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A B S T R A C T

Recently, many studies have increasingly focused on developing bio-inspired structures, leveraging their light
weight and high-energy absorption properties, which are crucial across many engineering fields. Structural 
optimization aiming for bio-inspired structures having superior energy absorption capability, however, has been 
considered a challenging problem. One of these challenges is that nonlinear material behaviors induced by 
external forces, such as buckling and self-contact of constituting ligaments, intervene in the energy absorption 
process. Such nonlinearities not only make the relationship between design changes and energy absorption 
nonlinear, but also exacerbate the difficulties of design, given the complexity of the ligament configurations. To 
address this, a novel design optimization method for bio-inspired cellular structures with high energy absorption 
is proposed. First, Voronoi tessellation is used to capture configurations of bio-inspired material, parameterized 
by geometric variables. Then, Bayesian optimization with Kriging efficiently updates the design, exploring the 
complex design space through high-fidelity nonlinear finite element analysis. The proposed design method is 
efficient in structural optimization as it combines a strategy to reduce the number of samples required for sur
rogate modeling of structural response and optimal search, but it also generates multiple design outcomes with 
similar advantages due to the intrinsic variance of the Voronoi structures.

1. Introduction

Over the past few decades, the remarkable mechanical properties of 
nature-inspired materials—which are engineered to emulate the struc
tural and functional properties of biological materials that have evolved 
over millions of years—have attracted significant attention in fields such 
as aerospace, automotive, and defense. These materials exhibit excep
tional mechanical characteristics, such as high impact resistance [1,2], 
superior load-bearing capabilities, and enhanced strength and energy 
absorption (EA) [3,4,5], which have led to extensive research exploring 
their potential for real-world applications. For instance, models have 
been developed to optimize energy absorbers while simultaneously 
considering both the EA capability of structures and pedestrian safety, 
with potential applications in automotive bumpers [6]. Additionally, 
studies have explored the development of bio-inspired functionally 
graded metamaterials, which exhibit characteristics suitable for use as 
cushioning materials to mitigate impact forces in the landing legs of 
space landers [7], as well as nature-inspired functionally graded lattice 

materials for bridge pier protection, improving crashworthiness against 
ship collisions [8]. Furthermore, nature-inspired materials have been 
explored for various biomedical and consumer applications, including 
scaffolds for tissue engineering [9] and midsoles for footwear [10]. 
These findings underscore the promise of nature-inspired materials in 
the development of resilient and high-performance structures across 
various industries.

Voronoi tessellation has been suggested to project the complex 
configuration of nature-inspired materials into tractable mathematical 
descriptions. It is a numerical method that generates non-overlapping 
convex polygons or polyhedra within the design domain. Voronoi 
tessellation has been widely utilized in structural design optimization, 
particularly in non-gradient-based methods, as it enables a wide and 
diverse search space with a reduced number of design parameters. One 
of its key advantages is that the patterns obtained through Voronoi 
tessellation closely resemble those found in nature, enabling the 
straightforward replication of foam-like structures such as abalone shells 
[11], porcupine quills [12], and pomegranate shells [13], all of which 
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exhibit exceptional EA, efficient energy dissipation, and high impact 
resistance. Beyond replicating natural patterns, Voronoi tessellation 
enables fully automated structural design with minimal user interven
tion, enhancing computational efficiency, particularly in applications 
involving repeated EA evaluations.

Previous studies have leveraged these benefits to design and analyze 
Voronoi-based energy-absorbing structures. Ghazlan et al. [11] studied 
the structure of red abalone nacres and successfully reproduced their 
complex topology, leading to improved EA capability. More recently, 
Tee et al. [12] and Ortiz et al. [13] reproduced the intricate patterns of 
porcupine quills and pomelo peels using Voronoi tessellation and 
investigated the correlation between Voronoi parameters and the EA 
capability of the structures.

Thanks to the mathematical tractability of their geometric repre
sentation, the geometric characteristics of Voronoi structures—such as 
their regularity and constituting cell sizes—have been extensively 
studied in relation to their high EA efficiency. For example, Song et al. 
[14] conducted a parametric study to enhance the EA ability of Voronoi 
structures under dynamic crushing conditions. Abdullahi et al. [15] 
employed particle swarm optimization to determine the optimal Vor
onoi parameters for multi-cell square tubal structures in a multi- 
objective optimization framework. In another study, Tung et al. [16] 
optimized Voronoi parameters for improved EA capabilities using ge
netic algorithms, incorporating a variety of Voronoi structure images in 
their analysis. Despite these extensive parametric studies, designing the 
optimal configurations of Voronoi structures remains a challenging task. 
Firstly, the design parameters that define Voronoi diagram configura
tions are only implicitly correlated with mechanical behaviors. For 
example, while the number of seeds in the Voronoi diagram affects the 
size of the cells, it does not determine an exact geometric configuration 
or a deterministic mechanical property. However, this correlation is not 
entirely random; an increased number of polygons within the domain 
generally enhances the structure’s load-carrying capacity due to the 
greater number of load paths. Therefore, the design process should be 
considered a stochastic process with aleatoric uncertainty, where the 
analytical derivation of design sensitivity—essential for utilizing 
gradient-based optimization—is not feasible. Furthermore, the 
complexity is exacerbated by the intricate EA behaviors involved in 
mechanically loaded Voronoi structures, including extensive contact 
and ligament buckling, which are both unknown a priori and compu
tationally expensive.

While numerous studies have explored designs of Voronoi structures, 
the aleatory uncertainties in Voronoi parameters, which determine the 
shape and number of polygons within the structure, are largely not taken 
into account. Instead, designs have often been developed by manually 
selecting specific configurations of Voronoi structures within the design 
space, then either choosing the best sample from the selection or using 
those samples for further refinement [17]. While this approach sim
plifies the design process, it inadvertently restricts the full exploration of 
the design space and limits the potential performance of Voronoi 
structures. Furthermore, even when uncertainty is considered, handling 
randomness typically relies on averaging multiple objective function 
evaluations with respect to a design variable, resulting in significant 
computational costs [15]. These two key limitations—restricted design 
space exploration and high computational cost—highlight the need for a 
more systematic and efficient design framework for Voronoi structures.

Given the black-box relationship between Voronoi parameters and 
the EA performance of Voronoi structures, as well as the inherent 
randomness of the structures, Bayesian Optimization (BO)—an efficient 
non-gradient optimization method for handling highly nonlinear ana
lyses— offers a powerful solution. Bayesian optimization excels at 
managing black-box functions [18,19], which is crucial given the un
clear relationship between Voronoi structures and their EA capabilities. 
Furthermore, by utilizing probabilistic surrogate models, BO effectively 
incorporates aleatory uncertainty from random design variables into the 
surrogate model, making it particularly effective for optimizing highly 

nonlinear functions and handling noisy variables more efficiently than 
other non-gradient-based optimization methods. Owing to these ad
vantages, the adoption of BO in structural design has steadily increased. 
For instance, Shin et al. [20] applied BO to optimize spiderweb nano
mechanical resonators, successfully managing complex variable in
teractions while minimizing computational costs. Likewise, Kaczmarski 
et al. [21] addressed the control challenges posed by the infinite degrees 
of freedom in soft actuators using BO on reduced-order models, 
providing a robust and efficient design and control strategy. Park et al. 
[22] employed BO to optimize staggered platelet composite structures, 
managing the intricate relationship between structural configuration 
and toughness. By incorporating experimental toughness data and ac
counting for aleatory uncertainty arising from inconsistent experimental 
conditions, they effectively integrated the intrinsic variance into the 
probabilistic surrogate model. Despite these successful applications in 
structural designs, the use of BO for optimizing Voronoi structures re
mains unexplored, highlighting the need for a comprehensive frame
work to fully leverage its potential.

In this study, a novel design framework is introduced to overcome 
the limitations of previous Voronoi-based structural designs, specifically 
restricted design space exploration and high computational cost. The 
proposed framework accounts for the aleatory uncertainty of Voronoi 
parameters without limiting the design space, enabling a more 
comprehensive exploration while significantly reducing computational 
cost. By employing Kriging as a probabilistic regression model, the 
framework captures the nonlinear relationship between Voronoi struc
tures and EA capability under uniaxial compression, integrating EA 
variance into the correlation matrix to account for the inherent 
randomness of Voronoi parameters. This approach not only broadens 
design space exploration but also reduces reliance on manual design, 
facilitating the generation of multiple high-performing Voronoi config
urations with minimal human intervention. Furthermore, by efficiently 
identifying the optimal Voronoi parameters with fewer function evalu
ations, the framework enables the generation of additional configura
tions with superior mechanical properties, all derived from the optimal 
Voronoi parameter. By addressing these fundamental challenges, this 
study establishes a methodology for Voronoi-based structural optimi
zation, expanding its applicability across various engineering domains.

The remainder of this paper is organized as follows: Section 2 in
troduces the method for parameterizing the design domain using Vor
onoi tessellation and describes the FE analysis of Voronoi structures to 
evaluate their EA capabilities. Section 3 outlines the problem statement 
for structural optimization aimed at maximizing the EA of Voronoi 
structures and provides a theoretical foundation of the proposed design 
framework. Section 4 presents the optimization results using the pro
posed framework, validates its effectiveness and accuracy through 
comparative studies, and investigates the influence of Voronoi design 
parameters on EA performance. Finally, Section 5 concludes the paper 
with key findings and offers insights into future research directions.

2. Modeling of Voronoi structures

2.1. Voronoi tessellation and design parameters

In this work, bio-inspired structures are modeled as Voronoi struc
tures, where their ligaments form polygonal cells that fill the design 
domain. The Voronoi diagrams are generated using the Qhull algorithm 
[23], which forms polygonal cells by calculating boundaries around 
each seed point, ensuring that each cell represents the region closest to 
its corresponding seed point. As a result of the tessellation process, the 
configuration of the Voronoi diagram is influenced by the number and 
initial positions of the seeds. For example, more regular and smaller 
polygons form in regions where the seeds are densely populated and 
uniformly distributed.

To reflect and parameterize natural patterns in bio-inspired struc
tures, it is necessary to select design variables that can control both the 
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uniformity and quantity of the initial seeds. In this work, the Simple 
Sequential Inhibition (SSI) process is adopted, as suggested by Martinez 
et al. [24], and which is widely utilized to replicate natural patterns 
[25,26,27,28] due to its simplicity and effectiveness. The approach 
sequentially generates and evaluates seeds, discarding those within a 
minimum threshold distance s from existing points. 

s = δ ×

̅̅̅̅̅̅̅̅̅̅
2A̅̅̅̅
̅̅

3n
√

√

(1) 

where s is the threshold distance between seeds, determined by the 
regularity δ and the number of seeds n under the design domain area A 
[29,30]. By controlling s through these two independent Voronoi 
parameters—the regularity and the number of seeds—the threshold 
distance can be adjusted to implicitly govern the final configuration of 
the Voronoi structure.

For simplicity, the ligament thickness t is assumed to be uniform, and 
it is calculated based on the total length of the ligaments li and the 
amount of material allocated for the structure Vvolfrac: 

Vvolfra =
∑n

i=1

tli
Vd

(2) 

Although the Voronoi tessellation is a highly efficient process, the SSI 
process requires considerable computational overhead as the regularity 
δ approaches unity (i.e., a uniform structure). According to probability 
theory, it is unlikely to create completely regular seeding for large 
numbers [31]. To address these challenges, some approaches involve 
leveraging a designer’s intuition [32] or introducing perturbations to 
regular Voronoi structures [33]. In this study, the design space is 
reduced to ensure that the optimization iterations remain computa
tionally feasible: δ ∈ [0,0.7] and n ∈ [2,40].

Fig. 1 exemplifies the design of a Voronoi structure considered in the 
study. The cellular structure is designed within the square design 
domain, with the same height Dsh and width Dsw, which is padded by two 
plates located at the top and bottom. These plates are treated as rigid 
bodies to provide sufficient compression to the structure without expe
riencing any significant deformation themselves [34].

2.2. FE analysis of an energy absorption phenomenon

In this study, bio-inspired structures are subjected to quasi-static in- 
plane compression loading, a widely used method for evaluating the EA 
capability in various engineering applications, including protective 
systems [34,35]. Fig. 2 illustrates the typical force–displacement curve 
during the uniaxial compression of bio-inspired foams. The EA capa
bility of a structure in uniaxial compression is typically defined as the 
area under the force–displacement curve [36,37]. The curve is generally 
divided into three regions: elastic, plateau, and densification [38]. The 
structure first deforms elastically until it reaches the plateau region, 
where the ligaments buckle and the structure collapses. It is worth 
noting that the plateau region, where the force increase is suppressed 
due to cascading collapse and yielding, predominantly governs the EA 
capability of the structures. This region ends when the structure be
comes fully densified, leading to a steep rise in force. In this study, the 
densification displacement is defined as the displacement at which the 
slope of the tangent equals that of the elastic regime [39], a commonly 
used approach in EA evaluations [40,41].

The force–displacement curve is obtained using high-fidelity 
nonlinear finite element analysis with the commercial software ABA
QUS 2020, following [42,43], due to the substantial structural non
linearities in compression, including self-contact and plastic 
deformation of the constituting ligaments. The contact properties were 
set with a friction coefficient of 0.3 for tangential behavior and hard 
contact for normal behavior to prevent penetration between ligaments. 
For simplicity, a plane strain condition is assumed, and 4-node plane 
strain elements (CPE4R) are used to model the structure. The simulation 
employed the elastoplastic properties of nylon, characterized by a 
Young’s modulus of 305.41 MPa and a Poisson’s ratio of 0.4. For the 
plastic regime, isotropic hardening was assumed, with the yield stress 
starting at 15.91 MPa and increasing up to 206.90 MPa at a plastic strain 
of 0.67 to accurately model the material behavior under compression, as 
detailed in [44]. Additionally, the compression plate was modeled as a 
rigid body to prevent deformation during loading, following [45]. The 
reaction force of the structure during uniaxial compression was extrac
ted from the reference point, where the rigid body constraint was 
applied to the upper plate. The yield stress and plastic strain data used to 
evaluate the EA performance of the Voronoi structures are presented in 
Table A1. To validate the simulation setup, experimental verification 
was conducted using three representative models: the reference model 
from [44], a honeycomb structure, and a randomly selected Voronoi 
structure. The results showed that the errors in EA were approximately 
9 %, 6.35 %, and 4 %, respectively, while the force–displacement curves 
exhibited good agreement with the experimental data, as shown in 
Fig. A1.

Given that this framework requires repeated evaluations of EA ca
pabilities across multiple Voronoi configurations with varying Voronoi 
parameters (δ,n), it is crucial to establish a mesh resolution that ensures 
both accuracy and computational efficiency. To validate the reliability 
of the simulation results, a mesh convergence study was conducted as 
shown in Fig. B1. To assess the impact of mesh resolution, ten repre
sentative models were selected. Through the mesh convergence test, it 
was determined that setting the number of elements across the ligament 
thickness (nt) to 4 provides an optimal balance between computational 
cost and model accuracy. Accordingly, all simulations in this study were 
conducted with nt = 4. Further details on the mesh resolution analysis 
can be found in Appendix B.

2.2.1. EA variations for Voronoi random variables
As outlined in the preceding discussion, the generation of Voronoi 

structures is considered a random process for a given design variable, 
and the computation of their EA capability is regarded as realizations. 
Fig. 3 demonstrates five samples with ten function evaluations, where 
variances differ by up to 85 %. These differences arise from the Voronoi 
parameters that control the seed arrangement within the design domain. 

Fig. 1. Schematic illustration of the finite element method model and boundary 
conditions used for the uniaxial compression simulation.
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As regularity increases, the minimum distance between seeds also in
creases, leading to more uniform seed distributions. Consequently, the 
configurations of the Voronoi structures become more uniform, 

reducing variance in the EA capabilities. A greater number of seeds re
quires the minimum allowable distance between seeds—set by the 
regularity—to be maintained across all seeds, thereby minimizing 

Fig. 2. Typical force-displacement curve of cellular structures under uniaxial compression, showing three regions: elastic, plateau, and densification [38].

Fig. 3. Illustration of the five Voronoi parameters, where ten function evaluations were performed to assess the EA and quantify the aleatory uncertainty in Vor
onoi structures.
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variance in EA performance.

3. Structural optimization maximizing EA

3.1. Problem statement

To design the optimal Voronoi structure, the optimization problem to 
maximize EA for the given amount of material is formulated as: 

argmax
δ,n

∫

F(u)du

subject to V(δ, n) = Vvolfrac

(3) 

where δ and n are design variables characterizing the Voronoi diagram, 
Vvolfrac represents the volume fraction, and 

∫
F(u)du is the area under the 

force–displacement curve. Considering that n is an integer, a rounding- 
off process was applied before the generation of the Voronoi structures 
and surrogate modeling. The volume fraction was fixed at 0.38 to enable 
comparison of the EA of the optimal Voronoi structures with those 
presented in reference [44]. In the proposed design framework, a single 
objective function evaluation was performed for design variables 
selected by BO, integrating the force–displacement curve for each Vor
onoi structure defined by δ and n. Additionally, a reference BO is per
formed with 40 objective function evaluations per candidate BO selected 
in Section 4 to assess the metamodel accuracy and global optimum 
search capability of the proposed BO. The evaluations were averaged to 
construct the Kriging model for the reference BO, accounting for the 
aleatory uncertainty in the Voronoi structures. The reference BO is 
performed in the Results and discussion section for the metamodel ac
curacy and global optimum search capability of the proposed BO.

3.2. Design framework

In the present work, BO is employed to optimize the Voronoi pa
rameters for superior EA performance, considering the complex and 
stochastic relationship between EA and design variables. BO is partic
ularly well-suited for managing the complex and computationally 
intensive function evaluations, where the relationship between Voronoi 

parameters and EA capability of Voronoi structures is treated as a black 
box. Furthermore, BO addresses aleatory uncertainty in Voronoi struc
tures by incorporating probabilistic information into the surrogate 
model. Specifically, Kriging is used as the surrogate model, with a 
nugget to account for the aleatory uncertainty, providing a practical 
alternative to approaches requiring extensive simulations like Monte 
Carlo methods. By relying on observed data, rather than requiring a 
deep understanding of physics in the system, BO lowers the barrier to the 
design process for Voronoi structures. A theoretical explanation of the 
methodologies used in the proposed design framework is provided in the 
following sections.

Fig. 4 illustrates the proposed design framework for Voronoi struc
tures with superior EA capabilities, comprising three key steps: (1) 
initial sampling to quantify the aleatory uncertainty in the Voronoi 
structures, where 40 function evaluations are performed for each set of 
initial design variables, (2) the BO cycle to optimize the Voronoi random 
variables (e.g., δ and n) where aleatory uncertainty is incorporated into 
the surrogate model, enabling a single function evaluation per set of 
design variables selected by BO and significantly reducing the number of 
expensive function evaluations needed for optimizing EA—a strategy 
not previously explored in this context. (3) the generation of multiple 
solutions based on the optimal Voronoi parameters. It is worth noting 
that the variability in Voronoi configurations provides designers with a 
wide range of options when creating Voronoi structures.

3.2.1. Bayesian optimization
For BO, Kriging was selected as a probabilistic surrogate model, 

where the predicted response of a random variable x follows a multi

variate Gaussian distribution N
(

ŷ(x), σ̂(x)2
)

. Based on the assumption, 

the improvement of x beyond the best observed so far ymax =

max
(
y
(
x(1) ),⋯, y

(
x(n) ) ) can be defined [46] as 

I(x) = max(ŷ(x) − ymax,0 ) (4) 

With the expectation of improvement, an infill strategy known as Ex
pected Improvement (EI) can be derived in a closed-form expression. In 
this study, EI is utilized as the acquisition function for optimization [46]:  

Fig. 4. Schematic diagram of the proposed Voronoi structure design framework for the superior EA capability, consisting of three steps: initial sample preparation 
and evaluation of Voronoi structures, BO cycle to optimize the Voronoi random variables (δ, n),and the generation of multiple solutions with respect to the optimal 
design variable.

E[I(x) ]

⎧
⎪⎨

⎪⎩

(ŷ(x) − ymax )Φ
(

ŷ(x) − ymax

σ̂(x)

)

+ σ̂(x)ϕ
(

ŷ(x) − ymax

σ̂(x)

)

if σ̂(x) > 0

0 else
(5) 
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where ymax represents the best objective value observed. The term ŷ(x)
and σ̂(x) denote the predicted mean and standard deviation by Kriging 
at x, respectively. ϕ and Φ are the probability density function and the 
cumulative distribution function of the standard normal distribution.

This acquisition function employs an elegant trade-off by prioritizing 
candidates with both a high expected mean and variance, combining the 
two core strategies of exploration and exploitation, as characterized by 
the EI criterion. The exploitation strategy, represented by the first term 
in Eq. (5), aims to obtain design variables that show superior objective 
function values across the design domain. In contrast, the exploration 
strategy, indicated by the second term, focuses on design variables 
associated with high variance in the predicted response surface. The 
next design variable to be evaluated is suggested based on Eq. (6), which 
shows the highest EI value across the design domain. The iterative 
process is repeated until no improvement in the objective function is 
observed, even after more than five iterations. 

x(n+1) = argmax
x

EI(x) (6) 

The selected design variable x(n+1) is then evaluated and is used to 
update the probabilistic surrogate model [46].

3.2.2. Kriging
The Kriging surrogate model is constructed with a constant regres

sion term, as follows [44]: 

y(x) = α+Z(x) (7) 

where y(x) is the predicted mean at the design variable x, α is the best 
linear unbiased predictor (BLUP), and Z(x) is the stochastic error func
tion at design variable x following a Gaussian distribution with zero 
mean and the process variance σ2

P. In this study, spatial correlation was 
assumed among the Voronoi random variables, and the Matérn 5/2 
kernel was employed for the correlation matrix, which is commonly 
used to define the spatial relationship between design variables [48]. 
Additionally, the aleatory uncertainty of Voronoi random variables is 
incorporated as a nugget into the Matérn kernel to address the inherent 
variability of Voronoi structures, as shown in Eq. (8) [47]. 

R
(
xα,xβ, θ

)
=

(

1+

̅̅̅
5

√ ⃒
⃒xαi − xβi

⃒
⃒

θi
+

5
3θ2

i

)

exp

(

−

̅̅̅
5

√ ⃒
⃒xαi − xβi

⃒
⃒

θi

)

+ λI

(8) 

where N is the dimension of design variables, xαi and xβi are the i-th 
components of two observations xα and xβ respectively, θi is the coef
ficient of correlation, defining the extent of correlation among the i-th 
elements, λ is the nugget term representing intrinsic variance at each 
observation and I is the identity matrix.

This approach accounts for noisy observations, preventing over
fitting and enhancing the robustness of predictions for unobserved data 
in a noisy dataset [49]. Specifically, when the Kriging model handles 
random variables showing high aleatory uncertainty with very close 
Euclidean distances or identical ones, the condition number of the cor
relation matrix becomes exceedingly high, leading to the failure of 
constructing the surrogate model [50]. As previously mentioned, a 
single function evaluation was conducted for each BO candidate and the 
aleatory uncertainty obtained from the initial samples was incorporated 
as a nugget term to prevent numerical instability. This approach reduced 
computational loads for the optimization while preserving the surrogate 
model’s accuracy. It is worth noting that BO considering the nugget with 
single function evaluation prevents rank deficit of the Gram matrix and 
avoids failure in finding global optimum due to insufficient search over 
the design domain.

In this study, homoscedastic noise was utilized as a nugget, adopting 
the lowest variance observed among the initial samples throughout the 
entire optimization process. This approach was chosen because applying 

a large variance of initial samples to the correlation matrix would result 
in a surrogate model that is too smooth to optimize Voronoi variables for 
high EA [51].

Building upon the modified correlation matrix, the optimal hyper
parameter θ* is obtained through Maximum Likelihood Estimation 
(MLE) using the quasi-Newton method, which maximizes the likelihood 
based on the observations. For a detailed derivation, please refer to 
references [52]. With θ* obtained, BLUP and process variance are 
expressed as follows [52]: 

α =
(
1TR− 11

)− 1( 1TR− 1Y
)

σ2
p =

1
M
(Y − α1)TR− 1(Y − α1)

(9) 

where M represents the number of observations, 1 is a unit vector of 
dimension N, and Y is the response vector corresponding to each design 
variable. Utilizing the unbiased estimator and process variance, the 
expected mean and variance of the probabilistic surrogate model are 
then derived as follows [52]: 

ŷ(x) = α + r(x)TR− 1(Y − α1)

σ̂ 2
(x) = σ2

p

[
1 + μT ( 1TR− 11

)− 1μ − r(x)TR− 1r(x)
] (10) 

where μ = 1TR− 1r − 1 and the vector r(x)T
=

[R(x,x1),R(x,x2),⋯,R(x,xN) ].

4. Results and discussion

4.1. Design optimization

In this section, the accuracy and computational efficiency of the 
proposed Voronoi structure design framework are evaluated through 
two independent optimization trials with different initial samples, while 
simultaneously examining the influence of initial samples on the pro
posed framework and assessing its capability to achieve the global op
timum. Fig. 5(a) and (b) depict the optimization histories where the EA 
of the Voronoi structure is maximized through BO, while Fig. 5(c) and 5 
(d) show the force–displacement curves derived from the Voronoi pa
rameters demonstrating improvements in the objective function during 
the optimization.

As shown in Fig. 5(a) and (b), both trials yield the same optimal 
solution (δ*, n*) = (0.7,18) identified in the reference BO. The opti
mized designs exhibit improved average EA performance, with increases 
of 15.74 % and 11.20 % in the first and second trials, respectively. These 
improvements are measured against the initial sample set averages, 
where the highest observed EA values were 161.88 kJ and 165 kJ. It is 
worth noting that the difference in the converged EA value between 
trials arises because each EA value represents a single evaluation, rather 
than an averaged result as in the reference BO, which requires 40 
function evaluations.

In addition, the proposed BO reduced the computational burden of 
function evaluations by up to 95.25 % compared to the reference BO, 
which required fewer iterations for optimization but a higher number of 
function evaluations per iteration. For example, the first optimization 
required 400 function evaluations in the reference BO, whereas the 
proposed method only needed 19 function calls. These findings 
demonstrate that the proposed method is superior in efficiency, with 
significantly reduced computational loads, while identifying global op
tima from which Voronoi structures exhibit superior EA performance.

It is worth noting that all iterative searches identify the same design 
variable of (δ*, n*), where the design layouts exhibit the highest regu
larity and a moderate number of seeds within the potential design space, 
as illustrated in Fig. 5 (c) and (d). It can be explained by the fact that EA 
improves as regularity increases. Greater regularity enhances resistance 
to compression, resulting in structures with higher stiffness in the elastic 
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regime. Furthermore, a trade-off is observed as the number of seeds 
increases. Since the material volume remains fixed throughout the 
design search, configurations with higher n result in thinner ligaments, 
which exhibit greater densification displacement but lower stiffness.

The Voronoi structures generated for the same optimum, i.e., (δ*, n*), 
are further analyzed, as shown in Fig. 6. By sampling multiple optimal 
Voronoi structures, the average EA was found to be 181.93 kJ, with a 
minimum EA of 173.25 kJ among the samples. Notably, even the lowest 
EA performance of the optimal Voronoi structure exceeds the maximum 
EA of the initial samples at 169.81 kJ, showing that the proposed design 
method is capable of conceiving structures for superior EA.

Additionally, the results were compared with the bio-inspired model 
proposed by Ghazlan et al. (2020) [44], where the amount of material 
same as the optimized Voronoi structure was used, and demonstrated 
superior EA capability compared to well-known metamaterials. The 
optimized Voronoi structure exhibited up to 33.59 % higher EA than the 
reference model. To better understand the increase in EA capability, the 
deformation mechanisms of the Voronoi structures during uniaxial 
compression were identified, as shown in the inset. For comparison, one 
sample with an EA of 183.12 kJ was selected for illustration. The 
reference model exhibits minimal buckling of ligaments until the onset 
of densification, resulting in a hardening effect in the plateau region, but 

Fig. 5. Overview of the BO histories for designing Voronoi structures with superior EA capability: (a) and (b) show the proposed BO using triangles for predictions of 
the proposed metamodel and the reference BO using circles. Iteration zero represents the best average EA value among initial samples. (c) and (d) depict the 
force–displacement curves for the proposed BO candidates showing improvement during both optimizations along with the densification displacement, denoted 
by ud.

Fig. 6. (a) Force-displacement curves from uniaxial compression simulations comparing the optimized Voronoi structures, the reference model by Ghazlan et al. 
[44], and the honeycomb structure. (b) Three representative deformation mechanisms observed during compression—buckling (green circle with a dashed outline), 
contact (red circle with a solid outline), and densification (blue circle with a dashed outline)—are marked in (a) with corresponding color-coded indicators.
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also shows low initial stiffness and a small densification displacement (e. 
g., ud = 28.83 mm). In contrast, the optimal Voronoi structures exhibit 
higher initial stiffness, a hardening effect in the plateau region, and a 
greater densification displacement (e.g.,ud = 31.87 mm). This defor
mation mechanism is attributed to the randomized buckling throughout 
the structure, which prevents huge energy dissipation from buckling as 
the ligaments compact against each other during compression. The 
specific mechanisms behind these behaviors are further discussed in 
Section 4.3.

4.2. Accuracy of metamodel

The suggested framework assumes homoscedastic noise and evalu
ates each BO-selected candidate only once to update the surrogate 
model. This approach can introduce errors in the predicted EA response 
surface, potentially impeding the search for the global optimum in the 

design space. Therefore, a comparison was made between the Kriging 
models constructed in the proposed framework and the reference 
through two independent optimizations with different initial samples.

4.2.1. Effect of a nugget in optimization
As shown in Fig. 7, the global minimum for the Voronoi parameters is 

identified as (δ*, n*) = (0.7,18). Two independent optimization runs 
starting from different initial samples consistently converge to the same 
global optimum, confirming the robustness of the proposed approach. In 
addition, the surrogate model constructed during the proposed BO 
demonstrates errors below 2 % in the vicinity of the global optimum (δ*,

n*) by the end of the optimization, indicating that the proposed method 
successfully recreates an accurate surrogate model around (δ*, n*).

The high accuracy around the global optimum, despite the reduced 
number of function evaluations, can be attributed to the nugget term in 
Eq. (8), which accounts for the intrinsic variance approximated by the 

Fig. 7. Errors between the EA response surface with respect to Voronoi parameters for the proposed BO and the reference BO in two independent optimization 
processes: first (a) and second optimization (b), with the global optimum identified as (δ*, n*) = (0.7, 18). (c) illustrates the efficiency of the proposed design 
framework by iteratively sampling around the global optimum.
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initial observations. It facilitates iterative sampling near the global op
timum during the BO process, allowing for updates to the surrogate 
model and preventing rank deficiency and premature termination of the 
search. This process is highlighted in Fig. 7(c), where the proposed BO 
selected four candidates near the global optimum. Each observation is 
separately utilized to update the response surface, enhancing the accu
racy of the predicted EA as more function evaluations are conducted 
near the global optimum.

It is worth noting that the errors are found in regions far from the 
global minimum due to the reduced number of samples in constructing 
the surrogate model. These errors can be attributed to the fact that the 
proposed BO relies on a single function evaluation that is insufficiently 
in capturing the statistical moments of the random Voronoi parameters 
at points such as (δ, n) = (0.7,2) in Fig. 7(b). This, in addition to the 
effect of dissimilar initial sample sets, leads to wide variance in search 
paths between the proposed BO and the reference BO as observed at (δ,
n) = (0, 35) in Fig. 7(a).

However, these discrepancies have a minimal impact on the opti
mization outcome as discussed in Section 4.1. The metamodel maintains 
over 98 % accuracy in predicting the EA capability of Voronoi structures 
near the global optimum, ensuring reliable optimization performance. 
Furthermore, both independent optimization trials successfully identify 
the optimal design variables regardless of the initial sample set, 
demonstrating the robustness of the proposed method. This trade-off 
between computational efficiency and accuracy—where errors in re
gions distant from the global optimum are tolerated to enhance opti
mization efficiency—remains acceptable within the scope of this study.

4.3. Mechanism of the improved EA

Fig. 6 shows the mechanical behavior of the three representative 
foams considered in the present study: a representative sample of the 
optimized Voronoi structures, a honeycomb structure, and the reference 
model suggested by Ghazlan et al. [44]. The figure presents the force
–displacement relationship and can be distinguished into elastic, 
plateau, and densification regions following Fig. 2. Each deformation 
mechanism is illustrated in Fig. 6 (b).

In the elastic region, all three representative models exhibit a linear 
force–displacement relationship, effectively sustaining the applied load. 
Among them, the honeycomb structure demonstrates the highest stiff
ness, as previously reported in [44]. As deformation progresses into the 
plateau region, the primary deformation mechanism is characterized by 

buckling of ligaments. For the honeycomb structure, localized buckling 
occurs, leading to a cascading collapse that inhibits ligament in
teractions and results in a sudden drop in the curve as illustrated in Fig. 6
(a). Conversely, in the reference model, buckling occurs throughout the 
entire structure, inducing a hardening effect in the plateau region. The 
optimized Voronoi structure also displays a similar hardening effect, 
although the underlying mechanism differs; the buckling occurs at 
random locations, reflecting the distinctive deformation behavior shown 
in Fig. 6(b). The mechanism promotes ligament interactions, forming 
localized load-bearing regions that gradually enhance the stiffness of the 
Voronoi structure. With further deformation, the structure enters the 
densification region, where ligament compaction leads to a steep rise in 
the force–displacement curve.

The superior energy absorption capability of the Voronoi structure 
can be attributed to its optimized balance between stiffness and densi
fication displacement, along with the presence of a hardening effect. A 
more detailed discussion of the relationship between these properties 
and the Voronoi parameters is provided later in this section. Compared 
to the honeycomb structure, the Voronoi structure exhibits relatively 
lower stiffness and densification displacement. Thanks to the fact that 
buckling occurs in a random manner, however, the gradual increase in 
the force–displacement curve within the plateau region allows for 
greater energy absorption than the honeycomb structure. Similarly, the 
reference model also exhibits a gradual increase in the curve within the 
plateau region. However, the optimized Voronoi structure achieves su
perior EA thanks to its higher stiffness and densification displacement 
compared to the reference model.

Building on the understanding of EA mechanisms in the optimized 
Voronoi structure, further analysis is conducted to examine how Vor
onoi parameters influence two key mechanisms—buckling and ligament 
densification—using five representative configurations that exhibit 
distinct variations in these behaviors, as shown in Fig. 8.

The first mechanism involves the buckling of individual ligaments, 
which is observed when the applied force exceeds the critical load of the 
structure. This buckling contributes to energy dissipation, thereby 
reducing the EA capacity of the structure. To quantify the resistance to 
buckling, the first critical force obtained by the eigenvalue buckling 
analysis is used.

The first mechanism is primarily related to the regularity parameter, 
which determines the aspect ratio of the polygons. For example, a 
structure (i.e., the first sample) with parameters (δ, n) = (0, 18) exhibits 
a substantially lower EA value compared to the optimal Voronoi struc

Fig. 8. Force-displacement curves under uniaxial compression simulation for Voronoi structures with varying Voronoi parameters, demonstrating the corresponding 
mechanical properties, such as ligament thickness, critical forces, and EA. The densification displacements are marked by vertical lines in the plots.
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ture, despite having the same number of polygons within the design 
domain. This is because a decrease in regularity results in non-uniform 
polygons, which have diminished resistance to buckling under 
compression, thereby increasing energy dissipation. In contrast, a hon
eycomb structure with a regularity of 1 (i.e., the fifth sample) also shows 
a lower EA value than the optimal design, despite having a higher 
critical force. This phenomenon stems from cascading collapse in the 
structure, where insufficient interactions between ligaments reduce the 
EA capacity as illustrated earlier.

The second mechanism is ligament densification, which occurs as 
ligaments come into contact with each other, enhancing EA through 
increased densification displacement. The degree of ligament densifi
cation varies with the number of seeds, creating a trade-off between 
critical force and densification displacement. For instance, a structure 
with parameters (δ, n) = (0.7, 2) has the thickest ligaments but exhibits 
lower EA compared to the optimal design with (δ*, n*). This is because, 
despite having the highest critical load due to the thicker ligaments, the 
limited number of cells leads to reduced interaction between ligaments, 
causing the lowest densification displacement among the samples. 
Conversely, in the case of (δ, n) = (0.7,40), although the structure 
shows the highest densification displacement due to the extensive lig
ament interaction, its EA capability is still lower than that of the optimal 
Voronoi structure. This is due to its lower resistance to compression from 
the thinner ligaments. This observation indicates that careful adjust
ment of the number of seeds is crucial to balancing resistance to buckling 
and ligament densification.

It is worth noting that the deformation mechanism during the 
crushing process of the foam is primarily governed by geometric 
nonlinearity. As a result, it is influenced by changes in the ligament 
network due to variations in the Voronoi parameters but is less affected 
by the stiffness of materials.

5. Conclusion

In this work, we introduce a novel BO-based design framework that 
efficiently optimizes Voronoi structures for superior EA capabilities 
using Voronoi parameters, which enable a stochastic yet efficient rep
resentation of the design space. To account for the aleatory uncertainty 
of Voronoi parameters, homoscedastic noise is introduced as a nugget 
term in the metamodeling process, ensuring numerical stability. The 
resulting metamodels demonstrate high accuracy near the global opti
mum, even with a reduced number of sample evaluations. Through this 
framework, the optimal Voronoi parameters (δ, n) = (0.7,18) yield a 
range of structural configurations due to their stochastic nature. 
Nevertheless, all designs based on these parameters consistently exhibit 
excellent EA performance, characterized by high initial stiffness, hard
ening behavior in the plateau region, and decent densification 
displacement.

The proposed design framework can be applied to various domains 
beyond Voronoi structure design for EA capabilities. For instance, it can 
be extended to functionally graded foams with segmented Voronoi 

designs and other structural properties, offering superior tunability. 
Additionally, the framework can be used in experiments or other black- 
box simulations, broadening its range of applications. Moreover, the 
suggested approach enables the generation of structurally diverse con
figurations with superior mechanical properties using the same optimal 
design variable, efficiently expanding datasets required for generative 
design.

Nevertheless, this study has certain limitations. First, the suggested 
design framework has only been applied to EA maximization examples 
under uniaxial compression, while the framework has the potential to be 
applied to various EA applications, such as customized shoe midsoles. 
Second, the proposed framework considers a reduced design space, 
including a restricted range of the regularity parameter and the 
assumption of constant thickness, since the primary objective of this 
work is to propose an efficient design method that accounts for the 
stochastic characteristics of the structure while considering its complex 
mechanical behavior.

Although the present work is limited to geometric variations of 
foams and the resulting changes in their crushing mechanisms, the 
proposed gradient-free optimization framework is not limited to the 
fixed material. In future work, this approach will be extended to foams 
with material property variations that influence material nonlinearity, 
such as multi-material structures, functionally graded materials (FGMs), 
and plasticity.
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Appendix A 

Table A1 
Plastic properties of toughed Nylon utilized to evaluate EA performance of Voronoi structures.

Yield stress(MPa) Plastic strain Yield stress Plastic strain Yield stress Plastic strain Yield stress Plastic strain

15.91 0 59.69 0.295 101.9 0.534 152.4 0.643
18.17 0.001 61.29 0.31 104.1 0.541 155.2 0.644
20.82 0.003 62.98 0.325 106.2 0.548 157.6 0.647
22.78 0.008 64.64 0.339 108.4 0.555 160.3 0.649
24.98 0.015 66.39 0.353 110.6 0.561 162.8 0.651

(continued on next page)
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Table A1 (continued )

Yield stress(MPa) Plastic strain Yield stress Plastic strain Yield stress Plastic strain Yield stress Plastic strain

27.3 0.024 68.12 0.366 112.8 0.568 165.4 0.653
29.6 0.034 69.86 0.379 115.1 0.573 167.9 0.655
31.99 0.047 71.81 0.391 117.4 0.579 170.4 0.657
34.53 0.062 73.68 0.403 119.8 0.584 173.1 0.658
37.21 0.08 75.54 0.415 122.1 0.589 175.8 0.659
39.76 0.099 77.33 0.426 124.3 0.595 178.6 0.66
42.05 0.118 79.26 0.437 126.7 0.599 181.4 0.661
44.17 0.137 81.25 0.448 129 0.604 184 0.662
46.16 0.156 83.4 0.457 131.2 0.609 186.5 0.663
48.07 0.175 85.32 0.467 133.5 0.613 189 0.664
49.77 0.193 87.4 0.476 135.7 0.618 191.4 0.666
51.5 0.211 89.48 0.485 138.1 0.622 193.9 0.667
53.12 0.229 91.48 0.494 140.5 0.625 196.5 0.668
54.76 0.246 93.53 0.503 142.9 0.629 199.2 0.668
56.41 0.263 95.56 0.511 145.2 0.633 201.8 0.669
58.05 0.279 97.71 0.519 147.4 0.637 204.4 0.669
59.70 0.294 99.79 0.527 149.8 0.64 206.9 0.67

Fig. A1. Validation of numerical simulations through comparison with experimental compression data, where EA denotes the EA capability of a structure and 
represents densification displacement. and indicate the percentage differences between experimental and simulated values of EA and , respectively, relative to the 
experimental values.

Appendix B 

As shown in Fig. B1, using more than 100,000 elements did not lead to noticeable differences in EA or densification displacement. Additionally, the 
force–displacement curves remained consistent, demonstrating that increasing the number of elements beyond this value had a negligible impact on 
the results. Based on this observation, this resolution was chosen as the reference for comparison. However, applying the reference resolution to all 
structural configurations was computationally prohibitive.

To address this, the number of elements was varied for each configuration, as shown in sample 1 of Fig. B1. For clarity in visualization, sample 1 
included force–displacement curves for various mesh resolutions, while the remaining cases only presented the reference resolution and the four- 
element resolution along the ligament thickness. The study indicates that assigning four elements along the ligament thickness was sufficient to 
replicate the results obtained with the reference resolution while maintaining accuracy. Specifically, the maximum error observed was 2.7047% in EA 
and 1.8538% in densification displacement. While these errors represent a slight trade-off in accuracy, they are considered acceptable given the 
significant increase in computational efficiency. Additionally, the force–displacement responses, as shown in Fig. B1, were highly consistent across 
different configurations, showing that this resolution effectively captures ligament buckling and hardening behavior in the plateau region while 
ensuring computational efficiency.

Based on these findings, in the proposed optimization process, nt was set to ensure that at least four elements were assigned for EA evaluations. 

Y. Oh et al.                                                                                                                                                                                                                                       Materials & Design 253 (2025) 113822 

11 



Fig. B1. Force-displacement curves of the Voronoi structure for ten representative samples, analyzed to examine mesh convergence and its effect on the accurate 
evaluation of EA capabilities. denotes the number of elements across the ligament thickness.

Data availability

Data will be made available on request.
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(1913) 189–196, https://doi.org/10.1051/jphystap:019130030018900.

Y. Oh et al.                                                                                                                                                                                                                                       Materials & Design 253 (2025) 113822 

12 

https://doi.org/10.1002/adem.201080065
http://refhub.elsevier.com/S0264-1275(25)00242-4/h0010
http://refhub.elsevier.com/S0264-1275(25)00242-4/h0010
http://refhub.elsevier.com/S0264-1275(25)00242-4/h0010
https://doi.org/10.1016/j.jmbbm.2019.103603
https://doi.org/10.1016/j.jmbbm.2019.103603
https://doi.org/10.1088/1748-3190/11/4/045002
https://doi.org/10.1088/1748-3190/11/4/045002
https://doi.org/10.1016/j.ijimpeng.2018.11.014
https://doi.org/10.1016/j.ijmecsci.2023.108580
https://doi.org/10.1016/j.compstruct.2024.118482
https://doi.org/10.1016/j.engstruct.2022.115404
https://doi.org/10.1016/j.engstruct.2022.115404
https://doi.org/10.1039/D2TB01478E
https://doi.org/10.1093/jcde/qwac060
https://doi.org/10.1016/j.compstruct.2016.06.020
https://doi.org/10.1016/j.matdes.2021.110041
https://doi.org/10.1115/1.4040911
https://doi.org/10.1115/1.4040911
https://doi.org/10.1016/j.matdes.2010.04.007
https://doi.org/10.1016/j.tws.2020.106690
https://doi.org/10.1016/j.jmrt.2023.08.210
https://doi.org/10.1016/j.matdes.2017.12.019
https://doi.org/10.1016/j.matdes.2017.12.019
https://doi.org/10.48550/arXiv.1807.02811
https://doi.org/10.1109/JPROC.2015.2494218
https://doi.org/10.1002/adma.202106248
https://doi.org/10.1016/j.cma.2023.115939
https://doi.org/10.1016/j.compscitech.2021.109254
https://doi.org/10.1016/j.compscitech.2021.109254
https://doi.org/10.1145/235815.235821
http://refhub.elsevier.com/S0264-1275(25)00242-4/h0120
http://refhub.elsevier.com/S0264-1275(25)00242-4/h0120
https://doi.org/10.1016/S0167-6636(98)00033-7
https://doi.org/10.1016/j.ijsolstr.2005.03.002
https://doi.org/10.1016/j.ijsolstr.2007.10.008
https://doi.org/10.1016/j.euromechsol.2017.09.010
https://doi.org/10.1016/j.euromechsol.2017.09.010
https://doi.org/10.1016/S1359-6454(00)00282-2
https://doi.org/10.1016/S1359-6454(00)00282-2
https://doi.org/10.1016/S0022-5096(00)00046-6
https://doi.org/10.1051/jphystap:019130030018900


[32] O.E. Sotomayor, H.V. Tippur, Role of cell regularity and relative density on elasto- 
plastic compression response of random honeycombs generated using voronoi 
diagrams, Int. J. Solids Struct. 51 (21–22) (2014) 3776–3786, https://doi.org/ 
10.1016/j.ijsolstr.2014.07.009.

[33] V. Lucarini, From symmetry breaking to poisson point process in 2d voronoi 
tessellations: the generic nature of hexagons, J. Stat. Phys. 130 (2008) 1047–1062, 
https://doi.org/10.1007/s10955-007-9475-x.

[34] F.N. Habib, P. Iovenitti, S.H. Masood, M. Nikzad, In-plane energy absorption 
evaluation of 3d printed polymeric honeycombs, Virtual and Physical Prototyping 
12 (2) (2017) 117–131, https://doi.org/10.1080/17452759.2017.1291354.

[35] C.I. Hammetter, R.G. Rinaldi, F.W. Zok, Pyramidal lattice structures for high 
strength and energy absorption, J. Appl. Mech. 80 (4) (2013) 041015, https://doi. 
org/10.1115/1.4007865.

[36] M. Wang, J. Zhang, W. Wang, L. Gao, Compression behaviors of the bio-inspired 
hierarchical lattice structure with improved mechanical properties and energy 
absorption capacity, J. Mater. Res. Technol. 17 (2022) 2755–2771, https://doi. 
org/10.1016/j.jmrt.2022.02.046.

[37] S. Xie, J. Zhang, X. Liu, S. Zheng, Z. Liu, A reinforced energy-absorbing structure 
formed by combining multiple aluminum foam-filled open-hole tubes, Int. J. Mech. 
Sci. 224 (2022) 107319, https://doi.org/10.1016/j.ijmecsci.2022.107319.

[38] Q.M. Li, I. Magkiriadis, J.J. Harrigan, Compressive strain at the onset of 
densification of cellular solids, J. Cell. Plast. 42 (5) (2006) 371–392, https://doi. 
org/10.1177/0021955X06063519.

[39] K.C. Chan, L.S. Xie, Dependency of densification properties on cell topology of 
metal foams, Scr. Mater. 48 (8) (2003) 1147–1152, https://doi.org/10.1016/ 
S1359-6462(02)00593-6.

[40] M. Mohsenizadeh, F. Gasbarri, M. Munther, A. Beheshti, K. Davami, Additively- 
manufactured lightweight metamaterials for energy absorption, Mater. Des. 139 
(2018) 521–530, https://doi.org/10.1016/j.matdes.2017.11.037.

[41] S. Gohar, G. Hussain, M. Ilyas, A. Ali, Performance of 3d printed topologically 
optimized novel auxetic structures under compressive loading: experimental and fe 
analyses, J. Mater. Res. Technol. 15 (2021) 394–408, https://doi.org/10.1016/j. 
jmrt.2021.07.149.

[42] X. Xiang, D. Shao, T. Pang, T.T. Ngo, N.S. Ha, S. Zhang, Energy absorption of 
multilayer aluminum foam-filled structures under lateral compression loading, 
Mech. Adv. Mater. Struct. 31 (3) (2024) 659–675, https://doi.org/10.1080/ 
15376494.2022.2118405.

[43] Z. Khodaverdlou, S.S. Basir, P.K. Mohseni, Numerical and experimental 
investigation of energy absorption capacity in slotted thin-walled square tube 
structures, J. Braz. Soc. Mech. Sci. Eng. 44 (8) (2022) 368, https://doi.org/ 
10.1007/s40430-022-03677-7.

[44] A. Ghazlan, T. Nguyen, T. Ngo, S. Linforth, et al., Performance of a 3d printed 
cellular structure inspired by bone, Thin-Walled Struct. 151 (2020) 106713, 
https://doi.org/10.1016/j.tws.2020.106713.

[45] F. Wu, Y. Chen, S. Zhao, Y. Hong, Z. Zhang, S. Zheng, Mechanical properties and 
energy absorption of composite bio-inspired multi-cell tubes, Thin-Walled Struct. 
184 (2023) 110451, https://doi.org/10.1016/j.tws.2022.110451.

[46] D.R. Jones, M. Schonlau, W.J. Welch, Efficient global optimization of expensive 
black-box functions, J. Glob. Optim. 13 (1998) 455–492, https://doi.org/10.1023/ 
A:1008306431147.

[47] D.G. Krige, A statistical approach to some basic mine valuation problems on the 
witwatersrand, J. South Afr. Inst. Min. Metall. 52 (6) (1951) 119–139.

[48] J. Snoek, H. Larochelle, R.P. Adams, Practical Bayesian optimization of machine 
learning algorithms, Adv. Neural Inf. Process. Syst. 25 (2012), https://doi.org/ 
10.48550/arXiv.1206.2944.
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