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A self-consistent one-dimensional �1D� flying mirror model is developed for description of an
interaction of an ultra-intense laser pulse with a thin plasma layer �foil�. In this model, electrons of
the foil can have large longitudinal displacements and relativistic longitudinal momenta. An
approximate analytical solution for a transmitted field is derived. Transmittance of the foil shows not
only a nonlinear dependence on the amplitude of the incident laser pulse, but also time dependence
and shape dependence in the high-transparency regime. The results are compared with
particle-in-cell �PIC� simulations and a good agreement is ascertained. Shaping of incident laser
pulses using the flying mirror model is also considered. It can be used either for removing a prepulse
or for reducing the length of a short laser pulse. The parameters of the system for effective shaping
are specified. Predictions of the flying mirror model for shaping are compared with the 1D PIC
simulations, showing good agreement. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2799169�

I. INTRODUCTION

Theory for interaction of super-intense laser pulses with
thin plasma layers �foils� has been rapidly developed in re-
cent years.1–11 These investigations were triggered both by
the availability of the laser pulses with ultrarelativistic
amplitudes12 and by results of the experiments on the high-
intensity laser-pulse interaction with thin foils.13–17 An exact
analytical approach likely cannot be developed for a full de-
scription of a real plasma layer, and only numerical simula-
tions are possible. However, the main features of the inter-
action of the laser pulse with the real plasma layer can be
described by the approximate phenomenological models,
particularly by models containing only one electron sheet.

So far, several theoretical models were developed for
description of an interaction of a high-intensity laser pulse
with a plasma layer. In these models, transition and reflection
of the pulse are of primary interest. The oscillating mirror
model18,19 was used for calculation of harmonics in the field
reflected off a semi-infinite plasma. The use of thin foils for
laser pulse shaping was proposed for the first time in Ref. 1
and developed as the sliding mirror model in Ref. 2 and 3.
Later, this model was used for description of attosecond

pulse generation.20,21 The model based on analytical station-
ary solutions �with vanishing longitudinal momenta� was de-
veloped in Refs. 7 and 8. However, all of these theories have
the same defect—they suppose that the longitudinal motion
of the plasma-layer electrons vanishes �or at least has ampli-
tude considerably smaller than the laser wavelength�. This
supposition can be reasonable for semi-infinite solid-density
plasma, but for thin plasma layers, it is valid only for small
enough amplitudes of the incident laser field �although this
amplitudes can be ultrarelativistic�.

In this paper, a one-dimensional flying mirror model22 is
developed for description of the interaction of an ultra-
intense laser pulse with a thin plasma layer �the term “flying
mirror” was first used in Ref. 23�. This model contains one
electron sheet, and it is self-consistent since it takes into
account the self-radiation of the electron sheet, and the Cou-
lomb force of the ion remainder is accounted for. The main
difference from existing theories is the possibility for large
longitudinal displacements of the electrons �considerably
larger than the laser wavelength�. The flying mirror model
can be considered as an extension of the sliding mirror
model for large laser pulse amplitudes, since for small am-
plitudes they give the same results. Approximate analytical
expressions for the transmitted and the reflected fields are
derived for the flying mirror model.

The predictions of the developed flying mirror model are
compared with the predictions of the sliding mirror model1–3

and the pure Coulomb model22 �in which the radiation reac-
tion force is omitted�, and also with the one-dimensional
particle–in–cell �1D PIC� simulations. From this comparison,
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we conclude that the flying mirror model describes the trans-
mittance of a real thin plasma layer better than other one-
sheet models when the laser pulse amplitude is high enough
�and electrons have relativistic longitudinal momenta�. The
flying mirror model predicts new effects such as dependence
of the foil transmittance on time �the electron sheet protracts
sharp laser front�, resulting in almost complete transparency
for large enough laser-pulse amplitude and long enough time.
Also, the model shows that the amplitude transmission coef-
ficient depends essentially on the form of the laser pulse
envelope.

The removal of the laser pulse pedestal and the reduction
of the length for the short laser pulses are also considered
with the flying mirror model. Parameters of the system for
effective shaping are specified. The pedestals as high as 1/3
of the maximal field amplitude can be almost totally sup-
pressed; also, spiky features in the laser pulses can be sepa-
rated from a diffuse background. The reduction of the pulse
duration can be effective for the short incident pulses with
steep enough fronts; during shaping, the asymmetric pulses
with a sharp front end and a smooth back end can be pro-
duced. The predictions of the flying mirror model for shaping
are compared with the 1D PIC simulations showing good
agreement.

The paper is organized as follows: In Sec. II, the general
mathematical model for radiation and transparency of an
ideal electron sheet is considered. In Sec. III, the results for
the flying mirror model are compared with the predictions of
the sliding mirror model and the pure Coulomb model using
the PIC simulations for interaction of a test laser pulse �hav-
ing a step-like envelope� with a real thin plasma layer. In
Sec. IV, the approximate analytical solutions for the transmit-
ted and the reflected fields are derived for the flying mirror
model. In Sec. V, the removal of the laser pulse pedestal and
the reduction of the laser pulse length are considered using
the flying mirror model, and the results are compared with
the 1D PIC simulations. In Sec. VI, conclusions are pre-
sented.

II. RADIATION FIELD AND TRANSPARENCY
OF AN IDEAL ELECTRON SHEET

Let an ideal electron sheet with infinitely small thickness
and uniform surface charge density � have infinite dimen-
sions in the x and y directions. If the movement of the sheet
is without rotations and deformations, then all variables de-
pend only on coordinate z and time t, and the movement of
the sheet can be described by three components of velocity
�=v /c and one coordinate Z.24

Charge and current densities for the electron sheet are

��z , t�=���z− Z̃�t�� and j�z , t�=�v�t���z− Z̃�t��. Radiation
fields of the electron sheet at coordinate z and time t can be
obtained with the help of Green function and have the
form22,25,26

E�e�z,t� = − 2��
���t��

1 − �z�t��sign�z − Z̃�t���
,

�1�

He�z,t� =
2��sign�z − Z̃�t�������t�� � ez�

1 − �z�t��sign�z − Z̃�t���
,

where E�e=Exeex+Eyeey, v�=vxex+vyey, and t� is the re-
tarded time

c�t − t�� = �z − Z̃�t��� . �2�

If an external plane electromagnetic wave with arbitrary
polarization

E��t − kz� = E0e0���t − kz� �3�

is incident normally upon the ideal electron sheet along the z
axis �� and k=2� /� are the frequency and the wave vector
of the wave, E0 is the wave amplitude, and the function e0�

describes the wave envelope�, then, for the electrons in the
sheet, one has the following equations of motion, which take
into account the radiation reaction force and the Coulomb
ion force:22

dpx

d	
= − a0e0x −

s


�
px,

dpy

d	
= − a0e0y −

s


�
py ,

�4�
d�

d	
= 
�signZ − s +

s

1 + px
2 + py

2�,
dZ

d	
=

pz

�
,

where �=�− pz=�1+ px
2+ py

2+ pz
2− pz and

a0 =
�e�E0

mc�
, 
 =

2��e

mc�
=

2�nle2

mc�
= �

�p
2

�2

l

�
. �5�

Here, the surface charge density � of the ideal electron sheet
can be calculated through the volume density of electrons, n,
and thickness l of the real plasma layer ��=nl�, and �p

=�4�ne2 /m is the characteristic plasma frequency �e and m
are the electron charge and mass, c is the speed of light in
vacuum�.

In Eqs. �4�, the normalized �dimensionless� momenta are
used p= p̃ / �mc�, where p̃ is the ordinary dimensional mo-
menta. Besides, the dimensionless time =�t and the dimen-

sionless coordinate Z=kZ̃ were introduced �this normaliza-
tion is applied also to the coordinate z of any point�, and 	

=−Z��=�t−kZ̃�t�. For the normalized energy � and the
longitudinal momentum pz of the electrons in the sheet, one
has

� =
1 + px

2 + py
2 + �2

2�
, pz =

1 + px
2 + py

2 − �2

2�
. �6�

The value for the parameter s specifies the model used
for the description of the interaction. If s=1, then the flying
mirror model is used,22 which takes into account the radia-
tion of the electron sheet self-consistently; for s=0, the pure
Coulomb model is addressed, and here, the motion of the
electrons is calculated without the action of the self-
radiation. The sliding mirror model1–3 supposes that s=1,
however it forces pz to be equal to zero, which gives22 �

=�=�1+ px
2+ py

2, so the dynamics of the electrons is gov-
erned by the equations for px and py only. It is necessary to
note that, for small laser pulse amplitudes a0�
, the longi-
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tudinal displacements of the electron sheet are considerably
smaller than the laser wavelength �, so the flying mirror
model practically coincides with the sliding mirror model. In
this sense, the flying mirror model can be considered as the
generalization of the sliding mirror model for the large �with
respect to the parameter 
� values of the laser field ampli-
tudes.

It is useful to express the radiation fields of the sheet �1�
in terms of parameters a0 and 
 introduced above. Let the
radiation field of the sheet, running to the right �in the posi-
tive direction of the z axis�, be E−, and that running to the
left �in the negative direction of the z axis� be E+. From Eqs.
�1�, one has

E�±�z,t� = − 2��
���t��

1 ± �z�t��
=




a0

p��t��
�±�t��

E0. �7�

Here, �+=�+ pz= �1+ px
2+ py

2� /� and �−=�− pz=�. For
the right-running radiation of the sheet, we have already
made the deformation of the time axis required by Eq. �2�
during transformation to the variable 	. So the radiation field
to the right at the point �z0 ,0� has the following form in the
laboratory frame:

E�−�z0,0� = � 


a0

p��	�
��	�

E0�
	=0−z0

. �8�

For the left-running radiation field, it is necessary to ac-
count for the deformation of the time axis during transfer
from the system with independent variable 	=−Z�� to the
system with independent variable 	+=+Z��:

	 + 2Z�	� = 	+. �9�

In the system with independent variable 	+, the expression
analogous to Eq. �8� is valid. Then, from Eqs. �8� and �9�,
one can obtain

E�+�z0,0� = � 


a0

p��	+�
�+�	+�

E0�
	+=0+z0

= � 


a0

p��	���	�
1 + p�

2 �	�
E0�

	+2Z�	�=0+z0

. �10�

Multiplying expressions �8� and �10� by �e� / �mc��, one can
rewrite them in the form

a�−�z0,0� = �
p��	�
��	�

�
	=0−z0

,

�11�

a�+�z0,0� = �
p��	���	�
1 + p�

2 �	� �
	+2Z�	�=0+z0

.

For the transmitted field, one has �note that the incident
external field E is the right-running according to Eq. �3��

at =
�e�Et

mc�
= a0e0� + a�−. �12�

The fields a�± and at are normalized by the frequency �
of the incident field although the frequency bandwidth of the
radiation fields can be wide enough.

If a0�
 and the longitudinal motion of the sheet is neg-
ligible then �+=�−=� in Eqs. �7� and the Doppler effect is
inessential, so the left-running and the right-running radia-
tions of the sheet are equal to each other. This is the so-called
viscous regime22 of laser pulse interaction with a thin plasma
layer, which is characterized by a high reflectance of the
plasma layer. For this regime, the solutions found before3,27

are valid. However, for large field amplitudes a0

��2��0
2+
2� ��0	1 is the value for � at the beginning of

the longitudinal oscillation cycle, cf. Sec. IV below�, the
electrons participate in large longitudinal oscillations, which
amplitude can be considerably larger than the laser wave-
length �. This is the flying regime of interaction22 character-
ized by a high transmittance of the plasma layer. The right-
running and the left-running radiations of the electron sheet
will be different here due to the Doppler effect. For the re-
flected wave �left-running radiation of the electron sheet�,
there will be a large phase modulation determined by Eq. �9�,
and the phase variable cannot be considered as slow. On the
other hand, the right-running radiation of the electron sheet
has the slowly changing phase �cf. Eqs. �8� and �11��. There-
fore, the reflected wave will be enriched with harmonics of
the external wave frequency in a great amount, while the
transmitted wave will be relatively poor in harmonics.

The enrichment of the reflected radiation with harmonics
is also apparent from the highly nonsinusoidal character of
the reflected wave inside a period of the laser field. Actually,
according to Eqs. �11�, the amplitude of the reflected field is
large when p��	�
1. For smaller or larger values of p��	�,
the amplitude of the reflected wave decreases. So there is a
strong amplitude modulation of the reflected field inside the
laser period that indicates the presence of high harmonics.

Another difference between the left-running and the
right-running radiations of the ideal electron sheet in the case
of large longitudinal displacements is the amplitude depen-
dence on time. Actually, according to Eqs. �11�, at the begin-
ning of longitudinal oscillation cycle when the parameter � is
smallest,22 the right-running radiation of the sheet has the
largest amplitude, then the amplitude decreases. The left-
running radiation of the ideal electron sheet �the reflected
wave� has, in some sense, opposite behavior since its ampli-
tude is the smallest at the beginning of the longitudinal
oscillation cycle and then grows up together with the param-
eter �.

III. COMPARISON OF THE MODELS
IN THE HIGH-TRANSMITTANCE „FLYING… REGIME
USING TEST LASER PULSE WITH A STEP-
LIKE ENVELOPE

For a comparison of predictions for three one-sheet mod-
els �flying and sliding mirrors models and pure Coulomb
model� with the results of the 1D XOOPIC

28 simulations, we
used a test laser pulse with a step-like envelope and a0=10.
Since the flying regime of interaction is the most interesting,
the laser pulse amplitude was considerably greater than 

=2. In Fig. 1, the transmitted radiations �right-running� for
three models and for the PIC simulations are presented. The
plasma layer has density n0	7�1022 cm−3 and thickness l

113102-3 Flying mirror model for interaction of a super-intense… Phys. Plasmas 14, 113102 �2007�
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=0.01�, which is considerably smaller than the laser wave-
length. For the PIC simulations, the moving window tech-
nique was used, there were 2000 grid points on � in the
longitudinal direction and 200 particles per cell. Since many
electrons are carried away by the laser pulse in the flying
regime, the transmitted field is presented after about 100 la-
ser periods from the beginning of the interaction, when most
of the electrons turned back. From Fig. 1, one can conclude
that the flying mirror model describes the flying regime of
the interaction of the laser pulse with the plasma layer in the
best way. The pure Coulomb model does not describe the
front of the transmitted pulse properly since the second half-
period has too big amplitude. Besides, this model is not self-
consistent, therefore the drift term in the transverse momenta
of the electrons does not decrease with time,22 giving evident
zero-frequency component of the transmitted spectrum. The
sliding mirror model gives also wrong amplitude for the two
first half-cycles of the transmitted pulse, besides, the trans-
mitted radiation is overly enriched with harmonics. So be-
low, we shall consider in more details the flying mirror
model only.

IV. RADIATION AND TRANSPARENCY
OF THE ELECTRON SHEET IN THE FLYING
MIRROR MODEL

A. High-transmittance „flying… regime

The dynamics and the radiation of the electron sheet
are essentially different in the flying regime, when
a0��2��0

2+
2�, and in the viscous regime, when
a0��2��0

2+
2�.22 Let the external field be linearly polar-
ized,

a0e0x�	� = a0�	�sin�	 + �0� , �13�

where the amplitude a0�	� of the external field is a slowly
varying function in comparison with sin�	+�0�, and �0

=const is the initial phase of the external field. The approxi-
mate solutions of Eqs. �4� for px and � can be obtained in the
flying regime with the method of the slowly varying
envelope,22

px = p0�cos�	 + �0 + �� − exp�−

	

�
�cos��0 + ��� ,

p0 =
a0�

�
2 + �2
, tan � =




�
, �14�

� =����0
2 + 
2 + 


0

	 d	

�a0
2 + 1

�2

− 
2.

These solutions are valid inside some longitudinal oscillation
cycle, which is defined by the condition Z�0 and has the
following period:22

	l =
�a0

2 + 1


��0
2 + 
2

�a0
2

2
− �0

2 − 
2� . �15�

The flying regime is characterized by the large values of the
period for longitudinal oscillations, 	l�2�, and by the large
longitudinal displacements Zmax
	l /2�k�. The right-
running radiation of the sheet has the following form accord-
ing to Eqs. �11� and �14�,

a�−�0,z0� = � a0



2 + �2���cos�	 + �0� − exp�−

	

�
�cos �0�

− 
�sin�	 + �0� − exp�−

	

�
�sin �0���

	=0−z0

,

�16�

and, for the transmitted field, one has from Eqs. �12� and
�16�

at�0,z0� = a0 sin�	 + �0� + a�−

= � a0�

�
2 + �2
sin�	 + �0 + ���

	=0−z0

− � a0


2 + �2�
� exp�−

	

�
�cos �0

− 
2 exp�−

	

�
�sin �0��

	=0−z0

, �17�

where the terms with exponential multipliers originate from
the drift motion of the sheet �cf. the terms with exponential
multipliers in the first equation of the system �14�� and have
to be accounted for only for small values of 	.

In Fig. 2, the transmitted field through the electron sheet
�
=2� is presented for an incident laser pulse with a step-
like amplitude a0=10. The thick cyan line represents the
XOOPIC simulations for the transmitted field �parameters of
simulations are the same as in Fig. 1�, while the thin blue

FIG. 1. �Color online� Comparison of the field transmitted through an ideal
electron sheet in different models of interaction: thick solid line �cyan� is the
PIC simulations result, thin solid line �black� is the flying mirror model
calculations, dashed-dotted line �red� is the pure Coulomb model predic-
tions, and dashed line �blue� is the sliding mirror model results. The incident
laser pulse has a step-like envelope with a0=10 and �0=0, 
=2.
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line in Fig. 2�a� is the field of the incident laser pulse and the
thin black line in Fig. 2�b� is the transmitted field calculated
from the numerical solution of Eqs. �4� substituted into Eq.
�12�. The dotted red line in Fig. 2�b� is the approximate
analytical solution according to expression �17�. One can
conclude that the matching of the numerical solution for the
transmitted field from Eqs. �4� and �12� and the approximate
analytical values from Eq. �17� is good enough for the first
longitudinal oscillation.

So the modification of the transmitted field is due to the
amplitude modulation of the incident field according to the
amplitude transmission coefficient

ta =
�

�
2 + �2
�18�

and also the phase modulation with the phase �, defined by
Eq. �14� �note that this result is valid only22 for 	l�2� and
when the sheet coordinate Z�0�.

Equations �17� and �18� show that at the beginning of
longitudinal oscillation cycle, when � is small, the right-
running radiation of the sheet compensates the incident ex-
ternal field to the right of the sheet in a great amount �for

�1�. Therefore, the electron sheet with 
�1 is almost

opaque at the beginning of longitudinal oscillation cycle,
with transmittance about 
−1. However, then the phase of the
sheet radiation changes and the amplitude of the radiation
decreases, so the compensation of the incident field also de-
creases. For large values of �, the radiation of the sheet has
small amplitude, and it is in quadrature with the incident
field so the compensation tends to zero. Substituting the
value for � from Eq. �14� into Eq. �18�, one can estimate the
time dependence of the amplitude of the transmitted field in
the case of an incident wave with the step-like amplitude a0,

�at�amp =
a0�

�
2 + �2
=

a0	

�	2 + a0
2

, �19�

where the approximation �	
	 /a0 is used for the parameter
� �this approximation is valid for 
��0 and 	�a0�. So the
characteristic time for the front duration of the transmitted
field can be estimated as 	fr=a0 for the step-like incident
pulse. This means that, in the flying regime, the electron
sheet protracts the front, and for a0�1 this effect can be
essential. Using also the approximate expression from Eq.
�15� for the period of the longitudinal oscillations 	l

	a3 / �2
2�, valid for 
��0 and a0�
�2, one can estimate
the maximum value of the transmission coefficient,

�ta�max =
a0

2

�a0
4 + 4
4

� 1 −
2
4

a0
4 , �20�

which can be very close to unity. Such a transmission is
achieved in times 	
	l.

The protraction of a sharp laser front is also evident from
the PIC simulations of Fig. 2. However, the transmittance
switch from opacity to transparency is more sharp for the
real plasma layer then for the ideal electron sheet in the
flying mirror model �cf. the amplitudes of the third, fourth,
etc., half-cycles in Fig. 2�b� for the PIC simulations and the
numerical calculations�. This occurs because the transmit-
tance of the ideal electron sheet can increase only due to the
suppression of the self-radiation of the sheet by the increas-
ing � value according to Eq. �11� �individual mechanism in
Ref. 22 for decrease of the sheet radiation�. For the real
plasma layer, there is in addition another physical mecha-
nism for the increasing the transmittance, namely the de-
stroying of the layer by the laser pulse. Actually, a laser
half-cycle with large enough amplitude can carry away all
electrons from the ion remainder and accelerate them to rela-
tivistic velocities.29,30 This feature is absent in the semi-
infinite plasma, where the Coulomb forces are strong enough
to confine the electrons. The electrons, which were carried
away by the laser pulse, gradually turn back and increase the
transparency of the remaining layer �cooperative mechanism
in Ref. 22 for a decrease of the plasma layer radiation�. In
this sense, for large laser field amplitudes, the flying mirror
model is adequate for the description of the laser pulse inter-
action with the real thin plasma layer only while the thick-
ness of the layer remains considerably smaller than �, i.e.,
for transmission of the pulse front. For the body of the laser
pulse, the flying mirror model gives only the lower boundary
for the transmittance.

FIG. 2. �Color online� Transmitted field through the electron sheet for a
step-like incident laser pulse with the amplitude a0=10 �
=2 and �0=0,
flying regime�: �a� thin blue line is the field of the incident laser pulse and
thick cyan line is the transmitted field obtained in the XOOPIC simulations;
�b� thick solid line �cyan� is the XOOPIC simulations �same as in �a��,
thin solid line �black� is the numerical solution of Eqs. �4� and �12�, and
dotted line �red� is the approximate analytical solution according to expres-
sion �17�.
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It is interesting also to note that, at the end of the first
longitudinal oscillation cycle, there are sharp changes in am-
plitude and phase of the transmitted field �near kz	505 in
Fig. 2�b�� according to Eqs. �4� and �12�. The same changes
can be seen in the PIC simulations in Fig. 2 near kz	520,
when most of the electrons returns to the ions position. The
values for the longitudinal oscillation cycle from numerical
calculations and from the PIC simulations are close enough
�120 and 105 correspondingly�, and these values agree well
with the analytical estimation from Eq. �15�, which gives
	l	100.

So the transmission of the electron sheet in the flying
regime is not only amplitude-dependent,1–3 but also time-
dependent. Besides, it depends essentially on the form of the
pulse envelope according to Eqs. �14� �actually, the estimate
�20� is valid for any long pulse, if the amplitude weakly
changes during the period of the longitudinal oscillation of
the sheet�.

It is interesting to note that, in some cases, the transmis-
sion of the electron sheet does not depend on the value of 
,
so that the sheets with different parameter 
 have the same
transparency in the flying regime. One such case is realized
when the parameter 
 is large: 
��0 �in fact, this is practi-
cally equivalent to 
�1 since �0	1�. Then, for the trans-
mission of the sheet, one has from Eqs. �14� and �18� �we do
not require now the validity of inequality 	�a0 as in
Eq. �19��

ta 	
��	�

�1 + �2�	�
, �21�

where the function ��	� is defined by the envelope of the
external pulse only,

��	� =��1 + 
0

	 d	�

�a0
2 + 1

�2

− 1. �22�

In another such case, the parameter 
 can be small �

��0�, but the time 	 has to be large enough. Thus, for the
step-like amplitude a0 of the external field and 	�a0�0 /
,
one can recover the transmission coefficient corresponding to
Eq. �19�, so the transmission practically does not depend on

 for large enough time. Physically, this is due to the growth
of the parameter � that suppresses the own radiation of the
sheet.

It is necessary to keep in mind, of course, that the con-
clusions of this section are valid for the case Z�0 and 	l

�2�; for example, when a0�
�2 the situation changes
drastically.

B. High-reflectance „viscous… regime

In the viscous regime with a0��2��0
2+
2�, the param-

eter � can be approximately defined by the equation22 �

=�1+ px
2. Then, for the transverse momentum of the electron

sheet, one has �note that the same equation is used in the
sliding mirror model1–3�

dpx

d	
= − a0e0x −




�1 + px
2
px. �23�

Here, the solution for the transverse momentum px of the
electron sheet can be also taken in the form, defined by the
first equation of the system �14�, however the drift term can
be omitted now �the drift term in this case modifies the dy-
namics of the electron sheet only during a short interval of
time, which is considerably smaller than the period of the
laser field�. For p0 and �, the method of slowly varying
envelope gives22

p0
2�1 + 
2f�p0�2� = a0

2, tan � = 
f�p0� , �24�

and the function f�p0� is defined from the following integral
�with p0 to be considered as constant in it�:

f�p0� =
1

�


0

2� cos2 	d	

�1 + p0
2 cos2 	

. �25�

Using an analytic approximation f�p0���1+ p0
2�−1/2, one

can obtain22

p0
2 =

��a0
2 − 
2 − 1�2 + 4a0

2 + a0
2 − 
2 − 1

2
. �26�

It is interesting to note that just the same expression was
obtained earlier3 for the case of a circularly polarized laser
pulse, which was, however, exact �inside the averaging
method� for the circular polarization.

Longitudinal motion is inessential for the viscous re-
gime, so the left-running and the right-running radiation
fields for the sheet are equal, according to Eqs. �11�, and are
defined just by the parameter p0:

a�± =

px�	�

�1 + px
2�	�

, �27�

where 	=0±z0 �the upper �lower� sign is valid for the left
�right� running radiation field�. It is obvious that the radiation
field can be severely enriched with harmonics of the laser
frequency, if px becomes greater than unity for some mo-
ments of time.

Having in mind the shaping of the incident laser pulses,
let us consider in more details the field, transmitted by the
electron sheet and defined by Eq. �12�. Comparing Eqs. �12�,
�23�, and �27�, one can obtain for the transmitted field at the
fundamental frequency of the laser light �excluding higher
harmonics�

at = −
dpx

d	
= p0 sin�	 + �0 + �� , �28�

where the last equality is derived from Eqs. �14� and the drift
term is omitted �p0 and � should be considered as constants
during differentiation�.22 So the amplitude transmittance ta of
the electron sheet at the fundamental frequency is defined in
this regime by the expression

ta =
p0

a0
, �29�

and the electron sheet transparency does not dependent di-
rectly on time contrary to the flying regime case.
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For analytic estimates, the approximation for p0 accord-
ing to Eq. �26� can be used. It is possible to distinguish three
intervals for parameter a0 giving different dependence for
transmittance ta.

In the first interval, a0 is small: a0�
−1. Then, estima-
tion of expression �26� gives for transmittance ta	
−1. So
for a large enough value of parameter 
 and small enough a0,
which can be, however, ultrarelativistic, the electron sheet
reflects almost all radiation at the fundamental frequency ac-
cording to the results of Refs. 1–3 �higher harmonics, of
course, can be radiated by the electron sheet to the left and to
the right�.

In the second interval, 
−1�a0�
+1. In this case, ta

	1/�
 so the transmittance is increased with respect to the
first interval. Note that this interval is short for 
�1.

And at last, for the third interval, 
+1�a0�
�2. For
this interval, ta	�1− �
2+1� /a0

2 so the transmittance can be
large enough. For further increase of parameter a0, the flying
regime starts and the transmittance becomes time-dependent
�cf. Sec. IV A�.

The comparison of the electron sheet transmission in the
viscous regime for the numerical solutions of Eq. �24� and
the approximate solution according to Eq. �26� is presented
in Fig. 3 for 
=10 and 20.

C. Intermediate cutting regime

For a0

�2, the period 	l of the longitudinal oscilla-
tions of the sheet is about the period of the external wave,
and the radiation field of the sheet has complicated structure
depending on the ratio of these periods �this regime can be
called cutting�. This situation is presented in Fig. 4 for a0

=7.7 and 
=5, where the radiation of the sheet and the trans-
mitted field are presented. Actually, the fields look chaotic in
this case.

It is interesting to note that not only the peaks of the
reflected radiation can exceed the amplitude of the incident
external field, but the peaks of the transmitted field can also
do so. This is due to the very abrupt decrease of the param-
eter � to the values less than unity at the end of each longi-
tudinal oscillation cycle,22 while the momentum px preserves
its amplitude of oscillation.

From the PIC simulations for this case, there is one
physical effect, which is not predicted by the flying mirror
model. Actually, after some time of interaction in the cutting
regime �and even in the viscous regime with a0�
�, the
transparency of the plasma layer suddenly increases to al-
most 100%. This transition is accompanied by the destruc-
tion of the plasma layer, more exactly, the thickness of the
plasma layer increases by many times with corresponding
decrease of the electron density, electrons become to move
chaotically with the relativistic longitudinal momenta. Ap-
parently, when the energy of the electrons achieve some
threshold, their radiation become to add non-coherently that
results in the sharp decrease of the right-going radiation of
the plasma layer and corresponding increase of the transmit-
ted amplitude �since the right-going radiation of plasma does
not compensate the external field to the right of the plasma
layer now�. This sudden change in transparency occurs ear-
lier when the ratio a0 /
 is higher. The use of this effect for
the shaping of very long laser pulses �hundreds of femtosec-
onds� will be considered elsewhere.

V. SHAPING OF THE INCIDENT LASER PULSES

The switch of the transmittance of a thin plasma layer
related with nonlinear effects1–3 and with destruction of the
plasma layer can be used for effective shaping of the incident
laser pulses. According to the previous sections, the front
part of the linearly polarized laser pulse with a0

��2��0
2+
2� is strongly reflected �the maximal suppression

FIG. 3. �Color online� Transmittance coefficient ta of the electron sheet in
the viscous regime for the fundamental frequency �: approximation from
Eq. �26� for 
=10, A, and 
=20, B; numerical calculation from the system
�24� for 
=10, C, and 
=20, D.

FIG. 4. The left �b� and the right �c� running radiations and the transmitted
field �d� of the electron sheet in the field of an intense electromagnetic wave
�a� with the step-like amplitude a0=7.7 for 
=5 and �0=0 �cutting regime�,
calculated using the flying mirror model. Radiation of the sheet is referred to
the point z0=0.
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of the transmitted pulse during this interval is proportional to
1/
�, and the remaining part of the laser pulse is transmitted.

Let us at first define the possible range of parameters
when the shaping of the external laser pulse by the electron
sheet is the most efficient. The first parameter, which can be
varied for optimizing the shaping, is the maximum amplitude
amax of the laser pulse, which can be changed by additional
focusing. Another possible variable parameter is the value of

 for the foil. Actually, the parameter 
 defines the point of
the transmittance switch and the suppression of the transmit-
ted field in the opacity regime. When the parameter 
 is
small �smaller than 1�, the parameter � grows up very
slowly,22 and the sheet radiates for a long time. Besides, the
radiation of the electron sheet has small amplitude for small
values of 
 so the modification of an external field is small
�the transmitted field is about the incident one�. Therefore, in
the case of 
�1, the shaping of the laser pulse by the elec-
tron sheet is ineffective, and, for shaping, 
�1 is necessary.
Then, taking into account that �0	1, one can conclude that
the switch of the transmission for the electron sheet will be
near a0s�
�2.

On the other hand, a very large value of the parameter 

is also inappropriate for the shaping because, in this case, the
transmittance switch will be around relatively large laser
pulse amplitudes a0s�
�2, and the front of the transmitted
pulse will have large duration about the value of 	 f 	a0s

	
�2 �cf. Sec. IV A�; this can result in a smaller amplitude
of the transmitted pulse if the incident pulse is short. The
maximal value of the laser pulse amplitude amax has to be
greater than 
�2 for the pulse to be clearcut, say amax�2
.
From these limitations, one can derive that for 
 and amax,
the following ranges can be appropriate: �2–3��

� �15–20� and amax�2
.

For the laser pulse shaping to be effective, there is also
the requirement on the growth rate of the amplitude at the
front of the laser pulse. Actually, the point of the switch of
transmittance just divides between the viscous and the flying
regimes for the electron sheet motion. This means that when
a0�
�2, the regime is viscous, and the period of longitudi-
nal oscillations is considerably smaller than �. To form the
clearcut transmitted laser pulse, the period of the first longi-
tudinal oscillation just after the transmittance switch should
be large enough �at least greater than �4–5���, otherwise,
instead of flying, the regime for a0�
�2 can be cutting.22 If
the cutting regime exists for some time, then the transmitted
field can be close to stochastic during this time, which is
inappropriate for shaping. So for effective shaping, the form
of the incident laser pulse should have some point 	s �with
the amplitude a0s�	s� of the field at this point�, such that
before this point, the period of the longitudinal oscillation is
small and after this point it is large �for 	s one can choose,
e.g., the point with maximum derivative of a0�t��. An appro-
priate foil for the shaping in this case has 
=a0s /�2. Thus,
the growth rate of the amplitude for the incident laser pulse
has to be large enough �at least in some interval of time� for
the transmitted pulse to be clearcut.

Let us now determine the required growth rate of the
incident laser pulse. We shall estimate the required value of

derivative a0� near the point 	s, which ensures the flying re-
gime of motion of the electron sheet after this point. For this
estimation, let us suppose that the field has constant ampli-
tude before the point 	s, and after this point the derivative a0�
of a0�	� is constant,

a0�	� = a0; 	 � 	s,

�30�
a0�	� = a0 + a0��	 − 	s�; 	 � 	s.

If we use the sheet with the parameter 
 satisfying the
equation 
=a0 /�2, then, before the point 	s, the regime is
viscous, so the period of longitudinal oscillations is smaller
than �. In this case for the order estimate of required a0�, we
can use only the second equation from the system �30�, sup-
posing that before 	s the amplitude is equal to zero, and the
jump of the amplitude in the point 	s is equal to a0 �this
simplification allows one not to take into account the viscous
regime before the flying one�. Then, the integral in the ex-
pression �14� for the parameter � can be evaluated analyti-
cally. Actually, for a0�1, one has �we use the character 	
instead of 	−	s�


0

	 d	�

��a0 + a0�	��2 + 1
	

1

a0�
ln�1 +

a0�	

a0
� . �31�

Let us suppose that we are interested in those 	 values
for which inequality a0�	�a0 holds. In this case, the loga-
rithm can be approximated by the linear function, and the
dependence of the parameter � on 	 is just about that for the
step-like amplitude a0 of the external pulse �also estimated
for a0�1�. The slow �in the scale of the laser field period�
part Zs of the coordinate Z of the electron sheet can be esti-
mated from the following equation:22

Zs =
1

4


0

	 �a0 + a0�	�2d	

�2 + 
2 +
1

2


0

	 d	

�2 −
	

2
. �32�

The integral �32� can be calculated analytically. How-
ever, for the sake of simplicity, it is possible to omit the
second term on the right-hand side �rhs� of this equation
giving only small logarithmic correction to the result.22 Be-
sides, we need only order estimates, so let us suppose that a0�
is not very large �actually, smaller than 1� and 
��0. In this
case, one has

Zs =
	

2� a0
2

2
2�1 +
	

a0
� − 1� +

a0
3a0�

2
2 �ln�1 +
	

a0
� −

	

a0 + 	
� .

�33�

In this expression, the terms in the first brackets on the
rhs represent the result22 for the step-like laser pulse enve-
lope a0, and the second-bracket terms give the correction due
to the nonzero derivative a0� of the pulse envelope. Expand-
ing these correcting terms into the Taylor series of 	 /a0 up to
the second order, one has for Zs
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Zs =
	

2� a0
2

2
2�1 +
	

a0
� − 1 +

a0a0�	

2
2 � . �34�

The new period 	ld of the longitudinal oscillations is defined
by the equation Zs=0. Retaining the correction terms to the
linear order in 	 /a0, one has

	ld 	
a0� a0

2

2
2 − 1�
1 −

a0
2a0�

2
2

=
	l

1 −
a0

2a0�

2
2

. �35�

So the nonzero derivative of the pulse envelope a0�	�
increases the period of longitudinal oscillations of the elec-
tron sheet. However, for the increase by about two times, the
required value of a0� has to be about 0.5 for the parameters a0

and 
, satisfying the equation 
=a0 /�2 �this is the require-
ment for the transmittance switch to be in 	s, cf. Eq. �30��.
The greater increase in the period of longitudinal oscillations
requires an even larger value of a0�. Therefore, the effective
nonlinear shaping with the electron sheets is possible only
for the pulses, which have at some time a sufficiently steep
front �a0��0.5�.

According to these considerations, the shaping of the
laser pulses with the electron sheets can be very effective,
when it is necessary to remove a long pedestal of the pulse,
and there is a clear transition from the pedestal to the main
pulse. In Fig. 5, the shaping of such a laser pulse is pre-

sented. The form of the incident pulse is shown in Fig. 5�a�
�thin blue line�, the transmitted pulse simulated with the
XOOPIC is presented in Fig. 5�a� and 5�b� �thick cyan line�,
and the field calculated with the flying mirror model is
shown in Fig. 5�b� with a thin black line. The amplitude of
the initial pulse pedestal is a0=10, the parameter 
 is equal
to 15, so during the pedestal the viscous regime is realized.
The derivative a0� was chosen equal to 1; the maximal laser
pulse amplitude was amax=60.

Figure 5 shows good agreement between the PIC simu-
lations and the numerical calculations from Eqs. �4� and �12�.
Again, as in the case of the step-like laser pulse envelope, the
PIC simulations give a little higher transparency of the
plasma layer after switching to the flying regime than the
flying mirror model. On the other hand, in the viscous re-
gime of suppression of the pedestal, the predictions of the
PIC simulation coincide well with those of the flying mirror
model.

So one can conclude that the suppression of the pedestal
can be considerable in shaping of the laser pulses with the
electron sheets, and the pedestals as high as 1/3 of the maxi-
mal laser pulse amplitude can be removed. This technique
can be used also for separation of spiky features in the laser
pulse from a diffuse background. The higher level of pedes-
tal reduction can be obtained for several electron sheets
�films� placed one after another at some distance. In this
case, it is necessary only to choose properly the decreasing
parameter 
 for the successive films for not to spoil the
created pulse.

The shaping can be also useful for short laser pulses. In
this case, the transmission through the electron sheet reduces
the pulse duration. For the shaping to be effective for short
pulses, the derivative of their envelope has to be greater than
0.5 �at least in some interval� similarly to the pedestal re-
moving case. In Fig. 6, the shaping is presented for the pulse
of a triangular envelope with amax=50 and a0�=2.5 �full du-
ration of the laser pulse is equal to 40� for 
=15, and again,
the PIC simulations give reasonable agreement with the fly-
ing mirror model, especially for the shaping of the laser
pulse front. At point kz	618 in Fig. 6, the transmission from
the viscous regime to the flying regime takes place; the cut-
ting regime is practically absent due to the fast enough
growth of the laser pulse amplitude. The transmitted part of
the incident pulse lies inside the first longitudinal oscillation
of the electron sheet, so the transmitted pulse has a clearcut
form and the shaping is effective. The front of the transmit-
ted pulse is by more than one period shorter than that for the
incident pulse. Also, due to the destruction of the plasma
layer �around kz=613 in Fig. 6�, the top and the back end of
the laser pulse are transmitted through the plasma layer al-
most without losses. Therefore, shaping of the short laser
pulses allows to generate strongly asymmetric pulses �sharp
front end and considerably smoother back end�, which can
be effective in acceleration of the electrons in vacuum.

VI. CONCLUSIONS

The self-consistent one-dimensional flying mirror model
for radiation and transmission of a thin plasma layer was

FIG. 5. �Color online� Removing the laser pulse pedestal with the electron
sheet: thin blue line in �a� is the field of the incident laser pulse, thick cyan
line in �a� and �b� is the transmitted field obtained in the XOOPIC simulations,
thin black line in �b� is the numerical solution of Eqs. �4� and �12�. The
amplitude of the pedestal is a0=10, the derivative a0�=1, the maximal am-
plitude is amax=60, and 
=15 ��0=0�.
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considered in this paper. This model contains one electron
sheet, and it takes into account of the radiation reaction force
and the Coulomb force of the ion remainder. Approximate
analytical expressions for the transmitted and the reflected
fields are derived for the flying mirror model. It is possible to
distinguish three regimes for the transmission of the electron
sheet: viscous regime, flying regime and intermediate cutting
regime. For small amplitudes a0�
 of the incident laser
pulse, corresponding to the viscous regime of the electron
sheet motion, the transmitted pulse is suppressed proportion-
ally to the value of 
, so for large 
, the electron sheet is
almost opaque. The reflected field in this case is sinusoidal
�poor in harmonics� for a0�
 and resembles the incident
field, while for a0�
 the transmitted and the reflected fields
are enriched with harmonics.

The transmission of the electron sheet in the flying re-
gime, when a0�
�2, is not only amplitude-dependent, but
also time-dependent �the electron sheet protracts the sharp
laser front�, and for long enough incident laser pulses, the
transmission can be close to unity. Besides, the amplitude
transmission coefficient depends essentially on the form of
the laser pulse envelope. The transmitted pulse is poor in
harmonics in the flying regime, while the reflected field for
the electron sheet has a wide spectral band. Between the
viscous and the flying regimes, the intermediate cutting re-
gime is situated. In this regime, the transmitted and the re-
flected fields look like a stochastic sample.

To check the validity of results, the predictions of the
flying mirror model were compared with the predictions of
the sliding mirror model1–3 and the pure Coulomb model,22

and also, with the 1D PIC simulations. This comparison
shows that the flying mirror model is more adequate than
other models for the description of the transmittance of real
thin plasma layers in a high laser pulse amplitude regime.

Dependence of the electron sheet transmission on the
incident pulse amplitude can be used for the shaping of the
laser pulses. The two most appropriate applications here in-
clude the removal of the laser pulse pedestal and the reduc-
tion of the length for the short laser pulses. The suppression
of the pedestal is about 1 /
, and pedestals up to 1/3 of the
maximal field amplitude can be suppressed. This effect al-
lows to separate spiky features in the laser pulse from a
diffuse background. For the reduction of the pulse length to
be effective, laser pulse should have steep enough front
�large value of a0��t��; after shaping, the asymmetric pulses
with sharp front end and smooth back end are generated.
These results were compared with the 1D PIC simulations
and the good agreement was established. The transmission of
the plasma layer in the PIC simulations shows even higher
values for the peak amplitudes than in the flying mirror
model due to the destruction of the layer.
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