (Fig. 18 (b)) includes 9 material points per grid cell
(mp = 3), totaling 4,050 points. Meanwhile, the high-res-
olution case (Fig. 18 (c)) consists of 36 material points per
grid cell (mp = 6), amassing a total of 16,200 points. The
multi-resolution case (Fig. 18 (d)) features 8,100 high-res-
olution points in the upper half and 2,070 low-resolution
points in the lower half.

Compliance minimization is performed with the vol-
ume constraint set to 0.4. Figure 19 illustrates the opti-
mized layouts in the three cases, along with their respec-
tive compliance values. In contrast to the low-resolution
case (Fig. 19 (a)), the high-resolution example (Fig. 19
(b)) incorporates thin struts in the top-right corner, sig-
nificantly reducing compliance. This result aligns with the
findings reported by Groen et al. [62]. Figure 19 (c) pre-
sents the result of the multi-resolution topology optimiza-
tion, closely resembling the high-resolution optimization
layout. Typically, in multi-resolution topology optimiza-
tion, the objective value tends to decrease roughly linearly
as the number of design variables increases [64], allowing
strategic allocation of material points to areas requiring
detailed resolution while minimizing computational costs
elsewhere. This approach results in designs that are both
lightweight and structurally efficient, due to the inherent
flexibility of the method, which permits precise control
over the number and arrangement of material points and
parameterization of the design domain.

(b)
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|/ 1 *Volume fraction
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Fig. 17 Iteration history of compliance and volume fraction in the compliance minimization of a case 1 and b case 2

@ Springer



Engineering with Computers

(a) w = 25kN/m
%

20 mm

40 mm

(b)

(d)

# of material point: 4,050 mp: 6

# of material point: 16,200

mp: 6 (top) & mp: 3 (bottom)
# of material point: 10,170

Fig. 18 a Problem domain of the cantilever beam with distributed force and the corresponding material point distributions with different num-
bers of material points: b 4,050 (low resolution), ¢ 16,200 (high resolution), and d 10,170 material points (multi-resolution)

€ (b) ()

Obj.: 8.608

Obj.: 6.160 Obj.: 7.538

Fig. 19 Optimized layout obtained using different distributions of material points: a 4,050 material points (uniformly distributed), b: 16,200
material points (uniformly distributed), and c: 10,170 material points (non-uniformly distributed)

7 Conclusion

This study introduces a novel topology optimization
method that leverages the capabilities of MPM analysis.
This approach treats the density of the material points as
design variables, correlating them with their initial posi-
tion and volume. By presenting analytic sensitivities and
leveraging the intrinsic variable mapping between back-
ground grids and material points inherent to MPM, our
method achieves seamless integration into existing den-
sity-based frameworks, such as the SIMP method. This
work rigorously validates these analytic sensitivities to
ensure the robustness of our approach. For the first time,
this study investigates the impact of cell crossing errors,
which lead to fictitious stress discontinuities, and we dem-
onstrate how the smoothness of shape functions influences
solution optimality in such circumstances.

A significant advantage of our approach is the recon-
figurability of the design domain, which permits the

repositioning or addition of material points without neces-
sitating modifications to the background grid or increas-
ing the computational cost. Our numerical investigations
clarify that the primary goal of this work is not to contest
the optimality of current density-based methods but rather
to explore the integration opportunities and address the
challenges of incorporating MPM within existing topology
optimization frameworks.

Given the capability of MPM to mitigate mesh-related
issues such as mesh distortion and to adeptly handle com-
plex scenarios like contact and detachment during extreme
events (e.g., penetration), this method has significant
potential to advance the field of topology optimization.
In particular, we plan to explore a topology optimization
framework that leverages MPM in conjunction with auto-
matic differentiation (AD), aiming to enhance computa-
tional efficiency in sensitivity calculation under highly
nonlinear problems. It opens new avenues for research
and application, suggesting several promising directions
for future exploration.
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Fig.20 Histogram of relative percentage error between numerical sensitivity and analytical sensitivity using standard MPM and GIMP method

with different objective functions: a compliance and b p-norm stress

Appendix: Sensitivity verification

As outlined in Sect. 4, the sensitivity analysis is con-
ducted under the assumption that the numerical inaccura-
cies induced during the mapping of material points to the
background grid are negligible. This appendix compares the
analytical sensitivities with those obtained by numerical dif-
ferentiation to verify the accuracy of the sensitivity calcu-
lations. Both the cantilever beam and the L-shaped beam
configurations are examined under conditions where cell
crossing errors are not induced. This is because such errors
do not impact the discrepancy between these sensitivities,
provided that the analysis model and shape functions are
consistently applied. The numerical sensitivities are derived
using the forward finite difference method with a perturba-
tion value e of 10~* as delineated in Eq. (A.1). This method
is formalized as follows:

[dJ(p)] _Jpto-Jp

p P (A.1)

To confirm the validity of the calculated analytical sensi-
tivity, the difference between the numerical and analytical
sensitivity was assessed using the relative percentage error.
The relative percentage error used here is calculated as

[df(p)] _ dfp)
dp num dp
df(p)
dp

e(%) = % 100. (A2)

This study employs two different shape functions to inves-
tigate their impact on sensitivity analysis. Specifically, for
each case, we investigate the compliance and p-norm stress
sensitivities.

A total of 3200 material points were utilized to mini-
mize compliance. Figure 20 (a) illustrates the compliance
sensitivities in the absence of cell crossing errors using two
distinct shape functions: standard MPM and GIMP. The
analysis results demonstrate that both the standard MPM

@ Springer

and the GIMP method exhibit comparable accuracy, with
99.15% of the design variables showing a relative percentage
error of less than 0.02% in terms of compliance sensitivity.

Conversely, a total of 6400 material points were employed
for p-norm stress minimization. Figure 20 (b) displays the
p-norm stress sensitivities, again in the absence of cell cross-
ing errors, using the same two shape functions. In scenarios
without cell crossing errors, the sensitivity results derived
from the two shape functions are found to be identical. In
both compliance and p-norm stress cases, 98.97% of the
design variables exhibited a relative percentage error of
0.3% for p-norm stress sensitivity. The errors in the results
are relatively minor, with the stress sensitivity error being
slightly lower than the compliance sensitivity error. This
difference arises because the stress calculation is dependent
on the gradient of the shape function, as outlined by Eq. (4).
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