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with n representing the number of plasma species. In this study, we address the acceleration of the
Fokker-Planck-Landau (FPL) collision operator using deep learning techniques. The developed
FPL-net, a deep learning-based nonlinear Fokker-Planck-Landau collision operator, is a fully
convolutional neural network optimized for computational speed with a compact model structure.
FPL-net was trained on data representing various temperature conditions of an electron plasma
on a two-dimensional velocity grid, ensuring generality. The network’s training incorporated
physics-informed loss functions for density, momentum, and energy moments of the plasma
probability distribution function, which served as constraints, and it was trained to recursively
predict two time steps, achieving robust accuracy. Notably, FPL-net demonstrated full temperature
relaxation, representing the first time this has been accomplished by a deep learning-based FPL
collision operator. Additional experiments with noisy inputs and extended rollouts validated the
model’s accuracy, which also shows over 1000x acceleration compared to traditional finite volume
methods. We discuss the achieved acceleration through deep learning techniques and propose
potential avenues for further enhancement and refinement in future research.

1. Introduction

As deep learning technologies continue to advance in areas such as computer vision [1], natural language processing [2], and
generative models [3], interdisciplinary research utilizing these technologies has emerged. For example, recent research among
mathematicians, computer scientists, and engineers has focused on efficiently solving partial differential equations (PDEs) using
machine learning and deep learning methods [4-8]. To accurately solve time-dependent PDEs, methods such as PINN, which utilizes
PDEs as the loss function [9,10], have been explored, along with approaches that incorporate error correction [11]. Additionally,
improved PDE solvers that achieve more accurate solutions for longer rollouts through iterated refinement steps are being studied
[12].
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In tokamak-based nuclear fusion research, the main goal is to develop and maintain stable discharge scenarios. One recent pro-
posal has suggested using real-time feedback, specifically impurity seeding, to control the detachment of plasma from the material
surfaces of the reactor walls [13]. Furthermore, research applying deep learning techniques to the fusion domain is being actively
pursued, including scenario development for achieving the desired normalized beta (fy) using reinforcement learning (RL) [14],
optimization of plasma operation using RL [15], magnetic coil control using RL [16], magnetohydrodynamic equilibrium reconstruc-
tion [17-19], and disruption forecasting in tokamaks [20]. In addition to optimizing tokamak operation, efforts are also underway
to accelerate computationally expensive kinetic simulations [21] such as by encompassing the kinetic effects in comparatively cheap
fluid simulations, i.e., closure problems [22-24], using deep learning techniques.

Another computationally demanding problem in nuclear fusion simulations is to solve the nonlinear Fokker-Planck equation for
plasma collisions. The mathematical formulation of the Fokker-Planck operator can be represented as an integro-differential equation
either in Landau form [25] or Rosenbluth form with potentials [26], both of which require sophisticated numerical approaches. As
the exa-scale computing era emerges, whole-device modeling activity requires a nonlinear collision operator to cover the entire
region from the core to the wall with one collision model. Correspondingly, continuous research efforts have been made to solve
the Fokker-Planck collision operator in both forms, using various numerical methods in a physically reasonable way such that mass,
momentum, and energy are conserved [27-32]. Despite such efforts, an inherent disadvantage arises in practice that the calculation
speed is slower than linear operators due to the nonlinearity of the collision operator.

To accelerate the computation speed of the Fokker-Planck equation, recent studies have reported the application of deep learn-
ing techniques. Chung et al. introduce a vanilla multilayer perceptron (MLP) to compute the drift and diffusion coefficients of the
Rosenbluth-Fokker-Planck equation, enhancing computational speed [33]. Miller et al. applied the ReSeg model, developed for se-
mantic segmentation to accelerate the Fokker-Planck-Landau (FPL) collision operator [34]. In the study, they utilized a deep learning
method to predict changes in the ion distribution function due to the FPL collision operator. In addition to /, loss over the probability
distribution function (PDF), loss functions for density, momentum, and energy were defined and used in model training to enforce
physical conservation constraints on the neural network. The median relative loss of the model’s conservation properties was at the
level of 10~*, which would be acceptable for random nature but is not sufficient if it exhibits potential drift nature over time. There-
fore, in a subsequent paper [35], the authors proposed a two-loop framework in the training process, where the outer loop optimally
updates the weights of physical conservation constraints and the inner loop updates the model parameters by reducing the overall
loss, improving the relative error to the level of 107°. However, as this methodology only handles predictions for a single time step,
conducting simulations for thousands of time steps in succession exhibits accumulated time-integrated error, making it difficult to
obtain reliable results from long-term simulations.

In this work, we resolve the stability problem by presenting FPL-net, a surrogate FPL collision operator based on deep learning
methods, for stable, long rollout simulation of anisotropic electron plasma relaxation. We applied the model structure of U-Net, which
is a convolutional neural network, as the backbone of FPL-net [36]. Originally proposed for image segmentation in the biomedical
field, U-Net consists of an encoder that captures the context of an input image and a decoder that performs upsampling for precise
localization and high resolution. With these characteristics, U-Net demonstrates high performance with a small model size and has
been applied in various fields [37]. We chose to utilize U-Net due to its encoder-decoder architecture that maintains the same input
and output sizes, preserves high-resolution local information, and achieves strong performance even with a relatively small model
size.

FPL-net focuses on fast and stable relaxation simulation. During training, we ensure stable predictions in the presence of per-
turbations in the input by using the model’s output as the subsequent input and computing the output for two future time steps.
We implement loss functions for density, momentum, and energy conservation, which are fundamental characteristics of general
collision operators, to train the model and ensure that it learns physical laws. As a result, when simulating up to 200 time steps, the
time-integrated relative error remained at the level of 107>. While sustaining such a level of accuracy, our approach demonstrated
over 1000 times faster speed compared to traditional numerical analysis algorithms in the tested environment.

In Section 2, we explain the architecture of the convolution-based FPL-net model, which is trained to learn various anisotropic
temperature relaxations, and also explain the training and evaluation methods employed to ensure that FPL-net satisfies the physical
conservation laws. In Section 3, we present the experimental results of FPL-net. In Section 4, extended experimental results are
presented, including long rollouts over the trained time steps and predictions with noisy input, that demonstrate the model’s robust
stability. In Section 5, we summarize and discuss the performance of FPL-net, clarify the current status, and outline the future work
needed.

2. Methods
2.1. Dataset

We prepared training data for FPL-net using a conventional FPL solver that employs a finite volume method with the Picard
iteration scheme to solve the integro-differential equation involving the Coulomb collision operator on a two-dimensional velocity
grid, which is normalized by the thermal velocity, with a perpendicular axis grid (V) and parallel axis grid (V) size of N, X N =
40 x 60 [27]. The perpendicular axis (v, ) denotes the velocity component perpendicular to the magnetic field, and the parallel axis
(v)) is the velocity component parallel to the field.
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Fig. 1. Schematic of FPL-net for an arbitrary PDF (), with two-dimensional velocity grid information as inputs. The model is a convolution-based encoder—decoder
neural network.

The FPL equation is written in the following form:

df, Y egeilnAab Jaor fl: 3
7_;Cab(fwfb)__;va'/U'<m_bV“fb_m_avaa)d v, 1)
where a and b represent separate species, f,, and f;, denote the PDF of each species, and C,, denotes the collision operator between
a and b in respective v and v coordinates. e, m, €, and In A, are charge, mass, vacuum permittivity, and the Coulomb logarithm
respectively. ¢ is time, and U is a tensor defined with relative velocity u=v — v/,

U= I — uu. 2

u3

In the case of three plasma particle species a, b, and ¢, the change in the PDF of particle a due to collision operations is given by
% = Coo(f 3 £2) + Cop(fo3 £1) + Coe(f 43 f1)- For a single-particle plasma, % = C,,(f4: f]) and this corresponds to self-collision,
which is the current focus.

To ensure the generality of the model, we prepared data for various temperature ratios of bi-Maxwellian cases, covering a broad
range of situations. We obtained simulation data from the FPL solver for 115 anisotropic initial temperature cases, with parallel-
axis temperature (7)) and perpendicular-axis temperature (7', ) ratios ranging from 7}, /7 =0.71 to 2.19 under a fixed density and
perpendicular temperature T, of n, = 1.0 x 101 /m? and T, = 100 eV, respectively. A single time step was set to one-tenth of the
collision time, and for each of the 115 different anisotropic initial temperature cases, simulations were performed up to 200 time
steps. The PDFs at the current and next time steps were paired to form the input and target data for the dataset. To ensure no partial
duplication, the dataset was divided based on complete relaxation sequences. For instance, one of the training sets included 200 PDF
sequences with T, /T = 0.875, while the test data included 200 PDF sequences with T /7 = 0.895. After splitting the data into
training, validation, and test sets according to the initial conditions of the relaxation (7', /T}), the data within each of these sets was
shuffled and used by the model, thus preventing any overlap between the training and test sets. Of the total 22,885 data, we divided
training, validation, and test datasets at a ratio of about 8 : 1 : 1 =train : validation : test.

2.2. Development of the deep learning model, FPL-net

The developed FPL-net is a neural network composed of multiple convolutional layers. The overall encoder-decoder model ar-
chitecture is shown in Fig. 1. Through the encoder, which reduces the size of the input tensors using max-pooling, the model learns
the context of the input. In the decoder, the image size is reconstructed to the original size via upsampling. Between them, feature
maps of the encoder are concatenated to the upsampled feature map of the decoder, called skip connections, allowing the model to
make use of the localized fine details contained in the encoder. While the architecture of this model generally follows U-Net, the
numbers of channels and layers have been optimized to fit our data. An input tensor depth of 3 is formed by concatenating f, and
the grids. Specifically, we stack a PDF at an arbitrary initial condition fy and two-channel velocity grids, v, and v, to form a
three-channel tensor with the size 40 X 64 X 3. The first channel is fy, the second channel is v, , and the third channel is v). Both
v, and v, are normalized to the thermal velocity, v, ensuring that they share the same values across the entire dataset. By stacking
a PDF and velocity grid, the model is intended to learn the geometric information of the velocity related to the PDF at each point,
allowing it to conserve momentum and energy. As an output, the model computes the PDF change A f 1{‘,” L due to Coulomb collisions
at one time step, which is represented as a one-channel tensor of size 40 x 60. By summing the input f, and output A f ]’\‘f L we can
predict the next time step PDF f 1’\‘,4+L1 We note that by predicting the PDF change A f ,’\‘/” L instead of directly predicting f 1’\5”+L1, future
applications may consider multiple species, as follows. Considering » species of particles, the change in the PDF of one species can be
represented as the sum of collisions with each of the other n species, and therefore predicting A f ]{‘]4 L is more extendable for future
studies. Moreover, since the value of A f ]{‘,4 L is small compared to f, learning transformation to A f 1{‘[4 L is easier for the model than

ML

transformation to f '~ , which is almost the same as an identical matrix.

+1°
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2.3. Physics-informed loss function

One common way to train a deep learning model is by reducing the mean squared error (MSE) loss function using backpropagation.
The MSE for n predictions from »n observed points is defined as

1 A2
MSE—;E(Y,»—Y», ©)

where Y; is the observed value and ¥; is the predicted value. For our model, the observed value is Y = f, and the predicted value
Y corresponds to f 1’\‘,” L, Moreover, the collision operator must satisfy the conservation properties of density, momentum, and energy
[38], which are described by moments of PDF based on kinetic theory in statistical physics as follows:

ny =/fN d’v,

PN:/mevad3u, @

EN:/%meuszd%,

where m, is electron mass and v is particle velocity from the velocity grid information. Based on these definitions, we use three
conservation losses between two sequential time steps N and N + 1 for FPL-net:

L,(f s ) = e () = v ()

s

AN (fne1)
P (fML)—P f )
Lp(f N I = = N;lm uhN+1 t (5)
e“th,e
ML. _ Ena (N5 = Exai(fne)
Le(fypisfneD)= TR ’

where vy, is the thermal velocity, v, , = y/T,/m,. By combining Eq. (3) and Eq. (5), we can drive FPL-net to learn the collision
operator by reducing MSE and also enforcing conservation properties. These features are enforced by the overall physics-informed
loss function:

LN = MSE(Y L fyen)

AL, (s Fnae) + LpU s Fvan) + LGNS D),

where A is a variable hyperparameter that represents the weight of the conservation loss in the overall loss function. Initially, this
hyperparameter is set to 0 for our model to learn the overall behavior of the collision operator using MSE loss only. As the training
proceeds, the weight 4 of the conservation loss function is linearly increased to 0.5 by 600 epochs, allowing the model to be fine-tuned
to satisfy the conservation laws. After 600 epochs, A is fixed to 0.5.

(6)

2.4. Training process

The network was trained for 1150 epochs, with each epoch representing a full pass through the training set, using a batch size of
300. One goal of model training was to achieve a robust reliability that ensures the lowest possible time-integrated error for sequential
simulations. With the aforementioned loss function only, the model easily predicted A f ]{‘,4 L from the given fy, but its prediction for

the next time step, A f 1}\\/” +Ll,

robustly, we added the input fyy to the first prediction A f;'" to form the estimated PDF at the next time step, /. Then the model
1]\‘/4 +L2, and calculated the loss functions between f 1’\‘/” +L2 and fy,, as well as between 1]\‘/” +L1 and
fn+1- Thus, the final loss to predict two future time steps is the sum of these, £ = £LN¥*! + £N+2_ In our model, as demonstrated by
other research, utilizing a loss function based on two future time steps improved the performance of the neural network in continuous
time-series simulation [39]. This updating process is shown in Fig. 2.

In the training process, it was assumed that each time step depends only on the previous time step, following a Markov chain.
The dataset was randomly shuffled and divided into batches during training, and the MSE defined in Eq. (3) was computed by
taking the average value over each batch. Similarly, the three conservation losses given in Eq. (5) were also averaged over each
batch. In preprocessing, f, was normalized to the range [0,1], and to ensure that the change in bi-Maxwellian PDF was symmetric
to the perpendicular axis (v, ), we randomly flipped the data on v, with a 30% probability. The model used the Adam optimizer
[40], and in each layer, we applied Kaiming He initialization and batch normalization, as well as the ReLU activation function,
except for the last 1x1 convolutional layer as shown in Fig. 2, which was used to reduce the number of channels. The model has
95,873 trainable parameters. We implemented a learning rate decay strategy using an exponential decay function with a decay rate

from the input fy +Af }}\‘[’ L was not reliable enough. To ensure that our model converges to equilibrium

; ML
predicted A N+l and subsequently
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Fig. 2. Overview of the training process. Starting from input fy, we first estimate A fy'" and add it to f to produce f'\;. Then the neural network takes f '} as
an input to produce the next time simulation. By comparing f ]f;’ +L1 to fy, and f ,’\‘J” +L, to fy 42, We get two losses for predicting two future time steps, and the network
is updated based on their average loss.
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Fig. 3. Flowchart of the model evaluation process. The dotted lines represent the process of adding the model’s input and output for use as the input for the next time
step. This process is repeated to evaluate the model under 11 different temperature ratios ranging from 7, /T, = 0.745 to T} /T, = 1.98 within the test dataset.

of 0.95. This strategy gradually reduced the learning rate from an initial value of /r = 5.0e—4 to a final value of /r = 1.04e—18. To
prevent overfitting, we employed a validation mechanism where the model was assessed using an independent validation dataset after
each epoch. The model was updated only if the validation metric improved. In our experiments, we set a termination criterion that
halted the training process if the model remained unchanged for an extended period of time, specifically exceeding 427 epochs. All
experiments were implemented using PyTorch and accelerated by a single NVIDIA A5000 GPU. With this configuration, the training
process took 36 h.

2.5. Evaluation of FPL-net

For an evaluation metric, we used peak signal-to-noise ratio (PSNR):

2
PSNR = 10 - log; (ﬁ) , %)
where s is the maximum value of the data and MSE is defined as in Eq. (5). In the training process, the input data was shuffled
randomly, and the model received the PDF of a random initial temperature condition and a random time step, meaning that FPL-net
can handle any shape of PDF, and it predicted two future time steps. To evaluate the trained FPL-net, we focus on whether the given
PDF converges to equilibrium (T, = 7)) via collisions of sequential FPL-net operations. To check for convergence, we take only the
initial PDF fy_, from the test dataset and simulate it over 200 sequential time steps. We check whether it converges to equilibrium
without accumulating errors until the last time step. This evaluation process is explained in Fig. 3. The initial PDF is given as the
first input f,_g, and then the network predicts A fé” L and adds it to f N=o to get f 1M L This process is repeated until we obtain

{‘;’QL to reach equilibrium. The figure shows the evaluation of a single anisotropic temperature condition, which was repeated 11
times under different conditions. After predicting the anisotropic temperature relaxation using FPL-net for each of the 11 different

temperature ratios over time steps f 1M Lto f {‘;’QL, encompassing a total of 2189 PDFs, the model’s predictions were compared with the
corresponding target values. We first quantitatively evaluated the model by calculating the overall PSNR between the set of f 1{‘,” L and

fn for every test set. Finally, we evaluated the three conservation quantities—density, momentum, and energy—at each prediction.
3. Experimental results
3.1. Performance of FPL-net

Fig. 4 presents the conservation quantities for each test case, evaluated according to the methodology described in Section 2.5.
This figure depicts the density, momentum, and energy errors, defined in Eq. (5), for each of the 2189 test cases. Fig. 4(a) illustrates
the results obtained by autoregressive prediction up to the 200th time step using the previous model output as input, for each of the
11 anisotropic temperature conditions within the test dataset. For this sequential simulation, the density error exhibited a mean of
9.82 x 107° and a median of 7.81 x 1079, while the momentum error had a mean of 5.46 x 10~® and a median of 4.27 x 107°. The
energy error showed a mean of 2.85 X 107> and a median of 2.13 x 1077. Fig. 4(b), on the other hand, plots the results obtained
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Fig. 4. Histogram of density (left), momentum (middle), and energy (right) error distributions from a total of 2189 test cases. The red vertical dashed line shows the
mean value and blue represents the median value of each error. (a) Sequential prediction results, and (b) single-time-step prediction results. (For interpretation of the
colors in the figure(s), the reader is referred to the web version of this article.)

by predicting the next single time step in a non-sequential manner, using input f, from the same test set and repeating this over
the whole test dataset. In this case, the density error exhibited a mean of 1.86 X 1075 and a median of 8.03 x 10~°, the momentum
error had a mean of 4.92 x 10~ and a median of 2.73 X 107, and the energy error showed a mean of 2.11 x 10~> and a median of
9.06 x 107°. Notably, all errors fall within a tolerable range between 10~ and 10~¢, with the largest error being on the order 107>.

During training, the model predicts A f ]]\‘]4 L from the input f,. However, during evaluation, the predictions are made in an
autoregressive, sequential manner, where each prediction is based on the previous output. This approach inherently introduces noise
or errors between predictions. Despite this, the model consistently demonstrates stable prediction of PDF changes toward equilibrium,
as shown by the comparison between sequential [Fig. 4(a)] and non-sequential [Fig. 4(b)] predictions, without the accumulation of
errors. Remarkably, the predictions based on the previous output exhibit comparable performance to those obtained by predicting
from input f, showcasing stable simulation even for multiple sequential time steps. The conservation quantities remain consistent,
underscoring the model’s ability to avoid error accumulation and maintain robust performance throughout the simulation process.
The mean PSNR of the test set is 28.00, and the fact that the error order remains consistent between the two experiments validates
the model’s performance, covering both single prediction and time-series prediction.

We then conducted a temperature relaxation test on FPL-net, as shown in Fig. 5. The initial conditions were set with a v, temper-
ature of 100 eV and a v temperature of 79.5 eV, giving a ratio of T} /T, of 0.795. Through a comparison with the ground truth data
derived from the Picard iteration collision code, we observed that the bi-Maxwellian relaxation exhibited a remarkable agreement,
differing by a maximum 3.3% over 199 time steps. This alignment between the results of FPL-net and the ground truth data signifies
its accuracy and demonstrates that our model has successfully trained the long-term behavior of the FPL collision operator.

As shown in Fig. 6, we analyzed the resulting errors in density, momentum, and energy over the 199 time steps involving two
distinct initial conditions, namely 7} /T, = 0.795 and T} /T, = 1.98. The energy error tended to be slightly larger than the others,
particularly in the case of T} /T, = 1.98 where the order was around 104, while the other errors retained an order of 107>, Never-
theless, all errors fall within an acceptable range, and only minimal discrepancy was found between the two initial conditions. The
error levels remained consistent without any noticeable accumulation of errors. This observation underscores the robustness of our
model’s results. Regardless of whether the v temperature surpasses the v, temperature or vice versa, our model consistently upholds
the principles of the physical conservation laws in its results.

Fig. 7 illustrates two test examples with different initial temperature ratios: one with T} /T, = 0.795 predicting Af, fl L and the
other with T, /T, = 1.980 of the same 4th time step. Fig. 7(a) shows the simulation result of the 4th time step under the initial
condition of a temperature ratio between v) and v, of 0.795. Because the v temperature is lower in this case, the simulation exhibits
transport to vy due to collisions. Fig. 7(b) shows the simulation result of the 4th time step under T} /T, = 1.980. In this case, the v
temperature is lower, showing transport in the opposite direction as Fig. 7(a).



H.J. Noh, J. Lee and E.S. Yoon
Journal of Computational Physics 523 (2025) 113665

T(";roundTmrh
97.5 4
—_— TGrounleuth
&
95.0 - |
-——-T,
92.5 1
53
2,
o 90.0 4
3
o
o 87.54
Qo
§
F 85.0
82.5
80.0 -
25 50 75 100 125 150 175 200

Time Step

Fig. 5. Outcomes of the temperature relaxation experiment under an initial temperature condition of 7, /7, = 0.795 over 199 time steps. The black solid lines
correspond to the ground truth data, while the red (blue) dotted line illustrates the v; (v, ) temperature derived from the results of FPL-net. (For interpretation of the
colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 6. Visualization depicting the three conservation errors observed over a 199 time step simulation. Energy errors are denoted by blue lines, density errors by
red lines, and momentum errors by green lines. (a) Results derived from the initial condition of 7, /T = 0.795, and (b) results derived from the initial condition of
T, /T, = 1.98. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

3.2. Computational cost of FPL-net compared to numerical methods

While maintaining errors on the order of 107>, FPL-net also achieved a notable reduction in computation cost compared to
traditional numerical methods. Using a single NVIDIA RTX A5000 GPU to measure the inference time and memory usage of the
model, FPL-net took an average of 3.56 ms per time step and used 63.82 MB of memory during the inference, whereas the Picard
iteration—-based collision operator used for data generation took an average of 4135 ms per time step on an Intel Xeon Silver 4112
CPU and used 1017 MB of memory during computation. This difference arises from the fact that the conventional collision operator
involves constructing a mesh and iterating until the numerical error falls below a certain threshold, whereas FPL-net loads pretrained
model parameters to perform straightforward matrix computations. The advantage of the deep learning approach lies in its ability to
provide fast and accurate predictions with minimal computational effort once training is complete.

4. Supplementary experimental results

In this section, we examine the robustness of FPL-net through various additional experiments to determine the extent of its stability.
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Fig. 7. Experimental results presented for two anisotropic temperature conditions: (a) 7} /T, = 0.795 and (b) T} /T, = 1.980. The figure includes the ground truth
from the numerical code (left), FPL-net prediction (middle), and the difference between them (right), along with a three-dimensional plot of the PDF above and its
contour map below. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
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4.1. Extended rollout

FPL-net was trained for 200 time steps, a duration sufficient to observe temperature relaxation as shown in Fig. 5. But in iterated
multi-step forecasting approaches like FPL-net, each prediction relies on the previous one, making them susceptible to error accumu-
lation and potential instability over long rollouts. To assess the boundaries of FPL-net’s stability, we extended the prediction length
to a maximum of 1200 time steps, which is six times longer than the training length. As shown in Fig. 8, the error remains within an
acceptable range and the temperature closely matches the true values up to approximately 1000 time steps. However, beyond this
point, the error accumulates and eventually diverges thereafter. Although iterated multi-step forecasting, like in our model, cannot
entirely avoid error accumulation, the results demonstrate that predictions remain valid up to five times the length of the time step
trained, indicating sufficient stability.
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4.2. Addition of Gaussian noise

The data used for training and evaluating FPL-net consists of ideal distribution functions generated by a finite volume method-
based code, free from numerical noise. However, for potential applications involving particle-in-cell (PIC) codes, where inherent
numerical noise is inevitable, the model must demonstrate robust predictions even with noisy inputs. To assess this, Gaussian noise
corresponding to 1%, 2.5%, and 5% of the input’s standard deviation (¢) was added, and predictions were conducted up to 200
time steps. As shown in Fig. 9, the results indicate that for noise levels up to 2.5% of o, the error does not diverge as the time steps
progress, and temperature relaxation is successfully achieved. However, when noise at the 5% level is introduced, the model maintains
a temperature close to the ground truth only up to approximately 50 time steps, after which the error accumulates progressively,
preventing the temperature from reaching equilibrium. Although FPL-net has not been explicitly trained on noisy data, it demonstrates
the ability to predict accurately within certain noise thresholds.

5. Discussion and conclusion

We have presented a deep learning-based approach to accelerate the computation of a nonlinear Fokker-Planck-Landau col-
lision operator for fusion plasma. Our proposed FPL-net, composed of convolutional layers, was trained to learn the changes in
the probability density functions resulting from self-collisions among electrons under anisotropic temperature conditions sampled
from a bi-Maxwellian distribution. To ensure the satisfaction of conservation laws for physical quantities, we incorporated density,
momentum, and energy loss functions in the training process.

Our findings revealed that FPL-net maintains numerical stability in the time evolution of the PDFs by utilizing loss functions that
consider two sequential time steps, i.e., the previous output is used as the input to predict the next time step. With this feature, FPL-net
can achieve convergence to temperature relaxation without accumulating errors. Evaluation results on the test dataset demonstrated
that even when simulating up to the relaxation point, FPL-net maintains the same order of error as when predicting a single time
step. This study presents, for the first time in this field, the results of testing temperature relaxation using a deep learning-based
FPL solver without error accumulation. To further test the robustness of FPL-net, we conducted additional experiments involving
very long rollouts and noisy inputs, which were not included in the training data, and found the results to successfully demonstrate
temperature relaxation Along with an error tolerance suitable for fusion simulation applications, the developed network achieved
over a 1000-fold acceleration in the speed of the nonlinear collision operation compared to previous numerical methods on a CPU.
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FPL-net serves as a notable example of applying deep learning techniques to plasma collision operators and illustrates a potential
surrogate model for numerical methods that can significantly reduce computational speed without sacrificing accuracy. By acceler-
ating computational speeds, it becomes possible to efficiently utilize limited computing resources and facilitate an increased number
of simulations within the same time frame, an advancement that can contribute to the acceleration of plasma research. Furthermore,
increased computational speed is imperative for the development of digital twin tokamak technology and whole-device modeling.
It should be noted, though, that our results are not yet sufficient for immediate application in whole-device modeling or similar
complex tasks. Currently, FPL-net can only simulate electron plasma, excluding the main ions, and the initial PDF is assumed to be
bi-Maxwellian. For application in the fusion field, a multi-species FPL collision operator that includes main ions and impurities and is
trained for various initial PDFs is essential. Thus, as future work, we plan to expand FPL-net by incorporating additional multi-species
collision datasets, aiming to broaden its applicability and usage.
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