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Abstract 

 

High-temperature resistance composite materials are rapidly replacing conventional metal alloys 

used for thermal protection systems (TPS) of spacecraft and missiles exiting and/or reentering the 

atmosphere. Recently, South Korea succeeded in launching Nuri, the first domestically developed space 

rocket. Ongoing space programs of S. Korea include the commercialization of the Nuri technologies as 

well as the development of the next-generation space launch vehicles and the spaceships for exploring 

the moon and deep space. The Korea government is also actively developing a long-range reentry 

missile after the ballistic-missile range limits was abolished. These rockets and missiles are subjected 

to extremely high temperature and pressure when they pass through the atmosphere and thus typically 

designed with TPS to protect internal devices and human pilots. High-temperature resistant yet 

lightweight TPS materials are preferred in order to reduce a gross launch payload. Ceramic or carbon-

based composite materials are much lighter than metals but also excellent thermal insulators with 

exceptional dimensional stability at elevated temperature. 

The ceramic and carbon-based composite materials are often denoted as ceramic matrix composites 

(CMCs) and carbon-carbon (CC) composites, respectively. CMCs consist of ceramic fibers embedded 

in a ceramic matrix. The carbon matrix of CC composites is reinforced with carbon fibers. The most 

typical manufacturing methods of the CMCs and CC composites is a chemical vapor infiltration (CVI) 

process. In the CVI process, a porous fibrous preform is commonly used as the initial skeleton of a 

composite. The preform is placed in a CVI reactor, and the reactor is then pressurized and heated before 

a precursor gas is supplied. When this gas chemically reacts at the pore surfaces inside the preform, a 

pyrolytic carbon or ceramic layer is deposited onto the preform surfaces. The deposition process slowly 

changes the precursor into the matrix, filling the empty spaces of the preform. 

Although the CVI process is a seemingly only viable method to produce a large-scale product, 

porosity in the final product is not completely avoidable because infiltrated fibers may barricade the 

path of the precursor gas into internal voids. The porosity is considered defects and the sources of the 

degradation of mechanical properties. In the present PhD study, comprehensive numerical analysis has 

been performed from the CVI process simulation to the micro- and meso-scale mechanical analysis of 

the composite materials. Firstly, the mechanisms of porosity formation are examined by developing a 

physico-chemical model. The effects of the porosity on the mechanical performances are investigated 

using a microscale and mesoscale composite models. 

In the very first part, a fully three-dimensional (3D) physicochemical CVI model is developed to 

simulate an isothermal CVI process for fabricating bulk carbon-carbon composites using methane as a 

precursor gas and a multi-layered preform consisting of a non-crimp fabric and felt. The flow inside the 

CVI reactor was modeled using the Navier-Stokes equation, coupled with the convection-diffusion 
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equation, to simulate the dispersive behaviors of the reactive gases inside the porous preform. The 

interactive molecular diffusion of methane (CH4), ethylene (C2H4), acetylene (C2H2), and benzene (C6H6) 

were modeled by considering the multi-step hydrocarbon reactions between the species. The 

hydrocarbon concentration changes, resulting from the carbon deposition on the preform surface, were 

computed to predict the evolution of the preform density and porosity. The current surface area of the 

preform was then determined based on the current porosity. The numerical results for the average 

preform density agreed well with the experimental data. In addition, the present model can provide 

detailed simulations of the temporal and spatial evolution of the preform density that cannot be 

experimentally observed. The effectiveness and utility of the developed model could benefit the design 

of CVI reactors and processes and minimize the need for test runs when processing conditions change. 

In the second part, the results obtained in the micromechanical analysis were passed into a meso-

scale thick 3D woven textile composite (T3DWC) model, which was a candidate of TPS for a reentry 

missile. Finite element analysis is performed to virtually measure homogenized thermal and mechanical 

properties. For the measurements over a wide range of temperature, temperature-dependent thermal and 

mechanical properties of constituents are considered. A two-step homogenization approach is adopted 

here. The first-step homogenization is carried out at a tow level using an analytical homogenization 

scheme as well as the micromechanical analysis in the second part. Fiber tows are homogenized and 

assigned with effective elastic and thermal properties. The solid tows are then implemented into a 

representative volume element considering the unique in-plane periodic fiber architecture of the thick 

composite material. Due to the unique in-plane periodicity, conventional periodic boundary conditions 

for thermal and mechanical loading conditions are reformulated. Anisotropic thermal conductivity of 

T3DWC is obtained from the second-step homogenization based on virtual thermal tests performed at 

ambient to elevated temperatures. 

In the third part, the micromechanical behavior of the CVI-produced porous composites materials 

is studied. Especially, microstructural fracture behavior of a ceramic matrix composite (CMC) with 

nonuniformly distributed fibers is examined. A comprehensive numerical analysis package to study the 

effect of nonuniform fiber dimensions and locations on the microstructural fracture behavior is 

developed. The package starts with an optimization algorithm for generating representative volume 

element (RVE) models that are statistically equivalent to experimental measurements. Experimentally 

measured statistical data are used as constraints while the optimization algorithm is running. Virtual 

springs are utilized between any adjacent fibers to nonuniformly distribute the coated fibers in the RVE 

model. The virtual spring with the optimization algorithm can efficiently generate multiple RVEs that 

are statistically identical to each other. Smeared crack approach (SCA) is implemented to consider the 

fracture behavior of the CMC material in a mesh-objective manner. The RVEs are subjected to tension 

as well as the shear loading conditions. SCA is capable of predicting different fracture patterns, uniquely 

defined by not only the fiber arrangement but also the specific loading type. In addition, global stress-
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strain curves show that the microstructural fracture behavior of the RVEs is highly dependent on the 

fiber distributions. 
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Chapter I.   Introduction 

1.1  Introduction  

The demands for thermal protection systems (TPSs) to endure super-high temperature environment 

and the needs for high-temperature resistant materials have steadily been emerging from the past [1]. 

Space exploration programs using a rocket are regaining attention and national defense based on 

intercontinental ballistic missiles (ICBMs) and supersonic cruise missiles (SCMs) is also a subject of 

interest. Because these launch vehicles typically exit the atmosphere at supersonic speed and are 

subjected to high temperature due to strong friction, the structures are protected by TPS. The materials 

used in TPS should sustain the high temperature and be lightweight for fuel efficiency. In addition to 

the rocket examples, there exist various environmental conditions such as rocket nozzles [2], structural 

bodies of turbine engine [3], and so on, which require high-temperature resistance and weight reduction. 

Because a ceramic material is strong at elevated temperature and its density is light, it is appropriate 

for a high-temperature resistant material. Conventional metals have limitations because they cannot 

maintain the strength at the high temperature and require a cooling system, which increases a weight 

[4]. The ceramic is advantageous because its strength and stiffness are maintained at more than 1000°C, 

density is lower than that of the metals, dimensional stability is excellent due to its low coefficient 

thermal expansion (CTE) [5]. However, strong brittleness is the disadvantage of the ceramic material, 

which can be overcome by reinforcing it with fibers of the same kind and increasing toughness [6]. This 

reinforced ceramic is called a ceramic matrix composite (CMC). 

CMCs are manufactured as various materials depending on the needs, and various applications are 

also inflicted based on the material characteristics. Carbon fiber/Carbon composites, using carbon fibers 

with pyrolytic carbon as a matrix material [7], can be categorized with CMC because this carbon matrix 

is brittle like the ceramic and used in similar fields. Cf/C is manufactured through carbonization of the 

polymer matrix of a fiber-reinforced polymer composite [8] or by a chemical vapor infiltration (CVI) 

method in which a matrix precursor in a gas state is inserted into a fiber preform to deposit the matrix 

[9]. Another example is a SiCf/SiC composite based on silicon carbide. SiCf/SiC is manufactured though 

a melt infiltration process in which injecting SiC of a liquid state into a fiber preform for synthetization 

[10] or the aforementioned CVI process [11]. However, because the surface of SiCf is stable, not easily 

bonded to the SiC matrix, and interfacial bonding is weak [12], the fibers are often bonded after coated 

with pyrolytic carbon [13]. There are cases in which multi-layered coating is applied [14] in order to 

enhance toughness further or a boron nitride (BN) material is employed to prevent oxidization [15]. In 

addition, Mg-class or Al-class ceramic-based CMCs are also used according to use [16]. 

CVI is a process to place a porous fiber preform in the chamber of a high-temperature reactor and 

penetrate a precursor of a gas state to induce chemical reaction for forming a matrix material from the 

inside of the preform. Because various materials can be combined and highly pure products can be 
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obtained, many CMCs are manufactured though CVI [16]. The machinability of CMC is typically 

poorer than that of traditional metals [4] but the CVI process is useful because a near-net-shape 

composite can be fabricated. However, the process time is relatively long and internal porosity may be 

left [16]. In order to overcome these advantages, there have been attempts of controlling processing 

conditions such that pressure and temperature are adjusted or the concentration of an injecting gas is 

regulated. Golecki et al. [17] effectively increased process speed by giving temperature difference 

between a preform and reactor inside. Sugiyama et al. [18] improved product quality by repeating the 

pulse of filling and removing a matrix precursor material. Vaidyaraman et al. [19] reduced porosity and 

increased process speed through a step of forcibly injecting gas into a preform. There were cases of 

combining the aforementioned strategies like Bertland et al. [20] and Igawa et al. [21] did. However, in 

real production environment, because shapes and sizes per product are different, the improvement of 

product quality is achieved by repeated experiments or experiences to find optimal processing 

conditions. If the product quality can be predicted based on the CVI process conditions, the number of 

the repeated tests can be reduced and cost can be saved. 

Af ter the CMC material is manufactured, in order to actually utilize the product, its material 

properties should be measured because they are essential information for designing a structural body 

than can bear a load at target temperature. However, the CMC material is difficult to machine [4] and 

targeting high-temperature environmental conditions often make it difficult to perform tests [1]. 

Therefore, the CMC properties are often predicted through numerical analysis techniques based on the 

properties of the fibers and matrix material. Tang and Hayhurst [22] predicted thermo-mechanical 

properties of CMC composed of 0° and 90° unidirectional laminates. Zhang and Hayhurst [23] modeled 

the repeating structure of 8-harness satin woven CMC and analyzed the properties considering the 

change in stiffness due to tow damage. Farooqi and Sheikh [24] analyzed the change of heat-transfer 

characteristics when a crack or pore existed using the repeating structure of plain woven CMC. 

Goldsmith et al. [25] used cross-section images of 5-harness satin woven CMC to analyze thermo-

mechanical properties and pore effects. Wang et al. [26] modeled plain woven CMC coated with a 

single layer ceramic in three-dimensional space to perform thermo-mechanical numerical analysis of 

thermal shock. Jing et al. [27] modeled 3D braided CMC and observed mechanical behavior and internal 

damage through numerical analysis. 

The reason for the toughness enhancement of CMC is because, when a crack and damage are 

initiated, the crack is arrested or changes its path as interfacial bonding between the fiber and matrix 

material fails [3]. However, because the surface between the fiber and matrix material can be a path for 

the crack to rapidly propagate, coating is often added on the fiber as interphase. In this case, a material 

having a layered structure is typically used for the interphase, with the conditions of weak layer-by-

layer bonding but strong fiber-to-interphase bonding. The SiCf/pyC/SiC composite composed of SiCf 

fiber and SiC matrix, and pyrolytic carbon interphase is one example exhibiting such a characteristic 



3 

[14]. Because the surface of the SiCf fiber is stable, it is not easily bonded to the SiC matrix but strongly 

bonded to carbon through chemical reaction. In addition, the pyrolytic carbon exhibits the characteristic 

of the layered structure and the layers are easily debonded. 

This enhanced toughness of CMC can be affected by the geometrical arrangement of fibers. 

Because the effect occurs inside the fibers tow at the microscopic level, which is difficult to observe 

experimentally, numerical approach is useful. Especially, the numerical approach is the way to directly 

observe the results. It is because the fibers are not uniformly arranged, fiber size and coating thickness 

are not generally uniform and the crack propagation behavior according to time can be obtained. Melro 

et al. [28] constructed a 2D model for a nonuniformly distributed unidirectional fiber tow and observed 

the fracture and deformation behavior when it is subjected to transverse tension and shear loading. 

Meyer and Waas [29] extracted the geometry of irregular sized fibers and coatings from a section image 

of CMC and measured its deformation and fracture behavior due to tension.  

As discussed from the above, the high-temperature resistant CMC material is greatly affected by 

the defects induced during manufacturing processes and its fabrication, utilization and fracture 

processes are closely linked. Furthermore, due to the material characteristic, there are abundant 

difficulties in manufacturing and dealing with the material for experimental characterization. For the 

manufacturing process, it is difficult to detect defects such as the existence of pores, density deviation 

and so on, and to find an optimal processing condition to minimize such defects. For the utilization and 

property evaluation, it is difficult to machine a specimen and there are many cases in which high-

temperature tests are difficult to perform. The fracture toughness is affected by the geometrical relations 

between the constituents such as fibers, coatings and etc. at the microscopic level. If these elements are 

analyzed and observed by applying numerical techniques at each step, they can be directly used for 

product design utilizing CMC and the understanding of its structural behavior will also be enhanced. 

1.2  Outlines of the dissertation 

In this research, comprehensive analysis and measurement needed for manufacturing and utilizing 

high-temperature resistant CMC materials, that is, Cf/C or SiCf/SiC composite are carried out. By 

studying the effects of the pores induced during the CVI manufacturing process on the material 

properties and fracture behavior of the fiber microstructures, the entire cycle of the composite materials 

from fabrication, utilization, and failure, comprehensively considering microscopic to macroscopic 

structures. 

In Chapter2, by modeling a real industry-scale reactor and the entire CVI process for manufacturing 

Cf/C composite is analyzed. This model utilizes the reactor, its internal structure, and the shape of the 

fiber preform that are actually used in the real industry. The flow of an injecting gas is modeled through 

the Navier-Stokes fluid dynamics equations, and the concentrations of chemical substances generated 

through internal reactions are computed based on diffusion and fluid dynamics equations. Here, the 
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sequential chemical reaction process of the methane gas transforming into heavy hydrocarbon such as 

ethylene, acetylene, benzene etc., and the deposition process of each substance on the fiber surfaces 

inside the preform becoming the carbon matrix are considered. The deposition rate is proportional to 

the surface area inside the preform and the carbon deposition is directly related to the increase of the 

preform density and decrease of the porosity. As the porosity is decreased, because the surface area 

inside the preform is also changed, the densification process that is evolving according to time can be 

analyzed. The average density change obtained from the numerical analysis model agrees with the 

experimentally obtained value. Through the numerical analysis model, the preform density and the 

spatial distribution and temporal change of the porosity can be determined in detail while the 

densification process takes place. By measuring the density distribution change that is difficult to obtain 

from experiments, the entire process time can be analyzed, and it is also found that the densification 

behavior can be changed by the change in fluid when the structure inside the reactor is redesigned. 

Chapter 3 presents a numerical analysis technique for predicting thermal and mechanical properties 

of 3D woven CMC that is uniquely woven for the purpose of TPS application. The Mori-Tanaka method 

is first utilized to obtain the properties of fiber tows from temperature-dependent properties of the fiber 

and matrix material. In order to obtain the composite properties, virtual tests using a representative 

volume element (RVE) are utilized. After the CMC woven structure is modeled based on its realistic 

design, applying the tow and matrix properties, periodic boundary conditions and simple loading tests 

are numerically analyzed to measure effective properties. In addition, this model is applied to study the 

effects of pores left from a manufacturing process on the global properties. Here, the porosity effects 

are analytically implemented at the step of homogenizing the fiber tow. 

In Chapter 3, an algorithm is developed for generating various CMC microstructures having random 

fiber arrangement and non-uniform fiber and coating thicknesses when their volume fractions are 

identically maintained. The dimensions of fiber and coating are statistically determined from 

measurement data and different dimensional combinations satisfying the statistical distribution and 

exhibiting uniform volume fractions can be generated by applying an optimization algorithm. 

Furthermore, in order to avoid interesting fibers in the random arrangement, virtual springs are 

implemented to introduce repulsion between the intersecting fibers and an optimization algorithm is 

utilized to separate them. This algorithm effectively constructs a number of microstructures having the 

same statistical characteristics. The smeared crack approach, a fracture mechanics model, is applied to 

the generated microstructures to study the propagation of cracks that are internally initiated in a mesh-

objective manner. Through the observation of the facture behavior, the mechanism of the toughness 

enhancement of CMC is understood and the effects of the randomness of the fibers are measured. 

Furthermore, the process of crack growth and the phenomenon of toughness decrease when a pore is 

left from the manufacturing process are evaluated. 
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Chapter II.    Process Analysis 

2.1  Introduction  

Carbon-carbon (C/C) composite materials are often selected for high-temperature applications such 

as high-performance automotive or airplane brake discs, reentry vehicle heat shielding, and rocket 

engine nozzles due to their excellent thermal stability and superior mechanical properties at extremely 

high temperatures, as compared to their metal alloy-based counterparts. C/C composites are typically 

fabricated through a chemical vapor infiltration (CVI) process because the matrix material cannot be 

handled in a liquid state. In the CVI process, a porous fibrous preform is commonly used as the initial 

skeleton of the composite. The preform is placed in a CVI reactor, and the reactor is then pressurized 

and heated before a hydrocarbon precursor gas is supplied. When this gas chemically reacts at the pore 

surfaces inside the preform, a pyrolytic carbon layer is deposited onto the carbon fiber surfaces. The 

deposition process slowly changes the precursor into the matrix, filling the empty spaces of the preform 

and producing a C/C composite product. 

The fundamental of the CVI process has been studied by many researchers. Li et al. [30] 

experimentally evaluated the effect of the fiber volume fraction on preform densification at a laboratory 

scale. Cylindrical preforms composed of unidirectionally continuous carbon fibers were tested, and 

those having lower fiber volume fractions exhibited a more rapid densification rate and resulted in a 

slightly higher bulk density. Tang et al. [31] investigated the effect of the carrier gas on the bulk density 

and microstructure of C/C composites. They tested N2 and H2 as carrier gasses to produce C/C discs 

using a thermal-gradient CVI method, and the resulting differences in the microstructural patterns were 

observed from polarized light micrographs, while the bulk densities and radial density differences were 

similar. Guellali et al. [32] studied the influence of additional heat treatment on CVI-produced C/C 

composites and found that it enhanced the ductility of more highly textured samples, while the 

specimens without heat treatment exhibited similar ductility regardless of their texture levels. In their 

experiments, different textures were introduced by applying different CVI processing conditions. 

Various researches on the practical applications of the CVI technique have also been conducted. 

Xie et al [33] used CVI to tape-cast substrates for laminated ceramic composite fabrication. The tape-

casting process transformed a slurry of silicon carbide whiskers into an SiCw sheet. The CVI process 

was then employed to produce an SiCw/SiC substrate. The two processes were alternately applied to the 

substrate to produce a laminated SiCw/SiC composite. They reported that a relatively high fiber volume 

fraction (~40%) was achieved with reduced whisker damage. Lv et al. [34] developed a unique preform 

consisting of hollow spherical particles, which were manufactured from SiC whiskers through spray 

drying. The particles were then supplied to a binder jet machine, and the particulate preform was 3D 

printed. Jia et al. [35] prepared multi-layered C/(PyC-SiC)n composites through multiple CVI processes 

by alternately depositing carbon and SiC, resulting in the transformation of the carbon fiber into a finely 



6 

multi-layered cylinder. The C/(PyC-SiC)n composite demonstrated improved strength and ductility 

because its multiple layers and interfaces impeded crack propagation. Im et al. [36] combined a polymer 

infiltration and pyrolysis (PIP) approach with CVI to produce a high-density Cf/SiC product. In their 

technique, CVI was used to create strong interfacial bonding between the carbon fibers and SiC matrix, 

and PIP was applied immediately afterward to fill the residual voids with the SiC matrix. In addition, 

there have been numerous studies on thermo-mechanical properties and/or performances of CVI 

products including not only C/C composites [36-38] but also ceramic matrix composites (CMCs) [39-

44]. 

Although the CVI technique offers numerous advantages in manufacturing a bulk C/C composite 

or CMC product, it is extremely challenging to optimize this chemical reaction-based technique to 

obtain a uniformly densified product. Densification results from carbon deposition in the pores, which 

are initially flow paths for the reactant gas. The quality of the final product is heavily dependent on 

various processing parameters, including precursor type, precursor gas flow rate, temperature control, 

preform microstructure, and reactor configuration. Poorly designed processes produce C/C composites 

with a relatively high pore volume fraction. The residual pores, which exist in the matrix phase, 

primarily result from gas flow interruptions that can occur during preform densification. When this 

occurs, the processing time must be dramatically increased to achieve the desired bulk density. The 

fabrication time as well as the void defect can be reduced when CVI processing parameters are 

optimized and the internal architecture of the CVI reactor is carefully designed to control gas flow 

behavior. A methodology that can comprehensively evaluate numerous CVI process parameters with 

reactor design remains undeveloped yet. 

In the actual industrial field, process optimization is typically achieved by performing test runs 

whenever the processing conditions change. However, carbon deposition occurs very slowly, and 

achieving the required density can take a few days or weeks, depending on the size of the product. 

Therefore, it is extremely time-consuming and costly to optimize the CVI process based on repeated 

real-world testing, necessitating a reliable full-scale predictive CVI process model. Li and his 

colleagues developed a numerical model implemented with a multiple reaction network for the 

simulation of a CVI process [45-47]. Li et al. [45] utilized a multi-step kinetic model of propylene 

pyrolysis for gas-phase reactions in a free-flow domain. The hydrocarbons produced from the 

homogeneous reactions were consumed in heterogeneous surface reactions that densified the felt 

preform. The changes in the concentration of various chemical species due to the gas-phase and surface 

reactions were determined through a system of mass transfer equations coupled with a density evolution 

equation. In their model, the chemical species were transported through both advection and diffusion in 

the free-fluid space, while only diffusive behavior was considered in the preform region. Fully 

developed laminar flow was assumed with a simple mathematical expression for its velocity profile. Li 

and Deutschmann [46] extended the model in [45] by adding a hydrogen inhibition model for the 
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transient simulation of a CVI process based on methane. Both models utilized kinetic data reported by 

Becker et al. [48] to represent the densification process. Becker et al. obtained the kinetic data from 

chemical vapor deposition (CVD) experiments. Li et al. [47] further added a CVD chemical model by 

Norinaga and Deutschmann [49] to implement detailed chemical kinetics for gas-phase reactions. All 

these models were expressed as simple two-dimensional (2D) axisymmetric CVI models within a finite 

element framework. A 2D model was extended by Tang et al. to perform laboratory-scale three-

dimensional (3D) simulations [50]. They employed two types of preforms, cloth and felt, and compared 

the densification results against experimental data. Wei et al. [51] performed a numerical study to 

examine the effect of reagent gas flux on preform densification using a laboratory-scale 2D 

axisymmetric reactor model that was approximately 30 cm long. The reactor model was idealized such 

that no supporting structure for placing and holding the preform was included. The flow behavior in the 

reactor was modeled through continuity and momentum conservation equations, while the gas in the 

preform zone was represented as being transported only by diffusion. Reuge and Vignoles [52] also 

utilized an idealized 2D reactor model to simulate the CMC fabrication process. Although their 

chemical model considered only one heterogeneous reaction, they developed a comprehensive 

mathematical model that coupled fluid mechanics and porous medium gas transport. Vignoles et al. 

studied the densification mechanisms at the tow level [53] and a fiber-length scale [54]. They 

constructed a representative preform model using computed tomography. The diffusive gas transport 

inside the preform was modeled using a random walk algorithm, and carbon deposition was activated 

whenever a walker entered a region of a fiber or a tow. Their chemical kinetic model was simplified to 

consider only one species. 

Previous CVI models have typically ignored the internal architecture of a reactor [45-47,50-52]. 

However, a practical reactor has supporting structures that maintain the position of the preform during 

the CVI process and greatly influence the gas flow behavior. The actual flow conditions around the 

preform may significantly differ from the solution of the continuity and momentum conservation 

equations for fluid flow in an open space based on the initial conditions when the precursor gas enters 

the reactor. In addition, the implementation of a chemical kinetic model reflecting a complex chemical 

reaction network is required for a representative and accurate CVI model. In the present study, a fully 

3D physicochemical CVI model was applied to simulate an isothermal CVI process for an actual 

industry-scale product. The CVI reactor and the product considered here are described in section 2.2. 

Details of the present multi-physics numerical model for predicting gas flow and densification 

mechanisms are given in section 2.3. In section 2.4, the CVI model is validated and the densification 

results are thoroughly examined. The chapter is completed with a summary in section 2.5. 
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2.2  Manufacturing of a C/C composite tube 

2.2.1  Industry -scale CVI reactor 

A C/C composite tube was manufactured by the CVI process using the industrial 2 m long reactor 

illustrated in Figure 1. A tubular preform was placed on a mounting plate located approximately 1 m 

from the bottom of the reactor, and its location was secured by several graphite blocks and a rack, as 

shown in Figure 1. The circular bottom plate had 18 inlet holes uniformly spaced on a same radius from 

the plate center. The mounting plate also multiple randomly distributed holes to facilitate gas flow. The 

diameter of the mounting plate was smaller than that of the reactor, providing another flow path. 

Cylindrical graphite heaters were installed as shown in Figure 1 to maintain high temperature during 

the densification process. The reactor was initially filled with nitrogen gas, and methane was used as 

the precursor to be transformed into the matrix of the C/C composite product. The reactant gas entered 

through the multiple small holes of the bottom plate and flew inside the reactor, producing various 

hydrocarbons and hydrogen through chemical reactions. The residual methane gas and intermediate 

chemical products that were not consumed during the preform densification exited through the four 

outlet pipes at the top of the reactor. 

 

Figure 1 Schematic of the full-scale reactor with the tubular preform. Detailed dimensions are not 

provided for proprietary reasons. 

2.2.2  Preform configuration 

The tubular preform had an outer diameter, thickness and height of 500 mm, 20 mm and 500 mm, 

respectively; it comprised a single ply of needle-punched fabric consisting of one felt layer and two 

unidirectional (UD) plies with the fiber orientations of +45° and ï45° as shown in Figure 2(a). Figure 

2(b) and Figure 2(c) exhibits densified carbon fibers in the UD layer and in the felt layer, respectively, 

with labeled dimensions of original and thickened fibers. The measured diameter of an original carbon 

fiber was around 6.7 µm. It should be noted that the images in Figure 2 were obtained before the 
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densification process was fully completed. The densities of the tubular preform at different processing 

times are presented in Figure 3. The densities were calculated based on the preform mass measurement 

at the specific time with its volume defined by the dimensions in the prior section. Figure 3 compares 

experimentally measured densities with numerical results, which will be discussed later in detail after 

the numerical model is introduced in the next section. 

 

Figure 2 (a) Preform architecture consisting of two UD layers and one felt layer with needle punched 

fibers. (b) Densified carbon fibers in the UD layer. (c) Densified carbon fibers in the felt layer with 

diameter measurements. 

 

Figure 3 Preform density measured at different processing times. 

2.3  CVI process model 

2.3.1  Overview 

The CVI technique is fundamentally similar to the CVD process, in which the deposition occurs 

due to the reaction of a carbonaceous vapor on the surface of a carbon-based substrate at a high 

temperature. CVI is based on the same principle and typically utilized over a larger surface area in 

three-dimensional (3D) space to densify a fibrous perform. Numerous processing parameters, such as 
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gas flow, diffusion behaviors, chemical reactions, preform microstructure, influence the densification 

process. In the present study, the effects of the various parameter were simultaneously considered by 

applying a physicochemical model to have a better understanding of the multi-physical mechanisms of 

the CVI process. The fibrous preform was modeled as a porous medium having effective properties. 

The following sections describe the details of the physicochemical model; chemical reactions, 

microstructure evolution described by the surface area, gas flow, diffusion, and densification process. 

2.3.2  Chemical reactions 

2.3.2.1  Gas-phase chemical reactions 

When the carbonaceous precursor gas enters the reactor, various chemical reactions occur in a gas 

phase and on a preform surface. The gas-phase reactions occur in a free-flow domain, producing 

hydrocarbons and hydrogen. These hydrocarbons form a complex reaction network, which includes 

intermediate products having some self-catalytic effects [55]. In the present study, a simplified reaction 

model proposed by Li et al. [46] is adopted for the gas-phase reactions. They simplified the hydrocarbon 

production process by using a single consecutive reaction chain as illustrated in Figure 4. The reaction 

model in the present study did not include the gas-phase reactions that form hydrocarbons heavier than 

benzene because they are rarely found in porous media [45]. The stoichiometry and rates of the gas-

phase reactions in Figure 4 are summarized in Table 1. Each reaction was assumed to be first-order and 

the rates were expressed using the Arrhenius equation, Ὧ ὃὩ Ⱦ . 

 

Figure 4 Schematics of chemical reactions during CVI process. 

Table 1 Stoichiometry and rates of the gas-phase reactions [45] 

Reaction Rate ὃ [s-1] Ὁ [kJ/mol] 

CH4 Ÿ 1/2 C2H4 + H2 Ὧ 2.857×109 251.648 

C2H4 Ÿ C2H2 + H2 Ὧ 1.172×1015 355.230 

C2H2 Ÿ 1/3 C6H6 Ὧ 2442.3 79.925 
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2.3.2.2  Surficial chemical reactions 

The hydrocarbons produced by the gas-phase reactions are consumed as the precursor for carbon 

deposition on the preform surface. The surface reactions occur at the free active sites on the carbon 

surface. However, hydrogen, which is additionally produced by the gas-phase reactions, tends to block 

the active sites and inhibit the hydrocarbon deposition by forming stable hydrogen-carbon surface 

complexes [46-48]. Becker et. al. [48] proposed a simple hydrogen inhibition model by considering an 

irreversible chemisorption of hydrocarbons at the free active sites and the reversible desorption of 

hydrogen. These two surface reactions are expressed as 

#  #(  O  # (  (1) 

# (  ᵮ #  (  (2) 

Here, #   is a free active site and # (  is an active site blocked by chemisorbed hydrogen. If 

all the active sites are either free or blocked by hydrogen, the total surface concentration of active sites, 

ὧ, is the sum of the concentrations of the free active sites, ὧ  , and blocked active sites, ὧ : 

ὧ ὧ  ὧ  (3) 

The first-order surface reaction rates (mol/m2.s) of the two reactions in Eqs. (1) and (2) are, respectively, 

ὶ ὑὧ  ὴ  (4) 

ὶ ὑὧ ὑ ὧ  ὴ  (5) 

where ὴ  and ὴ  are partial pressures of a hydrocarbon, #( , and hydrogen, respectively. 

Under a steady-state condition, the reaction rates in Eqs. (4) and (5) are equal to the overall carbon 

deposition rate ὶ: 

ὶ ὶ ὶ (6) 

Combining Eqs. (3) to (6) and using Eq. (6) yields the carbon deposition rate, which is expressed as 
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Because the hydrogen-carbon complex on the surface is very stable, ὑ Ḻὑ , therefore, 

ὑ ὑ ὴϳ π. The overall carbon deposition rate in Eq. (7) can then be rewritten as 
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 (8) 

after applying ideal gas law to express the rate in terms of a #-species concentration, ὧ and a 

hydrogen concentration, ὧ . The values of 2, 3, and 4 for subscript Ὥ denote ethylene, acetylene, and 

benzene, respectively. Now ὑ , ὑ  and ὑ  in Figure 4, which are the rate constants of carbon 

deposition per unit surface area, can be generally expressed as 
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The second part of Eq. (9) is defined as the hydrogen inhibition function, Ὢὥ . The constants ὥ for 

different chemical species are listed in Table 2. Ὢὥ  becomes unity, when there is no hydrogen; 

therefore, the first part of Eq. (9) that remains is the original rate constant. As mentioned previously, 

the original rates are expressed in the form of the Arrhenius equation, of which parameters of each 

species are also summarized in Table 2. Finally, the volumetric rate of the surface reaction, Ὧ, can be 

computed by multiplying the surface area per unit volume of the preform, Ὓ, by the rate constant: 

Ὧ Ὓὑ (10) 

Table 2 Stoichiometry and surface reaction rates [47] 

Reactions Rate 
ὑ ὃὩ ϳ Ὢὥ  

ὃ [m/s] Ὁ [kJ/mol] ὥ 

CH4 Ÿ C + 2 H2 ὑ 0 - - 

C2H4 Ÿ 2 C + 2 H2 ὑ 72.4 155.0 1.104 

C2H2 Ÿ 2 C + H2 ὑ 13.5 126.0 3.269 

C6H6 Ÿ 6 C + 3 H2 ὑ 4.71×105 217.0 0.5887 

2.3.3  Surface area evolution in a preform 

The microstructure of a fibrous preform significantly influences the gas flow, mass transport by 

diffusion, and surface chemical reactions. The fibers that grow due to carbon deposition continuously 

disturb the gas flow and alter the diffusion behavior inside the fabric. The deposited carbon fills pores 

of the preform and gradually reduces the surface area available for reactions. The reduction of the 

surface area, Ὓ, implies the deceleration of surface reaction rates as indicated by Eq.(10). Because the 

preform geometry evolves as the fibers are densified, it is crucial to couple the geometrical changes 

with the physicochemical behaviors of the reactant gases. The permeability, diffusivity, tortuosity, and 

surface area generally characterize the effects of the preform. In the present model, these are all 

dependent on the preform porosity. Especially, the evolution of the micro-scale preform geometry was 

described by the surface area as a function of the current porosity. 

The preform considered in this study had a layered structure with two kinds as shown in Figure 2(a). 

For the UD layer, the relationships between the porosity, surface area, and fiber radius, that vary 

interactively during the densification process, were established using the 2D representative volume 

element (RVE) model as shown in Figure 5(a). It was assumed that all the fibers have the same initial 

diameter and the fiber diameters increase at the same rate as illustrated in Figure 5 (b), (c) and (d). At 
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each increment, the porosity and surface area per volume of the RVE model were computed. The 

porosity is the ratio of empty space to the RVE area, which is complementary to the fiber volume 

fraction. Therefore, the porosity can be calculated from: 

‐
ὃ ὃ

ὃ
 (11) 

where ὃ  is the entire RVE area (Ὄ  for the RVE in Figure 5) and ὃ  is the total area of all the 

fibers. The surface area per volume is defined as the ratio of the active fiber boundary length to the 

RVE area. The ñactiveò fiber boundary is exposed to open space, such that the fibers participate in the 

surface reactions. When ὖ  is this kind of active perimeter, the surface area per unit volume is 

obtained from 

Ὓ
ὖ

ὃ
 (12) 

ὖ  changes as the fibers grow. 

The growth of the fibers is illustrated in Figure 5 (b), (c) and (d). The fiber area, ὃ , (including 

the blue and brown areas) and the active perimeter, ὖ , were computed at every incremental step. 

The inactive boundaries that were excluded in the computation of ὖ  are highlighted in red in 

Figure 5 (c) and (d). The area surrounded by the red lines can be considered as closed pores. When 

ὃ  and ὖ  are measured from the fiber growth model, ‐ and Ὓ can be computed using Eqs. 

(11) and (12), respectively. The porosity and the surface area per volume are then correlated as shown 

in Figure 6. The detailed computational procedure using the fiber growth model is provided in Appendix. 
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Figure 5 Example of a fiber growth model. 

Figure 6 studies the effect of the fiber numbers on the surface area function. The number of fibers, 

ὔ, which eventually determines the RVE size, should be sufficiently large to truly represent the entire 

cross section of the UD preform structure. Trias et al. [56] suggested that the side length of a square 

RVE be at least 50 times greater than the fiber radii to accurately compute the effective elastic properties. 

In the present study, fiber growth simulations were conducted for ὔ  50, 100, 200, 300, 500, and 

1000 to find the optimal RVE size for the densification model. For each ὔ, ten fiber-distribution 

patterns were randomly generated and the surface area changes were measured. For example, when ὔ 

= 50, the surface area evolutions for 10 different fiber distributions are plotted in Figure 6(a) with the 

averaged surface area highlighted in red. The entire results in Figure 6 indicate that, as the number of 

fibers increases from ὔ  50 to ὔ  1000, the effect of fiber distributions is vanishing and the curves 

converge to the average one. For the fiber growth simulations in Figure 6, a fiber volume fraction of 

0.30625 and an initial fiber diameter of 6.7 µm were constantly used. The random fiber generation was 

managed by the method described in [57]. For the felt layer, the surface area function was calibrated 

based on the experimental measurement in [50]. 
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Figure 6 Surface area curves as a function of porosity for different fiber numbers and distributions. 

2.3.4  Fluid flow  

The gas flow behavior is generally described by the Navier-Stokes and the continuity equations; 
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where, ◊ is the flow velocity, ” is the fluid density, and ‘ is the fluid viscosity. When the gas flows 

through a porous medium, the porosity of the medium significantly influences on the flow velocity. 

Furthermore, the porosity of the fiber preform considered in the present study is being changed as a 

result of the carbon deposition. Deposited carbon also results in the loss of the gas mass in the preform 

zone. Therefore, the effects of the variable porosity and the mass change should be incorporated into 

the governing equations for the particular control volume [58,59]. Eqs. (13) and (14) are thus 

reformulated as 
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where ‐ is the preform porosity, ‖ is the preform permeability, and ὗ is the fluid mass change 

during the carbon deposition process. This study assumed that the chemical reactions did not change 

the total volume of the preform zone and the fluid density in Eqs. (15) and (16). 
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Permeability quantifies the resistance of a porous medium to fluid flow. The higher the permeability, 

the easier the fluid can flow through the medium. The permeability of a particulate medium can be 

estimated by an empirical equation proposed by Carman [60] and Kozeny [61]. It is expressed as 

‖
 Ὀ

ρυπ

‐

ρ ‐
 (17) 

where Ὀ  is the average particle diameter, and   is the sphericity of a given particle. Sphericity is 

defined as the ratio of the surface area of a sphere, the volume of which is identical to a specific particle, 

to the surface area of that particle. For example,  =1.0 for a perfect sphere and   is approximately 

0.75 for a cylinder with a high aspect ratio. 

2.3.5  Diffusion 

As illustrated in Figure 4, when the precursor gas enters the high-pressure and high-temperature 

chamber, the gas-phase reactions produce methane, ethylene, acetylene, benzene, and hydrogen. In the 

present model, the diffusion behavior of each chemical was assumed to obey Fickôs law that is expressed 

as 

Ћὧ

‬ὸ
ẗ Ὀ ὧ ◊ὧ Ὑ (18) 

where ὧ is the concentration of a substance, Ὀ is its diffusivity and Ὑ is a net volumetric source. 

Here, the subscript Ὥ denotes each chemical species. The method for determining the diffusivity in Eq. 

(18) varies depending on a medium in which the diffusion occurs. 

In an open space, gas molecules diffuse by collisions between each other as illustrated in Figure 

7(a). This open-space diffusivity is computed using the Fuller-Schettler-Giddings method, which 

approximates the intermolecular diffusivity based on the molecular structure and weight of a given 

chemical [62]. The empirical equation is written as 

Ὀ ρπ
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 (19) 

where Ὀ  is the diffusivity (m2/s) of a chemical Ὥ in a solvent gas Ὦ, Ὕ is the temperature (K), 

ὖ is the pressure (atm), ὓ  is the molar mass (g/mol) of molecule Ὥ, and ὠ is the diffusion volume 

of molecule Ὥ defined by its molecular structure. Diffusion volumes for the molecules of interest in 

this study are provided in Table 3. A larger diffusion volume means that the molecule has a higher 

probability of collision with another molecule, leading to reduced diffusion. 
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Figure 7 Diffusion mechanism dependence on the scale of the mean free path: (a) Pure molecular 

diffusion; (b) Knudsen diffusion; (c) Mixed diffusion; (d) Mixed diffusion in a porous medium. [63] 

Table 3 Molecular weights and diffusion volumes used in the diffusivity calculations. 

 Molecular weight, ὓ  (g/mol) Diffusion volume, ὠ 

N2 28.01 17.9 

H2 2.01 7.07 

CH4 16.04 24.42 

C2H4 28.05 40.92 

C2H2 26.04 36.96 

C6H6 78.15 90.68 

Molecular motions in a porous medium are disturbed by the pore structure [63]. For a long, narrow, 

and straight pore as shown in Figure 7 (b), the diffusivity is calculated by the Knudsen equation [64]: 

Ὀ
ςὶӶ

σ

ψὙὝ

“ὓ
 (20) 

where ὶӶ is a pore diameter, Ὑ is the gas constant, Ὕ is temperature and ὓ  is a molecular mass. If 

the path is moderately wide, the diffusion could occur due to both inter-molecular and wall collisions 

as illustrated in Figure 7(c). The mixed diffusion behavior in the medium-sized pore can be described 

by combining the open-space diffusivity and Knudsen diffusivity such that 

ρ

Ὀ

ρ

Ὀ

ρ

Ὀ
 (21) 

For a complex self-connected pore structure shown in Figure 7(d), the diffusivity can be further adjusted 

by its geometric factors such as porosity and tortuosity. The corrected total diffusivity of the complex 

porous medium is expressed as 

Ὀ
‐

†
 Ὀ  (22) 

where, ‐ is porosity and † is tortuosity, which is defined as the ratio of the mean flow length through 

a porous medium to the apparent length of the medium. Therefore, the tortuosity of an empty space 

(porosity = 1) is 1, and the tortuosity of a completely filled space (porosity = 0) is infinity. Generally, 
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the tortuosity of a randomly constructed porous medium can be approximated as a function of its 

porosity [65]. In the present work, the tortuosity of the preform was assumed to be 

† ρ
ρ

ς
ÌÏÇ‐ (23) 

In this study, the corrected diffusivity Ὀ in Eq. (22) was used in Eq.(18) to represent the preform zone. 

2.3.6  Deposition and densification 

The chemical concentrations constantly vary during the gas-phase and surface reactions as they 

consume, produce and deposit carbon and hydrogen. Table 4 provides the rates of the concentration 

changes, Ὑ, for different chemical species of interest in the present study. The coefficients, Ὧ, were 

determined by the stoichiometry of each reaction. Ὑ for C2H4, C2H2 and C6H6 incorporated the 

concentration changes resulting from the carbon deposition. They were calculated based on the ratio of 

the amount of carbon produced per unit volume using the surface reaction rates in Table 2 since the 

deposited carbon is not a gas-phase solution. If the total carbon mass created by the surface reactions is 

equal to the mass change of the preform per volume, the mass change is expressed as 

Ћ”

‬ὸ
ὗ ὓὙ  (24) 

where ” is the density of the preform, ὗ is the fluid mass change due to the carbon deposition, Ὑ  

is the chemical concentration change rate of Cdeposited. ὓ ρςȢπρ g/mol is the molar mass of carbon. 

Table 4 Rates of concentration changes through gas-phase and surface reactions. 

Chemical species Concentration change rate, Ὑ (mol/m3.s) 

CH4, ὧ Ὑ Ὧὧ 

C2H4, ὧ Ὑ
ρ

ς
Ὧὧ Ὧὧ Ὓὑὧ 

C2H2, ὧ Ὑ Ὧὧ Ὧὧ Ὓὑὧ 

C6H6, ὧ Ὑ
ρ

σ
Ὧὧ Ὓὑὧ 

H2, ὧ Ὑ Ὧὧ Ὧὧ Ὓ ςὑὧ ὑὧ σὑὧ  

Cdeposited Ὑ Ὓ ςὑὧ ςὑὧ φὑὧ  

 

The deposited carbon increases the fiber diameters, thus reducing the preform porosity. When the 

porosity change is defined as the volume change of the pores per preform volume, it is equal to the 

opposite of the carbon volume change resulting from the surface reactions per volume, which can be 

formulated as 

Ћ‐

‬ὸ

ὗ

”

ὓὙ

”
 

(25) 
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Here ‐ is the porosity of the preform and ” is the density of the deposited carbon, which averages 

1.76 g/cm3 [66]. 

2.4  CVI process simulation 

2.4.1  Model descriptions 

2.4.1.1  Reactor model and initial conditions 

A half-model of the reactor was applied in the CVI simulation based on its symmetry to reduce the 

computational cost. The half-reactor model is illustrated in Figure 8(a) and the mesh is shown in Figure 

8(b). A total of 111476 tetrahedral elements were used and the inlet areas were more finely meshed than 

other reactor space. A constant pressure of 1 atm was applied only at the bottom and the temperature of 

1223 K was uniformly applied inside the reactor. The temperature distribution inside the reactor was 

separately evaluated at upper, middle and lower locations. The measurements varied from 1194 K to 

1243 K when a target temperature of 1223 K was tried. This variation was considered small enough to 

adopt the isothermal assumption. In the real manufacturing process, the gas inflow rate was set to 120 

L/min. By dividing this rate with the total inlet area, the constant flow speed ό ρȢτρτ ÍȾÓ was 

prescribed at each of the circular inlets. The reactor had total 18 circular inlets with a radius of 10 mm. 

The inlet flow was assumed to be fully developed laminar flow and the velocity profile was taken as 

όὶ ςό ρ
ὶ

Ὑ
 (26) 

where ό is the inlet flow speed normal to the bottom plane, ὶ is the distance from the inlet center, 

and Ὑ is the inlet radius. The concentration of methane at the inlet was calculated by the ideal gas 

equation to be 9.7 mol/m3, considering the constant precursor supply. The outflow was assumed to be 

free flow with no pressure changes and no additional diffusion at the outlet. Flow speed and diffusion 

were assumed to be zero on the surfaces of the reactor and support structures. 

 

Figure 8 (a) Sectional plane of the full reactor model. (b) Half-model mesh. 
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2.4.1.2  Preform parameters 

As shown in Figure 2(a), a single ply of the preform consisted of two UD layers and one felt layer. 

The density of the preform before the densification process was measured as 0.36 g/cm3. When the 

initial density of the felt layer was 0.10 g/cm3, which is typical for commercial products, that of the UD 

layer was determined to be 0.49 g/cm3 based on the measured density and the 1:2 ratio between felt and 

UD layers. The initial density is related with the initial porosity, ‭: 

‭ ρ
ὠ

ὠ
 

(27) 

where ὠ is the volume of fibers in a layer and ὠ  is the geometric volume of the layer. For 

example, the ὠ of the felt layer could be obtained from ”ὠ ” ὠ  with ” = 1.6 g/cm3 for 

a neat carbon fiber, ”  = 0.10 g/cm3 and ὠ  = one-third of the total geometric preform volume 

based on the composition ratio. Substituting these values into Eq. (28) yield 0.9375 for the initial 

porosity of the felt layer. Similarly, the initial porosity of the UD layer was calculated to be 0.69375. 

Given these initial porosities, the effective initial porosity of the preform was found to be 0.775. 

Because the UD and felt layers had different fiber architectures, their surface area functions were 

formulated separately. As described in section 2.3.3, the surface evolution function for the UD layer 

was obtained by simulating fiber growths. Based on the simulation results in Figure 6, the mean surface 

area function for ὔ υππ was selected for the present CVI model. For the felt layer, the surface area 

function is calibrated based on the experimental measurements in [50] and the initial porosity of 0.9375. 

The two surface area functions are plotted in Figure 9. 

 

Figure 9 Surface area curves for the UD and felt layers. 
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2.4.2  Simulation results and discussion 

2.4.2.1  Model validation 

The numerical analysis was performed using a commercial multi-physics simulation software, 

COMSOL Multiphysics® . The preform densification over time is the fundamental and critical measure 

for the validation of the CVI model. The preform density computed from Eq. (24) at each element was 

averaged over the volume of the preform and compared against the experimental measurements in 

Figure 3. As can be seen in Figure 3, the numerical result shows a good agreement with the experimental 

data. In addition, owing to the predictive capability of the numerical model, the densification behavior 

in the region where the experimental data is difficult to obtain is also plotted in Figure 3. According to 

the simulation result in Figure 3, the CVI preform densification was likely to be saturated after 

approximately 78 h and have a final density of 1.439 g/cm3. This saturation can be explained as the 

final stage of the fiber growth simulation in Figure 5(d). 

The maximal possible density can be confirmed with a simple fractional analysis using porosities 

of each layer. As the pores are closed by the carbon deposition, the preform mass and density increase. 

Supposing that ” is the maximum possible density and ” is the initial density of the preform, the 

density change can be obtained from 

” ”
Ўά

ὠ

”Ўὠ

ὠ
 (28) 

where Ўά is the mass change of the preform resulting from the carbon deposition and ὠ is the 

geometrical volume of the preform. ” and Ўὠ are the density and the volume change of deposited 

carbon, respectively. By definition, the volume ratio in Eq. (28), ЎὠȾὠ, is the change of the preform 

porosity. The volume fractions of the UD layer and felt layers of the preform were 2/3 and 1/3, 

respectively, because one layer of the preform consisted of two UD layers and one felt layer. Using 

these volume fractions and the porosity changes of each layer, the traditional rule of mixtures could be 

utilized to calculate the total porosity change of the preform, i.e., the volume change ratio, ЎὠȾὠ. 

Based on the fiber growth simulation model, when the UD layer had an initial porosity of 69.375 %, its 

minimum possible porosity was found to be 24 % as shown in Figure 9. The felt layer had a minimum 

porosity of 0 % with an initial porosity of 93.75 %. Therefore, the volume change ratio is 

Ўὠ

ὠ

ς

σ
φωȢσχυϷςτϷ

ρ

σ
ωσȢχυϷπϷ πȢφρυ (29) 

Incorporating the resulting number into Eq. (28) with ”  1.76 g/cm3 and ”  0.36 g/cm3, the 

maximum preform density, ”, was estimated to be 1.4424 g/cm3. This theoretical density is very close 

to the final density computed using the numerical model. 

The density change is directly related to the porosity change through Eqs. (24) and (25). In Figure 

10, the volume-averaged porosity changes of the preform and its individual layers are displayed. In the 

initial reaction stage, the porosity of the UD layer decreased very quickly, implying that the chemical 
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reactions depositing carbon onto the fiber surfaces occurred more actively in the UD layer. The surface 

area of the UD layer was much greater than that of the felt layer as shown in Figure 9. This initially 

rapid densification reached saturation at approximately 38 h, after which the pore-filling behavior 

changed dramatically with the pores in the felt being rapidly filled. The felt layer was saturated at around 

78 hours, which corresponded to the time when the preform reached its ultimate density as shown in 

Figure 3. 

 

Figure 10 Porosity changes of the preform, felt and UD layers. 

2.4.2.2  Gas flow behavior in the reactor 

The effect of the internal reactor architecture on the gas flow behavior is visualized in Figure 11(a) 

using flow streamlines and velocity vectors. Note that a longer arrow indicates a greater flow velocity. 

The flow velocity distribution in the half-section plane of the reactor is shown in Figure 11(b). For a 

visual purpose, the maximum value of the plot was limited to 0.1 m/s because the flow speed inside the 

preform was minuscule (about 10-9 to 10-11 m/s) compared to the inlet flow speed. Fast gas flow was 

observed near the inlet and in the middle of the reactor. The burst flow in the middle resulted from the 

big central hole in the circular plate mounting the preform (see Figure 1). The maximum velocity of the 

burst was 0.069 m/s. 



23 

 

Figure 11 (a) Flow streamlines (blue lines) and velocity vectors (red arrows) in the 3D isometric view 

(left) and the yz-plane (right); (b) Flow speed distribution in the half-section plane (y = 0) of the 

reactor model. 

Figure 12 shows the rotating flow pattern observed between the inlet and the disk attached to the 

top of the rack at z = 0.5 m. Because the wake was trapped under the disk, it exerted no influence on 

the densification process. The detailed flow behavior near the inlet is given in Figure 12, which 

illustrates that the circulation decreased the velocity as the gas flow moved upward. Beyond the wake 

region, as shown in Figure 11(a), the streamlines became smoothly curved due to the mounting plate 

located at z = 1.0 m. Figure 13 shows the flow patterns around the preform from three orientations. 

Slow circulation flows were observed inside the tubular preform and the circulation patterns were not 

uniform due to the non-axisymmetric configuration of the graphite blocks (see Figure 1). In summary, 

the circulations reduced the flow velocity adjacent to the preform areas while the gaseous fluid in the 

central region flowed very quickly. Overall, the flow surrounding the densification zone was stable and 

nearly laminar as can be seen in Figure 13. 
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Figure 12 Flow streamlines and velocity vectors near the inlet. 

 

Figure 13 Flow streamlines and velocity vectors around the preform at different orientations. 

2.4.2.3  Chemical reactions 

Figure 14 and Figure 15 show the concentration distributions of the five chemicals mapped onto 

the half -section plane at 20, 40 and 80 h. The 40-hour index is associated with the duration at which the 

densification in the UD layer was saturated according to Figure 10. Figure 14 and Figure 15 reveal that 

the chemical reactions occurred actively in the upper region where the preform was located. The 

concentration change of methane over time was insignificant compared to the other chemicals involved 

in the deposition process. In addition, the concentration pattern in Figure 14(a) conforms to the fluid 

motion in Figure 11, implying that the chemical was primarily transported by fluid flow;. the precursor 

gas was continuously supplied at a constant velocity during the entire deposition process. 
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Figure 14 Concentration contours of (a) methane and (b) hydrogen. 

Hydrogen, having the highest diffusion coefficient among the species considered here, exhibited a 

unique concentration pattern. Initially, the hydrogen concentration around the preform was extremely 

high, and it then decreased due to the decrease in the gas-phase and surface reactions. Figure 15 displays 

the concentrations of the main reactant gases that were consumed for the carbon deposition, revealing 

that a greater quantity of the heavier hydrocarbons were produced than the lighter ones. The 

concentration of ethylene remained steady after the full densification of the UD layers while the other 

two chemicals continued to increase significantly, especially in the densification zone. The maximum 

concentration of benzene significantly increased and its dispersion pattern was localized around the 

preform as shown in Figure 15(c). 
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Figure 15 Concentration contours of (a) ethylene, (b) acetylene, and (c) benzene. 

As shown in Figure 11 through Figure 13, the internal configuration of the reactor significantly 

affected the flow behavior. As the gas passed through the narrow center hole of the circular plate, the 

flow speed suddenly increased and the vortex regions were generated. The vortex shapes were slightly 

different at each angle as shown in Figure 13 (a), (b) and (c) mainly because the graphite blocks were 

not placed axisymmetrically. The vortex shapes substantially influenced the concentration behavior. 

Figure 16 (a), (b) and (c) show the ethylene concentration at 20 h, mapped onto the 0°, 45°, and 90° 

sectional planes, respectively. It is seen that the ethylene was rarely present where the gas velocity was 

high, while its concentration was remarkably high in the region where the flow speed was reduced by 

the flow circulations shown in Figure 13. Because the circulation patterns were not uniform, the 

concentrations at each angle also differed slightly. Figure 17 shows the concentration distribution of 
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ethylene in the plane perpendicular to the cylindrical preform axis. A non-uniform concentration 

occurred through the radial and hoop directions, but the difference was minor (i.e., less than 10 %). 

 

Figure 16 Concentration contours of ethylene at 20 h viewed at different orientations. 

 

Figure 17 Concentration contours of ethylene at 20 h in the plane located at the half of the preform 

height. 

2.4.2.4  Preform densification 

Figure 18 provides sectional views of the density distribution in the preform at 20 h taken at 10%, 

30%, 50%, and 80% of the preform height, which illustrates that the densities were not uniform at 

different heights. Figure 18(a) shows that a significant density gradient occurred in the thickness 

direction at h = 0.05 m (i.e., 10 % of the height). The density gradients in the height and thickness 

directions both correspond with the concentration patterns shown in Figure 16. 
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Figure 18 Densification results at various heights after 20 h. 

Figure 19 compares circumferential density profiles defined on the inner and outer surfaces of the 

preform at four heights. The densities on the outer surfaces (dashed lines) at the four heights varied 

from 0.64 to 0.68 g/cm3 while the inner densities (solid lines) ranged from 0.64 to 0.78 g/cm3 as shown 

in Figure 19(b). Although the outer surface densities were relatively uniform, the density mismatch 

between the inner and outer surfaces at 0.05 m in height was significant (~0.78 g/cm3 and ~0.65 g/cm3 

for the inner and outer surfaces, respectively). It should be noted that the inner and outer surfaces at 

0.25 m were comparably densified. In Figure 19, all the circumferential density profiles fluctuated, but 

the variances were minimal. The density non-uniformity associated with angular asymmetry was 

negligible. Instead, the density non-uniformity was predominantly caused by the regionally irregular 

distribution of chemical concentrations. 
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Figure 19 (a) Preform density contour at 20 h (b) Circumferential density profiles computed at 

various heights. 

Figure 20 shows the temporal axial density profiles computed along the inner, middle, and outer 

surfaces of the tubular preform at 20, 40, 60, 70 and 80 hours. The solid line, dotted line, and dashed 

line represent the inner, middle, and outer profiles, respectively, and the processing times are 

distinguished by color. As shown in Figure 18 and Figure 19, the lower region of the preform exhibited 

a significant density gradient along its thickness direction. This difference was maximal at 60 h as 

shown in Figure 20. The gradient remained even at 80 h although the preform was uniformly densified 

elsewhere. Figure 21 highlights the evolutions of the density profiles in the thickness direction at various 

heights, and demonstrates that the density gradients in the thickness direction eventually disappeared in 

the upper regions of the preform. 

 

Figure 20 Axial density profiles at different radial locations and processing times. 
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Figure 21 Radial density profiles at different heights and processing times. 

The preform was densified by the carbon deposition resulting from surface reactions. The overall 

speed of the preform densification can be expressed by the sum of the deposited carbon mass per volume 

(Ὑ  in Table 4), and is equal to the rate of the preform density change (see Eq. (24)). The densification 

rates for the preform as well as felt and UD layers are shown in Figure 22. Figure 23 shows the volume-

averaged concentrations of the chemicals inside the preform; the ethylene, acetylene and benzene 

concentrations increased after the densification of the UD layer was saturated at around 40 h. The 

surface reactions that consumed the chemicals drastically slowed after the saturation as shown in Figure 

22, and the concentration of hydrogen, which is another product of the surface reactions, slightly 

decreased. The increased hydrocarbon concentration accelerated the surface reaction rate in the felt 

layer, leading to a new equilibrium. After the final saturation of both the felt and UD layers, the 

concentrations of acetylene and benzene increases since the surface reactions ceases and the gas-phase 

reactions become active. 
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Figure 22 Densification rates and surface area evolutions of each layer. 

 

Figure 23 Chemical concentration inside the preform. The left axis represents hydrogen and methane 

and the right axis represents ethylene, acetylene, and benzene. 

2.5  Summary 

An industry-scale CVI process was simulated in a fully 3D closely coupled physico-chemical model 

considering fluid flow, diffusion, and consecutive chemical reactions inside the porous medium. The 

numerical results agreed well with the experimental average preform density measurements. Moreover, 

the CVI model revealed the mechanisms of infiltration. The two-layered preform demonstrated a 

stepwise densification behavior, which resulted from the two surface area evolutions. The flow speed 

and chemical concentration inside the reactor chamber were also analyzed. The results showed that the 

fluid flow greatly affected the chemical concentrations, resulting in temporal concentration changes and 
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densification speeds on each preform layer and non-uniform densification of the preform. In addition, 

the model was proven capable of predicting complex flow behavior, which is significantly affected by 

the internal reactor structure. The results also suggest that uniform densification could be achieved using 

a well-designed reactor in addition to optimal processing conditions. The result of this study could 

benefit the design of CVI reactors and processes and minimize the need for trial runs when processing 

conditions change. 

  

*Note: This chapter was partially or fully adapted from Hye-gyu Kim et al., ñFull-scale multi-physics numerical analysis of 

an isothermal chemical vapor infiltration process for manufacturing C/C compositesò, Carbon 172, 2021. 
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2.6  Appendix 

The detailed procedure of computing the porosity and the active surface area using the fiber growth 

model is explained. 

Step 1: Fibers were randomly placed in an RVE area using the algorithm in [57]. Figure 5(a) shows 

an example RVE model with a periodic expansion twice the model size.  

Step 2: The circular fibers were approximated by a regular 40-gon inscribed figure. Each polygon 

was parameterized using the coordinates of the vertices, which were stored in a matrix form. For 

example, when ὴ denotes a 40-gon of a unit circle, it can be expressed as 

ὴ

ὼ ώ
ὼ ώ
ể ể
ὼ ώ

  (A1) 

where ὼ , ὼ ,Ễ ὼ   and ώ , ώ ,Ễ ώ   are defined as ὼ ÃÏÓπȢπυὲ“  and ώ

ÓÉÎπȢπυὲ“, respectively, with ὲ ρȟςȟỄȟτπ. This specific format was employed in order to use a 

polyshape  function of MATLAB [67]. In this way, various shape operations such as union, 

intersection, subtraction, scaling and translation could be easily performed. The Boolean operations 

were essential to merge fibers that intersected due to the densification. 

Step 3: All the fibers grew artificially with the increment of 0.025 Ὑ where Ὑ is the initial fiber 

radius. Intersecting fibers were united through a Boolean union operator and treated as a single polygon 

for the next step. 

Step 4: ñActiveò perimeters were identified. In Figure A1, areas occupied by fibers are represented 

in white. When a red area was periodically repeated such as Figure A1 (a) and (b), the area was 

considered open to the reactant gas. In these cases, the boundaries of the white areas were the ñactiveò 

perimeters for the surface reactions. If a red area was trapped inside the RVE region as shown in Figure 

A1 (c) and (d), the area was considered to be a pore. Based on this identification, ñactiveò perimeter 

lengths and fiber areas were computed. 

Step 5: Step 3 and Step 4 were repeated until the RVE region was fully densified. 

After the fiber area and active perimeter were measured at every step, the porosity and the surface 

area per volume were calculated by Eqs. (11) and (12), respectively. Since the porosity and the surface 

area were both functions of a fiber diameter, they could be combined into a single relationship. The 

limitation of this approach is the underestimation of porosity since the pores are eventually closed by 

the artificial fiber growth. However, this deficiency could be easily overcome by enforcing limiting 

porosity on Eq. (25). 
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Figure A1 Examples of open pores and closed pores. The red shaded region is pore. 
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Chapter III.    Homogenization method 

3.1  Introduction  

Three-dimensional (3D) textile composites have been considered a prominent material for structural 

components in many fields including aerospace and automobile industries [68]. Unlike conventional 

laminated composites, 3D textile composites (3DTCs) have unique out-of-plane reinforcements to 

enhance through-thickness strength as well as interlaminar shear strength [69]. Consequently, they 

exhibit much more improved impact resistance than the laminated composite materials, of which 

interfaces are the weakest link and vulnerable to delamination failure. The improved mechanical 

performance has widened the applicability of 3DTCs to various types of load-bearing structures. High-

temperature applications of 3DTCs are also possible when high-temperature resistant materials such as 

ceramic and carbon are used for fibers and a matrix material. 

When combined mechanical and thermal loadings are expected during a service life of a composite 

material, an accurate evaluation of its thermo-mechanical properties is typically required in the 

preliminary design phase. Many researchers have studied both analytically and numerically to predict 

thermal properties of various types of textile composites. Vorel and Ġejnoha [70] utilized the Mori-

Tanaka averaging scheme combined with a multi-scale homogenization method to calculate the 

effective thermal conductivity of plain weave composites. This scheme even considered defects 

including a void or delamination. While homogenized effective properties are only available from such 

an analytical model, finite element (FE) models incorporating a representative volume element (RVE) 

and periodic boundary conditions (PBCs) can provide more detailed information such as interior 

temperature fields and heat flux distributions mapped onto complicated textile architecture. Gowayed 

et al. [69] developed an FE model to predict thermal conductivity of woven textile composites using a 

unit cell approach and micro-scale level homogenization technique. It was the first FE model for thermal 

analysis to take account of woven fabric geometry other than laminated composites reinforced with uni-

directionally continuous fibers. Dasgupta et al. [71] utilized an FE model of a unit cell with a multi-

scale homogenization approach to predict thermal and mechanical properties of a plain weave 

composite. They also established a 3D thermal resistance network model to analytically predict thermal 

conductivity of the composite. It was shown that results from the analytical and FE models were in 

good agreement with experimental measurements. Siddiqui and Sun [72] computed effective thermal 

conductivity of a plain weave composite at various temperatures and different fiber volume fractions. 

They utilized temperature-dependent thermal conductivity values of the fiber. Jiang et al. [73] predicted 

thermal conductivity of 3D textile composites with helical fiber tow geometry. The RVE was 

discretized into small subcells and the subcells were subjected to the finite element equation of a steady 

state heat transfer problem. Effective thermal conductivity dependent on various braiding angles and 

different fiber volume fractions was obtained through a volume average method. Gou et al. [74] studied 
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thermal behaviors of a textile composite having 3D four-directional braided geometry with different 

tow cross-sections. The effect of cross-section shapes, braiding angles, and fiber volume fractions on 

the composite thermal conductivity was investigated. The numerical results showed a good agreement 

with experimental results. Dong et al. [68] also considered 3D four-directional braided composites. 

They created a meso-scale RVE model of a unit cell as well as a full-scale model having the same 

dimensions with an actual specimen used in their test. The full-scale model showed better agreement 

with the experimental results than the meso-scale model because the full-scale model included the 

exterior surface geometry of the specimen that the meso-scale cannot implement. 

In the presentation, an FE model is developed to obtain effective thermal and mechanical properties 

of a thick 3D woven composite (T3DWC) using an RVE model. The RVE model implements not only 

complicated 3D geometry of fiber tows but also temperature-dependent thermal and mechanical 

properties. T3DWC considered in the presented analysis does not have a periodicity in the thickness 

direction. The fiber architecture of the RVE model along the thickness direction is thus identical to that 

of the original composite material. The RVE model is created based on the planar periodicity of the 

material only. Due to the unique in-plane periodicity, conventional PBCs for thermal and mechanical 

loading conditions are reformulated. Virtual thermal and mechanical tests are performed over a wide 

range of temperature to obtain homogenized thermo-mechanical properties of T3DWC, which is both 

directionally and temperature-dependent. 

This chapter is organized as follows. Section 3.2 introduces the textile geometry of T3DWC and 

materials properties of constituents. Section 3.3 explains the procedure to compute the homogenized 

tow properties including a void. Section 3.4 describes the finite element analysis (FEA) approach in 

detail to measure the homogenized thermo-mechanical properties of T3DWC. Section 3.5 discusses the 

results from FEA, and finally section 3.6 presents the research summary. 

3.2  Thick 3D woven textile composite 

3.2.1  Textile geometry 

Figure 24 shows the fabric geometry of T3DWC considered in the present study. As illustrated in 

Figure 24, the T3DWC preform consists of a continuously folded stack (b) of a two-dimensional (2D) 

plain-weave fabric (a) and straight longitudinal tows (c). The definition of an RVE model for T3DWC 

with detailed geometrical dimensions is given in Figure 25. Three kinds of tows in the RVE are 

classified as curved warp, curved weft, and straight warp according to their shapes and directions as 

depicted in Figure 25(b). The curved warp and weft compose the 2D fabric in Figure 24(a). The tows 

are separated by the matrix material as shown in Figure 25(b). The separation is important for 

constructing a reliable mesh because, without the matrix material, the tows will meet at a point, which 

may significantly degrade the quality of mesh elements and cause numerical issues [75]. Moreover, the 

matrix layer mainly supports shear stresses and transfer loads between the tows [76]. The curved tows 
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are assumed to have a sinusoidal undulation and an elliptic cross-section as shown in Figure 25(c). The 

sectional area of the curved weft is set to be 75 % of that of the curved warp. The cross-section of the 

straight warp is modeled as a rounded rectangle, of which the area is the same as the curved warp. The 

RVE model has total 41.48% of the tow volume fraction; 16.30% for the curved warp, 17.93% of the 

curved weft and 7.25% of the straight warp. For simplification purposes, residual tensile and 

compressive stresses around the folding curves are ignored. 

 

Figure 24 Construction of the thick 3D woven textile composite. 

 

 

Folding

(a) Plain woven fabric (b) Folded fabric (c) Straight warp

(d) 3D textile composite

2.00

1.30

2.00

1.691

16.6

3.3822.60

RVE

Top view

Front view Side view

1.30

ὃ 0.75

0.75

R 0.3Ǝ4

ὃ 0.474

1.235

ὃ 0.474

0.926

(a) (b)

Straight

3.382
0.25

0.25
4.00

(c)

ὃ
σ

τ
ὃ

ὃ ὃ

Matrix layer

Curved warp

Curved weft

Straight warp



38 

 

Figure 25 (a) Definition of the RVE model (b) Classification of three kinds of tows in the RVE  

(c) Cross-sections and undulations of the three tows. All dimension units are millimeters. 

 

3.2.2  Material properties 

Table 5 lists material properties of each constituent measured at reference and elevated temperatures 

(25°C and 500°C). Ὁ is a Youngôs modulus, Ὃ is a shear modulus, ’ is a Poissonôs ratio, and ὠ is 

a volume fraction. Subscripts ά and Ὢ denote the matrix and fiber, respectively while 1, 2 and 3 are 

the material orientations as defined in Figure 26. ὅ is specific heat capacity, Ὧ is thermal conductivity, 

‌ is the linear coefficient of thermal expansion. Here, the volume fractions are again assumed to be 

independent of temperature. These data are obtained from technical data sheets and literature [79-81]. 

The fiber volume fraction in all the three tow types in Figure 25(b) is set to 70%. 

Table 5 Mechanical and thermal properties of the constituents at selected temperatures. 

 SiC matrix [79] SiC fiber [80] 

Density (kg/m3) 3160* 2740* 

Elastic modulus, Ὁ (GPa) 
414.4 (25°C) 

403.5 (500°C) 
270* 

Shear modulus, Ὃ (GPa) 
178.6 (25°C) 

174.1 (500°C) 
116.38* 

Poissonôs ratio, ’ 0.16* 0.16*,**  

Linear coefficient of thermal 

expansion, ‌ (10-6/°C) 

1.164 (25°C) 

4.385 (500°C) 

3.279 (25°C) [81] 

4.570 (500°C) [81] 

Thermal conductivity, Ὧ 

(W/m.°C) 

112.5 (25°C) 

55.15 (500°C) 

7.77 (25°C) 

10.1 (500°C) 
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Specific heat capacity, ὅ 

(J/kg.°C) 

719.5 (25°C) 

1090 (500°C) 

670.0 (25°C) 

1170 (500°C) 

* These values are assumed to be independent on temperature changes 

** Poissonôs ratio of the SiC fiber is assumed to be the same as that of the matrix material. 

3.3  Effective properties of tows 

The tows are composed of numerous unidirectional micrometer-sized fibers as illustrated in Figure 

26. Since it is practically impossible to consider every individual fiber filament in the FE-based RVE 

model, the tows are modeled as a monolithic solid by homogenizing the fibers and the matrix material. 

When both the fiber and matrix materials are isotropic linear elastic, the homogenized tow becomes a 

transversely isotropic elastic material, of which the principal axis conforms to the fiber direction. The 

team of Waas implemented a concentric cylinder model to homogenize the tows in two-dimensional 

triaxial braided composites (2DTBCs) and successfully predicted elastic properties of the textile 

composites with bias tows at different angles [77,78]. In this research, the Mori-Tanaka method [82,83] 

is employed to consider various types of inclusions including a void. In the Mori-Tanaka method, the 

fibers are modeled as a straight cylinder. The constitutive equation for the fiber tow can be expressed 

in terms of the average stress Ɑ and strain Ⱡ: 

 Ɑ Ἅ Ⱡ (30) 

where Ἅ  is a 4th order effective elastic modulus tensor. It is given as 

 Ἅ Ἅ ὠ Ἅ Ἅ Ἃὠἓ ὠἋ  (31) 

where Ἃ is determined as 

 Ἃ ἓ ἡ Ἅ Ἅ Ἅ  (32) 

Here, Ἅ  and Ἅ are the elastic moduli of the matrix material and fiber, respectively. ὠ and ὠ  

are the fiber and matrix volume fraction, respectively. ἓ is an identity tensor and ἡ is the Eshelby 

tensor [84]. When the matrix material is isotropic and the fiber can be modeled as a long cylinder, the 

Eshelby tensor is not symmetric [85]. The components of ἡ in this case are 

 Ὓ Ὓ Ὓ π 

Ὓ Ὓ
υ τ’

ψρ ’
 

Ὓ Ὓ
’

ςρ ’
 

Ὓ Ὓ
ρ τ’

ψρ ’
 

Ὓ
σ τ’

ψρ ’
 

Ὓ Ὓ
ρ

τ
 

(33) 
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and all other Ὓ  are zeros. In Eq. (33), ’ is the Poissonôs ratio of the matrix material. Index 1 

denotes the axial direction of the long cylinder while 2 and 3 indices represent the transverse direction. 

 

Figure 26 Microscopic view of the tow with the material coordinate system. 1-axis is parallel to the 

fiber direction. 

The thermal conductivity of the tow can also be obtained from the Mori-Tanaka method [85]. The 

effective thermal conductivity ἕ  is expressed as 

ἕ ἕ ὠ ἕ ἕ ἡ ὠ ἡ ἓ ἕ ἕ ἕ ἕ  (34) 

where ἕ  and ἕ  are the thermal conductivity of the fiber and matrix material, respectively. ἕ , 

ἕ  and ἕ  are 2nd order tensors. Accordingly, ἡ is a 2nd order Eshelby tensor. In case of an 

isotropic matrix embedded with long fiber, the Eshelby tensor ἡ is given as 

 

ἡ

ụ
Ụ
Ụ
Ụ
ợ
π π π

π
ρ

ς
π

π π
ρ

ςỨ
ủ
ủ
ủ
Ủ

 (35) 

The Mori-Tanaka method can also be used when the fiber tow contains pores. Because the pores 

are induced where the matrix material is incompletely impregnated or deposited between fiber filaments, 

the pores exist in the matrix phase. As illustrated in Figure 27, the effective property of the matrix 

material with a pore is first obtained. The effective property of the porous matrix material is then 

homogenized with the fiber. In order to compute the material property of the matrix material with a 

pore, the volume fraction of the pore should be measured from the matrix material, not entirely from 

the tow. When the total volume fraction of the pore inside the two is ὠ, the volume fraction of the pore 

inside the matrix material can be calculated from 
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ὠϳ

ὠ

ὠ
 (36) 

Using the volume fraction in Eq. (36), the effective elastic modulus of the matrix material including the 

pore, Ἅ , can be defined by replacing the fiber in Eq. (31) with the pore and setting Ἅ : 

 Ἅ Ἅ ὠϳ Ἅ ἓ ἡ ρ ὠϳ ἓ ὠϳ ἓ ἡ  (37) 

The components of the Eshelby tensor for a spherical pore are given as [85] 

 
Ὓ Ὓ Ὓ

χ υ’

ρυρ ’
 

Ὓ Ὓ Ὓ Ὓ Ὓ Ὓ
υ’ ρ

ρυρ ’
 

Ὓ Ὓ Ὓ
τ υ’

ρυρ ’
 

(38) 

and all other Ὓ  are zero. This effective property of the porous matrix material is plugged into Eq. 

(31) to compute the effective tow property containing the pore Ἅ : 

 Ἅ Ἅ ὠ Ἅ Ἅ Ἃὠ ἓ ὠἋ  (39) 

where Ἃ is defined with the Eshelby tensor in Eq. (33) and it reads 

 Ἃ ἓ ἡ Ἅ Ἅ Ἅ  (40) 

 

 

Figure 27 Homogenization scheme of (a) fiber tow without pore and (b) fiber tow with pore. 

In a similar manner, the thermal conductivity of the porous matrix material is first obtained as 

 
ἕ ἕ ὠϳ ἕ ἡ ὠϳ ἡ ἓ ἕ  (41) 

where 
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Using ἕ , the effective thermal conductivity of the tow including the pore can be determined from 

ἕ ἕ ὠ ἕ ἕ ἡ ὠ ἡ ἓ ἕ ἕ ἕ ἕ  (43) 

with the Eshelby tensor in Eq. (35). 

3.4  Effective properties of T3DWC 

Virtual tests using the FE-based RVE model are performed to measure directional thermo-

mechanical properties of T3DWC. The RVE model defined in Figure 25 is meshed with four-node 

linear tetrahedral elements with a global size of 0.12 mm, resulting in total 105648 nodes and 590793 

elements. Mechanical and thermal properties of the fiber tows and matrix material computed from the 

Mori-Tanaka method are implemented. The virtual tests are conducted through steady-state coupled 

temperature-displacement analysis using a commercial FE software package, ABAQUS. Linear 

constitutive equations are used for both mechanical deformation and thermal conduction with the 

assumption of small deformation. Thermal and geometric boundary conditions for the numerical tests 

are described in the next sections. 

3.4.1  Specialized periodic boundary conditions 

3.4.1.1  Equations of the periodic boundary conditions 

When a material has a geometrically periodic microstructure, an RVE modeling technique takes 

advantage of the periodicity and models the material as an infinite repetition of a smallest periodic unit 

cell (PUC) [86]. T3DWC, considered in the presentation, has a periodicity in the ὼ- and ώ-directions 

only as illustrated in Figure 28. Therefore, conventional periodic boundary conditions (PBCs) should 

be reformulated to take account of the unique in-plane periodicity for both displacement and 

temperature fields. As shown in Figure 29, PBCs are imposed between X0 and X1 faces and between 

Y0 and Y1 faces while Z0 and Z1 faces are independent of each other. For the displacement field, PBC 

equations in [86] are modified here to consider the in-plane periodicity. PBC equations for faces are 

ό 8ρ ό 8π ὥ‐  (44a) 

ό 9ρ ό 9π ὦ‐  (4b) 

For edges; 

ό ς ό τ ὥ‐  (45a) 

ό ρπ ό ρς ὥ‐  (5b) 

ό σ ό ρ ὦ‐  (5c) 
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ό ρρ ό ω ὦ‐  (5d) 

ό υ ό χ ὥ‐ ὦ‐  (5e) 

ό φ ό ψ ὥ‐ ὦ‐  (5f) 

For vertices; 

ό # ό ! ὥ‐ ὦ‐  (46a) 

ό " ό $ ὥ‐ ὦ‐  (6b) 

ό ' ό % ὥ‐ ὦ‐  (6c) 

ό & ό ( ὥ‐ ὦ‐  (6d) 

In Eqs. (44) to (46), ὥ and ὦ are the lengths of the RVE in the ὼ- and ώ-directions, respectively. The 

subscript, Ὥ, denotes a direction between ὼ, ώ, and ᾀ. ‐  and ‐  are macroscopic strains to 

prescribe specific boundary conditions, i.e., ὥ‐  and ὦ‐  can be a change in length or shear 

displacement of the RVE model defined in a global manner. 

 
Figure 28 Periodic RVE modeling approach for analysis of a large thick composite structure. 

 
Figure 29 X0 face is coupled with X1 face while Y0 and Y1 faces are the matching pair for periodic 

boundary conditions. 
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PBCs for the temperature are constructed in a similar fashion. Eqs. (44) through (46) are rewritten 

by replacing ό with a temperature change ЎὝ. Temperature PBCs for faces are thus expressed as 

ЎὝ8ρ ЎὝ8π ЎὝ  (47a) 

ЎὝ9ρ ЎὝ9π ЎὝ  (7b) 

For edges; 

ЎὝς ЎὝτ ЎὝ  (48a) 

ЎὝρπ ЎὝρς ЎὝ  (8b) 

ЎὝσ ЎὝρ ЎὝ  (8c) 

ЎὝρρ ЎὝω ЎὝ  (8d) 

ЎὝυ ЎὝχ ЎὝ ЎὝ  (8e) 

ЎὝφ ЎὝψ ЎὝ ЎὝ  (8f) 

For vertices; 

ЎὝ# ЎὝ! ЎὝ ЎὝ  (49a) 

ЎὝ" ЎὝ$ ЎὝ ЎὝ  (9b) 

ЎὝ' ЎὝ% ЎὝ ЎὝ  (9c) 

ЎὝ& ЎὝ( ЎὝ ЎὝ  (9d) 

ЎὝ  and ЎὝ  are prescribed temperature differences between X0 and X1 faces and between Y0 

and Y1 faces, respectively. 

On the right-hand sides of Eqs. (44a) to (49a), some terms appear repeatedly. For convenience 

purposes, two fictitious nodes denoted as Ὂ and Ὂ are additionally introduced to the model in order 

to replace the repeated terms with the DOFs of the two nodes. The fictitious nodes have four DOFs: 

ό, ό , ό and ЎὝ. They can be defined in terms of the prescribed strains and temperature as follows; 

In this manner, simply by defining DOFs of the nodes Ὂ and Ὂ, all the PBCs in Eqs. (44a) to (49a) 

are fully determined. Again, these fictitious nodes are not a physical part of the RVE model. 

3.4.1.2  Node matching between the faces 

The PBCs in Eqs. (44a) to (49a) can be implemented into a FE model only if the projected position 

of two matching nodes are identical as illustrated in Figure 30(a). However, due to complicated 

microstructural geometry, a node may not have its pair on the opposite face as shown in Figure 30(b). 

In this case, DOF values should be interpolated at the projected location for PBCs. When a tetrahedron 

element with first-order shape functions is used, the barycentric coordinate system [87] can be used to 

obtain a linear interpolation of an arbitrary function ‰  at the point ὖ inside the triangle in Figure 

30(b). The interpolated ‰ at ὖ is expressed as 

Ὂ Ḋ  ό ὥ‐ ȟ   ό ὥ‐ ȟ   ό ὥ‐ ȟ   ЎὝ ЎὝ  (50a) 

Ὂ Ḋ  ό ὦ‐ ȟ   ό ὦ‐ ȟ   ό ὦ‐ ȟ   ЎὝ ЎὝ  (10b) 
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‰ὖ ύ‰ὖ ύ‰ὖ ύ‰ὖ  (51) 

where the point ὖ is the location of an exact matching point corresponding to the node ὗȟ and the 

points, ὖ, ὖ, and ὖ are the nodes of the triangular face that contains the point ὖȢ ύ , ύ , and ύ  

are the weight functions defined by the ratio of areas, which are expressed as 

ύ
ὃ

ὃ ὃ ὃ
ȟ   ύ

ὃ

ὃ ὃ ὃ
ȟ   ύ

ὃ

ὃ ὃ ὃ
 (52) 

ὃ , ὃ , and ὃ  are the area of the triangles indicated in Figure 30(b). Eq. (51) is applied to 

mismatching nodes on faces only. Node on the edges are uniformly created using a meshing tool to 

fundamentally avoid node mismatches. 

 

Figure 30 PBCs between exact matching nodes and non-matching nodes. 

3.4.2  Homogenization scheme of RVE  

The RVE model represents the response of T3DWC subjected to loading and the response is 

expressed in terms of the average stress and average strain. The average is defined based on the volume 

of the RVE model, such that 

ἂὼἃ
ρ

ὠ
ὼ Ὠὠ
 

 (53) 

The average stress and strain of the RVE model satisfy the constitutive equation at the macro scale 

when they meet the Hill condition [88] 

ộ„‐Ớ ộ„Ớộ‐Ớ (54) 

(a) Nodes exactly matching

(b) Nodes not exactly matching (c) Barycentric coordinates
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The Hill condition implies that the elastic energy at the macro scale should be regained from the RVE 

model. The volume average equation is converted through the Gauss theorem as [89] 

ộ„‐Ớ ộ„Ớộ‐Ớ
ρ

ὠ
ό ộ‐Ớὼ „ ὲ ộ„Ớὲ  Ὠὃ

 

π (55) 

where ὼ is a position vector, ό is a displacement vector, ὲ is a vector tangential to a boundary, 

‬ὠ is the boundary, and Ὠὃ means the line integration along ‬ὠ. Due to the PBC, the displacement 

is periodic and the stress is continuous at the boundary, the integration becomes zero and thus the Hill 

condition is satisfied [90]. Therefore, the average stress and strain satisfies the constitutive law: 

„ # ȡἂ‐ἃ (56) 

Based on Eq. (56), the stiffnesses of T3DWC at each direction can be computed from numerical 

simulation of a simple tension test on the RVE model. When the RVE model is subjected to loading, 

various strains are developed inside the model. According the Gauss theorem, their volume average is 

the same as the strain applied at the interface [91] such that 

‐
ρ

ὠ
‐Ὠὠ
 

‐  (57) 

Therefore, the average strain ‐  can be controlled by ‐ , which is a parameter of PBC. After 

measuring ἂ„ἃ from the results of the numerical analysis, the components of the stiffness tensor can 

be determined.  

The thermal properties can be obtained from the similar boundary conditions  

ЎὝὥȟώ ЎὝπȟώ ὥ
‬Ὕ

‬ὼ
     π ώ ὦ 

ЎὝὼȟὦ ЎὝὼȟπ ὦ
‬Ὕ

‬ώ
     π ὼ ὥ 

(58) 

Here, ЎὝ is the temperature change from an initial condition before heat is applied. ‬Ὕ‬ὼϳ  and 

‬Ὕ‬ώϳ  are temperature gradients applied to RVE along ὼ and ώ directions, respectively. Note 

that ὥ‬Ὕ‬ὼϳ  is the temperature difference with the gradient of ‬Ὕ‬ὼϳ  between the distance 

ὥ. The average heat flux and the average temperature gradient satisfies the constitutive equation 

according to the Fourierôs law [91] 

ἂήἃ + ȡ
‬Ὕ

‬ὼ
 (59) 

where ή is heat flux and +  is thermal conductivity. 

3.5  Results and discussion 

3.5.1  Effective tow properties 

Table 6 and Table 7 summarize the properties of the tows and matrix material based on the Mori-

Tanaka method. The fiber volume fraction in the tow is assumed to be 70%. The pore volume fraction 
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is 16.3%, which is computed from the CVI analysis in the previous chapter. In Table 6 and Table 7, the 

thermo-mechanical properties with the pore and at elevated temperature are computed and compared 

against the reference value is computed at room temperature without a void. It is found that the porosity 

degrades the material properties more significantly than the temperature. 

Table 6 Tow properties (1: Fiber direction, 2: Transverse direction) 

 Reference 25°C with pores 500°C without pores 

E1 [GPa] 313.3200 225.9088 -27.9% 310.0501 -1.04% 

E2=E3 [GPa] 306.0233 206.8175 -32.4% 303.6714 -0.769% 

ɜ12=ɜ13 0.1600 0.1643 +2.69% 0.1596 -0.25% 

ɜ23 0.1627 0.1754 +7.81% 0.1620 -0.43% 

G12=G13 [GPa] 132.6489 90.1587 -32.0% 131.5852 -0.802% 

G23 [GPa] 131.5992 87.9786 -33.2% 130.6624 -0.712% 

k1 [W/m.°C] 39.1890 17.5600 -55.2% 23.6159 -39.7% 

k2=k3 [W/m.°C] 27.2903 14.4109 -47.2% 19.2120 -29.6% 

Table 7 Matrix properties. 

 25°C 25°C with pores 500°C without pores 

E [GPa] 414.425 298.6098 -27.9% 403.500 -2.64% 

ɜ 0.16 0.1668 +4.25% 0.1587 -0.812% 

k [W/m.°C] 112.519 87.0813 -22.6% 55.153 -51.0% 

 

3.5.2  Effective T3DWC properties 

The thermo-mechanical properties of T3DWC are determined from the simple tension tests on the 

RVE model in the x and y directions. In each direction, 0.1% strain is applied. Figure 31 shows the FEA 

results when x-direction tension is applied to the RVE model without a pore at room temperature. For 

the matrix phase, von Mises stresses are plotted and the principal stresses are visualized for the tows. It 

is clearly found that stress concentrations occur due to the tow configuration. 
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Figure 31 Simple tension test results for 25°C x-direction without-pore case. 

In order to check the periodicity of stresses according to PBC, x-directional and y-directional stresses 

on two pairing surfaces are displayed in Figure 32. In this case, principal stresses are utilized for both 

matrix and tow phases. The stresses of each direction in the two surfaces are identical, which implies 

that the periodicity is preserved. 

 

Figure 32 Stress comparison on two pairs of the opposite surfaces. 

Figure 33 compares the stress-strain curves obtained at 25°C and 500°C without a pore. The 

stiffnesses are obtained from the slopes of the S-S curves. At the elevated temperature, the x-directional 

stiffness decreases by 1.67% from 365.9 GPa to 359.8 GPa while the y-directional stiffness decreases 

by 1.76% from 368.7 GPa to 362.2 GPa. At the same temperature, the modulus changes of the 

constituents are 1.04%, 0.769%, and 2.64%, respectively, for the fiber direction tow, transverse 

direction tow and matrix material. The stiffnesses are slightly reduced but the changes in the x-direction 
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values are more significant than those in the y-direction. The reason for this can be related from the 

geometry perspective. Because plain textile fabrics are repeatedly placed in the yz-plane, the x-

directional stiffness is greatly influenced by the stiffness of the tows in the vertical direction. The 

reduction in the perpendicular to the fiber direction is small, resulting in the small decrease in the x-

directional stiffness. 

 

Figure 33 Stress-strain results comparison for 25°C and 500°C tensile tests. 

Figure 34 compares the stress-strain curves of the RVE model with and without the pore, computed 

at the room temperature. When the pore effect is accounted for, the x-directional stiffness decreases by 

29.5% from 365.9 GPa to 257.9 GPa. The y-directional stiffness reduces by 29.1% from 368.7GPa to 

261.4 GPa. The moduli of the constituents decrease by 27.9%, 32.4% and 27.9% for the fiber-direction 

tow, transverse direction tow, and matrix material, respectively. Similar to the case of the temperature 

change analysis, the reduction rate of the stiffness are small, but the x-directional stiffness is more 

decreased than the y-directional one due to the vertical-direction stiffness of the tow. 

 

Figure 34 Stress-strain results comparison for with- and without-pore tensile tests. 

In order to check the thermal properties, analysis is carried out by applying heat flux in each of the 

x, y, and z directions. The amount of heat is 500 W in the x and y directions and 20 W for the z-direction, 

as they are determined to cause 1°C temperature difference inside the RVE model. Because properties 

are changing according to temperature, in order to express a property at a certain temperature, it is better 
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if the temperature would not differ as much as possible. However, if the temperature difference is too 

small, it is difficult to measure a thermal gradient for checking thermal properties and, considering this, 

the appropriate value is used. Figure 35 shows the results of the x-directional thermal loading analysis 

on the RVE model without a pore using the 25°C properties. Heat flux magnitudes of the matrix and 

tow are respectively depicted. The heat is mainly transferred through the matrix material having high 

conductivity and it can be found that heat concentrations are different according to the shape. In order 

to confirm the continuity based on the periodicity of PBC, heat flux magnitudes on x-directional two 

surfaces and y-directional two surfaces are displayed in Figure 36. The two surfaces in each direction 

have the same values and it is confirmed that the continuity is secured. 

 

Figure 35 Thermal conduction test results for 25°C x-direction without-pore case. 

 

Figure 36 heat flux comparison on two pairs of the opposite surfaces. 

Figure 37 shows the thermal analysis results at room (25°C) and high (500°C) temperatures, 

respectively, in the case of no pore inclusion. The thermal conductivity can be computed from the curve 

slope. Compared to the room-temperature, the high-temperature conductivity reduces by 49.8% from 
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65.7 W/m·°C to 33.0 W/m·°C for the case of the x direction, and by 52.7% from 74.0 W/m·°C to 35.0 

W/m·°C for the case of the y direction. For the case of the z direction, the decrease is by 47.0% from 

83.4 W/m·°C to 44.2 W/m·°C. At the same temperature change, the constituent conductivity decreases 

by 44.9%, 35.1% and 51.0% for the case of the fiber direction tow, transverse direction tow and matrix 

material. Contrary to the case of the stiffness, the relation with the matrix material is related to the 

property change. Because the plain woven fabric is aligned in the yz plane and thus there are many 

places where the matrix material is connected without the fiber, it can be presumed that the matrix 

material affects significantly and the decrease rate is high. 

 

Figure 37 Heat flux results comparison for 25°C and 500°C heat conduction tests. 

Figure 38 shows the results of the thermal analysis for the cases with and without a pore in the case 

of room temperature. Compared to the case of no pore inclusion, the thermal conductivity in the case 

of the pore inclusion decreases by 32.3% from 65.7 W/m·°C to 44.5 W/m·°C for the case of the x-

direction and by 28.8% from 74.0 W/m·°C to 52.7 W/m·°C for the case of y direction. For the case of 

z direction, the reduction is by 29.1% from 83.4 W/m·°C to 59.1 W/m·°C. At the same change, the 

constituent conductivity reduces by 55.2%, 47.2% and 22.6% for the cases of the fiber direction tow, 

transverse direction tow and matrix material, respectively. Similar to the case of the temperature change 

analysis, because the RVE model is affected significantly by the matrix material, the reduction rate in 

the y direction exhibits the smallest behavior. 

 

Figure 38 Stress-strain results comparison for with- and without-pore tensile tests. 
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3.6  Summary 

Now it is common to utilize the RVE modeling approach to compute homogenized properties of a 

composite material. In the present study, the RVE modeling technique have been employed to simulate 

the thermo-mechanical response of the 3D textile composite having complex tow architecture over a 

wide range of temperature. Detailed thermo-mechanical behavior dependent on temperature and the 

textile configuration can be revealed through the present numerical analysis. In doing so, we have 

employed the sequential two-step homogenization technique to efficiently link the microscopic level 

with the meso-scale. The predictive capability of the present numerical approach has been previously 

proven for various textile composites [76-78,92]. In addition, conventional periodic boundary 

conditions are customized to the thick composite material considered here. It is shown that the presented 

numerical methodology is fundamentally simple yet capable of dealing with complicated thermal and 

mechanical response of the complex 3D textile composite. This method can be useful at the preliminary 

design stage to efficiently estimate homogenized thermo-mechanical properties of composite materials 

such as ceramic matrix composites (CMCs) and carbon/carbon (C/C) composites, used for high-

temperature applications. 

 

  

*Note: This chapter was partially or fully adapted from Hye-gyu Kim and Wooseok Ji, ñThermal conductivity of a thick 3D 

textile composite using an RVE model with specialized thermal periodic boundary conditionsò, Functional Composites and 

Structures 3 015002, 2021. 
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Chapter IV.    Microstructural Fracture Analysis  

4.1  Introduction  

Ceramic materials have been used in high-temperature applications due to their excellent thermal 

properties. However, the ceramics are highly brittle in nature and can store little amount of strain energy 

when they are stressed. In order to increase toughness of the ceramic materials, they are often reinforced 

by ceramic or carbon fibers, which is commonly known as ceramic matrix composites (CMCs). Since 

the CMC materials still exhibit superior thermal stability with enhanced toughness, they are utilized for 

structures exposed to high temperature environments, e.g., blades of a gas turbine, thermal protection 

systems of a space vehicle, aircraft disc brakes, and so on [93]. The improved toughness of the CMC 

materials is mainly due to the existence of interfacial coating layers between the fibers and matrix 

material. In general, the reinforcing fibers are coated with various materials to protect them from 

thermal oxidation and preserve chemical stability at high temperatures. The coating layer is essentially 

a compliant interphase. It can arrest cracks, deflect crack propagation paths and prevent cracks 

occurring in the fiber and matrix phases from joining together [94]. As a result, the complicated fracture 

process significantly improves the damage tolerance of the CMC materials although each constituent is 

still brittle [95,96]. The complex fracture behavior occurring inside the material at the fiber level is 

typically manifested as a non-linear stress-strain response at the macro-length scale. Therefore, it is 

crucial to have a better understanding of the microscale fracture behavior to predict the global 

mechanical response of the CMC materials. 

Micromechanical analysis of composite materials reinforced by unidirectional continuous fibers is 

typically performed either using analytical schemes or using representative volume element (RVE) 

models. Historically, Hill [97] and Hashin [98] developed analytical homogenization methods to 

compute elastic constants of the composites by constructing a concentric cylinder array and solving a 

boundary value problem. Homogenized transverse shear modulus was not singly determined but its 

upper and lower bounds were calculated from their approaches. Christensen and Lo [99] later obtained 

an approximate solution for the transverse shear modulus using Eshelbyôs inclusion theory, which tracks 

the strain energy change due to the existence of an inclusion in an infinite medium [100]. Suctu [101] 

presented a recursive algorithm to calculate homogenized elastic constants of the composites reinforced 

by unidirectional fibers coated with arbitrary number of layers. Guinovart-díaz et al. [102] developed a 

recursive asymptotic homogenization scheme (RAHS) to estimate the effective properties of the 

composite materials more precisely. The predictive capability of RAHS has been demonstrated in [102], 

but the scheme is limited to solve well-defined boundary value problems with a regular array of fibers. 

RVE models defined in the transverse cross-section of the composite materials have successfully 

been implemented into the numerical analysis for predicting the effective elastic properties of the fiber-

reinforced composites. Sun and Vaidya [103] were the first to use the RVE approach to compute 
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effective composite properties. They considered RVE models with simple square and hexagonal fiber 

arrays. Since then, in order to consider non-uniform or realistic fiber distributions in the RVE models, 

various algorithms have been developed by many researchers. Many algorithms are based on the 

random sequential adsorption (RSA) model, or the hard-core model (HCM) [104]. Yang et. al. [105] 

used transverse section images of a CMC material and measured statistical distributions of fiber 

diameters and locations. They utilized HCM in conjunction with the measured statistic data to create an 

RVE for the CMC material. Merlo et. al. [106] also utilized HCM but relocated the initial fiber positions 

using their ñstirringò algorithm to create resin rich areas and achieve higher fiber volume fractions. 

Yang et. al. [107] developed the random sequential expansion (RSE) algorithm that is based on the hard 

core model but overcomes the jamming limitation of HCM. Fibers are placed around the first fiber until 

no more space is available for placing an additional fiber. The distances between fibers can be 

determined based on experimental measurements or empirical estimation. 

There also exist various algorithms that are based on logics other than HCM. Vaughan and 

McCarthy [108] utilized the nearest neighbor algorithm (NNA) to fill the RVE area with fibers 

sequentially with the constraint on the distances between fibers. The distance is randomly selected from 

the distribution of the statistical data of the microstructure measured from a section image. Wang et. al. 

[109] further refined NNA by adding an additional criterion before removing a fiber that does not satisfy 

the nearest distribution. Ismail et. al. [110] first created structured arrays of fibers and then changed 

fiber diameters and their location to create an RVE with a higher fiber volume fraction. The fiber 

diameters are randomly selected from the probability density function determined from experimental 

measurements. The fiber locations are altered by imposing velocities on each fiber and the collision 

between fibers are modeled with the Hertz contact law. Weng et. al. [111] also started from a structured 

hexagonal fiber array and assigned velocities to the fibers. The elastic collision model is applied to 

create randomness in the fiber distribution. 

In addition to the 2D RVE models for unidirectionally continuous fiber reinforced composites, the 

RVE modeling approach is also applied to construct 3D models having reinforcements of various 

configurations. The random sequential adsorption (RSA) algorithm has also been applied to generate 

3D RVE models with various types of reinforcements such as short/long fibers and ellipsoidal 

inclusions [112-119]. Pathan et al. [120] started from the hard-core model but utilized an optimization 

technique to remove fiber jamming. They defined a penalty function with the total fiber intersection 

and minimized the function by controlling fiber coordinates until non-intersecting fiber arrangement 

was achieved. Catalanotti [121] developed an algorithm to obtain a high-volume fraction composite by 

perturbing a regular packing of particles until the statistical criteria were fulfilled. Bahmani et al. [122] 

utilized the event-driven molecular dynamic (EDMD) approach. By mimicking the collision of 

molecules, they generated high fiber volume fraction unidirectional composites with the realistic 

distribution of fibers. 
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Aforementioned numerical models are all concerned with computing effective elastic properties 

through the RVEs with non-uniform fiber distributions yet following the geometric information of the 

real microstructure. Such RVEs have been utilized to study the effects of the non-uniformity of the fiber 

arrangement on the stress distribution [123,124]. Hojo et. al. [125] studied the effect of the spatial 

arrangement of fibers on the interfacial normal stresses between fibers for thermally and transversely 

loaded fiber-reinforced epoxy materials. They found the maximum interfacial normal stress at the 

location where the distance of the fiber is the shortest and the angle between them is aligned with the 

loading direction. Romanowicz [126] studied microscale progressive failure behavior of a 

unidirectionally fiber-reinforced polymer composite subjected to transverse loading. A cohesive zone 

model with a bilinear type cohesive law for mixed mode debonding was utilized to model the fracture 

behavior. Additionally, he considered interphase layers, of which properties are radially graded. Only 

one case of an RVE having randomly distributed fibers was considered in his study. Merlo et. al. [127] 

studied the microstructural fracture behavior of polymer composites reinforced by unidirectional fibers 

with various loading conditions. They considered the plastic deformation of the matrix material and 

debonding at the fiber/matrix interface. Their RVE models had random fiber distributions but they were 

not connected with any experimental measurements. Meyer and Waas [94] performed micromechanical 

analysis of CMC materials subjected to transverse tension. They considered fracture behavior of the 

matrix and coating materials using the crack band method. Two baseline RVE models were created 

based on section images and the fiber sizes and locations were altered to study the effect of the 

randomness of the fiber size and location. However, any statistical relevance of the random models to 

the baseline models or experimental observations was not reported. 

In addition to the previous works mentioned here, there exist numerous examples of the RVE-based 

micromechanical analysis in the literature. Similarly, with the studies listed here, they have been mainly 

focused on the development of a technique that can generate realistic or statistically equivalent non-

uniform fiber distribution and the computation of effective elastic properties. Beyond the continuum 

regime, failure initiation and consequent microscale fracture behaviors dependent on fiber arrays are 

not yet broadly covered. Furthermore, previous studies on the microstructural failure behavior with the 

non-uniform fiber arrangement are mainly concerned with polymer composites reinforced with 

unidirectional continuous carbon or glass fibers. There are few studies conserning the CMC materials 

of which the microstructure is more complicated than the traditional polymer-based composite materials 

due to the additional coating layer. Here we present the study on the effects of the spatial arrangement 

of the fibers on the microstructural fracture behavior occurring inside the CMC materials subjected to 

various loading configurations. In doing so, we have developed a new algorithm to generate non-

uniform fiber distributions conforming to statistical constraints determined based on the experimental 

measurements. 
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4.2  Characterization of a CMC microstructure 

The present numerical package starts from constructing a square RVE with the side length of H that 

contains the randomly distributed fibers of different dimensions as shown in Figure 39. The fibers in 

the RVE are modeled as a circle and the coatings are assumed to be concentric with the corresponding 

fibers. Such an RVE is supposed to represent an actual microstructure of a CMC material as shown in 

Figure 40(a). In order for the RVE to be the representative of the CMC microstructure, the volume 

fractions of each phase in the RVE should first comply with those of the material. In the presentation, 

the volume fractions of the fibers and coatings are measured from the binary image as shown in Figure 

40(b). The binary image in Figure 40(b) results from the SEM image in Figure 40(a). The region for 

the color transformation is highlighted with the red dashed line in Figure 40(a). The coating layers in 

Figure 40(b) are filled with white color while the fibers and the matrix are displayed in black color. The 

numbers in Figure 40(b) are the pixel numbers of the individual fibers and coatings, which can be 

converted to the areas of each phase. From the areas, the volume fractions of the fibers and the coating 

layers in Figure 40(b) are found to be 0.35 and 0.06, respectively. The physical areas are also used to 

compute the diameters for the corresponding circular fibers and the coatings for the RVE model, which 

result in the same volume fractions of each phase. Figure 41 shows the computation results for the 

equivalent fiber diameters and the coating thicknesses obtained from the actual CMC microstructure in 

Figure 40. The measurement results for the fiber diameters and the coating thicknesses can be 

summarized as 13.527 ± 1.053 µm and 0.800 ± 0.221 µm, respectively. The mean values are also 

marked in Figure 41. 

 

Figure 39 Typical configuration of an RVE with randomly distributed coated fibers. 
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(a) (b) 

Figure 40 (a) SEM section image of a CMC material [93]. (b) Binary image to distinguish each phase 

in the selected section. The numbers indicate the pixel numbers in the regions of fibers and coating 

layers. 

 

Figure 41 Variation of the fiber diameters and coating thicknesses in Figure 40(b). The average 

values of the measurements are also indicated with the red cross mark. 

4.3  RVE construction process 

4.3.1  Random generation of the fiber and coating dimensions 

In this section, the procedure for constructing an RVE with random fiber dimensions and locations 

will be described in detail. The measurement data in Figure 41 will be utilized for demonstrating the 

numerical process. The RVE modeling approach is typically employed mainly because computational 

costs can be significantly reduced without losing accuracy in micromechanical analysis. The 

computational efficiency is achieved through the reduction of the model size and the accuracy is assured 
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when the RVE model preserves key features of a microstructure. One of the important parameters is the 

volume fractions of constituents. 

The present numerical framework also starts from reducing the model size. The reduced number of 

fibers to be included in the RVE model is a user-specified value. Once the fiber numbers are determined, 

the fiber diameters are randomly generated by a random number generator (RNG) within the range 

bounded by the minimum and maximum measurements. However, since the random number generation 

is solely based on the probabilities of each random value in the particular range, the resultant dimensions 

would not perfectly duplicate the statistical distribution as well as the volume fraction of the original 

microstructure. Therefore, the random fiber diameters need to be calibrated to represent the actual 

microstructure. Since the fiber dimensions should simultaneously satisfy multiple constraints including 

the mean, the standard deviation, and the fiber volume fraction, the calibration process can be 

transformed into an optimization problem. 

Here, the problem is set to find an optimal random set of fiber diameters that produces the identical 

fiber volume fraction measured from the actual microstructure. The zero tolerance is strictly enforced 

on the fiber volume fraction because the volume fraction predominantly determines the 

representativeness of the reduced model. Furthermore, the volume fraction acquired from the image in 

Figure 40(a) is a determinate value without any deviation since no simplification on the geometries is 

applied in computing the areas of each constituent. For a square shape RVE model with the side length 

of Ὄ as illustrated in Figure 39, the fiber volume fraction, ὠ ►, can be computed from 

ὠ ►
В “ὶ

Ὄ
 (60) 

where ► is the vector composed of ὶ, which is the randomly generated fiber radius. Ὥ denotes the 

fiber index and ὔ is the number of the fibers in the RVE model. ὶ is generated in the range between 

ὶ  and ὶ ; the minimum and the maximum measurements, respectively. When ὠȟ  is the 

measured fiber volume fraction of the original microstructure, the optimization problem can be 

formulated as  

ÍÉÎ
►
Ὢ► ÓÕÃÈ ÔÈÁÔ 

ừ
Ử
Ừ

Ử
ứ
ὠ ► ὠȟ π

‭ ρϷ

‭ ρϷ

►ɴ ὶ ȟὶ

 (61) 

with the objective function being defined as a sum of squared errors for the mean and the standard 

deviation; 

Ὢ► ρ
‘ ►

‘ȟ
ρ
„ ►

„ȟ
 (62) 

Here, ‘ ►) and „ ►) are the mean and the standard deviation of the design variables, respectively. 

‘ȟ  and „ȟ  are, respectively, the mean and the standard deviation of the fiber measurements in 
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Figure 41. The subscript Ὢ denotes quantities associated with the fiber. The objective function, Ὢ►, 

is always positive except when the mean and the standard deviation are exactly the same as those of the 

real microstructure. In addition to the volume fraction constraint, the optimization formulation in Eq. 

(61) restrains the errors of the mean and the standard deviation, ‭  and ‭ , respectively, while the 

minimization process is being performed. ‭  and ‭ , are defined as 

‭ ρ
‘ ►

‘ȟ
 (63) 

‭ ρ
„ ►

„ȟ
 

(64) 

If an optimal solution that satisfies all the constraints is not found from the first attempt, the optimization 

process starts over from the generation of a new set of random numbers. 

The coating dimensions for the RVE model are obtained in a similar fashion. When the subscript 

ὧ denotes quantities associated with the coating and ◄ is the vector composed of the coating 

thicknesses, the optimization formulation can be expressed as  

ÍÉÎ
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Ὣ◄ ÓÕÃÈ ÔÈÁÔ 

ừ
Ử
Ừ

Ử
ứὠ◄ ὠȟ π

‭ ρϷ
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◄ɴ ὸ ȟὸ

 (65) 

where the objective function is defined as 

Ὣ◄ ρ
‘ ◄

‘ȟ
ρ
„ ◄

„ȟ
 (66) 

and the errors for the mean and the standard deviation are 

‭ ρ
‘ ◄

‘ȟ
 (67) 

‭ ρ
„ ◄

„ȟ
 

(68) 

The coating volume fraction in the reduced model can be computed from 

ὠ◄
В “ὶ ὸ “ὶ

Ὄ
ὠȟ  (69) 

where ὸ is the randomly generated coating thickness. ὶ, Ὥ and ὔ are the fiber radius, the fiber 

index and the number of the fibers in the RVE model, respectively, as already defined in Eq. (60). The 

fiber diameters are assumed to be already determined from Eq. (61) before the coating thickness search 

is performed, and thus the fiber radius is not a design variable of the optimization process in Eq. (65). 

Since the minimization problems, Eqs. (61) and (65), include both equality and inequality constraints, 

they are solved using the interior point method [128]. 
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4.3.2  Random distribution of the coated fibers 

After the dimensions of the coated fibers are fully determined, they are randomly placed in the RVE 

area. The center coordinates of each fiber are randomly generated using a uniform distribution random 

number generator. Since the random placement does not account for any interaction between the fibers, 

some fibers may intersect with others as illustrated in Figure 42(a). Such a fiber intersection, however, 

is physically impossible to exist in reality. In order to remove the unrealistic intersecting area without 

disturbing the randomness of the fiber locations, any intersecting pair is assumed to be connected 

through a virtual spring as shown in Figure 42(a). The virtual spring of the two coupled Ὥ  and Ὦ  

fibers in Figure 42(a) is considered to be in a compressed state, and thus produces a virtual repulsive 

force (see Figure 42(b)) that eventually separates the two fibers. 

 
 

(a) (b) 

Figure 42 (a) Virtual spring between the two intersecting fibers. (b) Forces and degrees of freedom at 

the center of the fibers with respect to the global and local coordinate systems. 

Figure 42(b) shows the virtual spring with the reference coordinate system of ὼ and ώ axes and 

the local coordinate system of ὼ and ώ axes. The ὼώïcoordinate system is rotated by an angle of 

— about the origin of the ὼώïcoordinate system. At the center points of the Ὥ  and Ὦ  fibers, the 

horizontal and vertical degrees of freedom (DOFs) are designated with ό and ὺ, respectively, 

according to the global ὼώïcoordinate system. The subscripts Ὥ and Ὦ of the DOFs denote the Ὥ  

and Ὦ  fibers, respectively. In a similar manner, the DOFs, ό and ὺ, with respect to the local 

coordinate system are also assigned at each node. 

The virtual repulsive forces at each fiber center are illustrated in Figure 42(b). The virtual force, 

Ὢ ȟ, of the Ὥ  fiber with respect to the ὼώïcoordinate system can be expressed as 

Ὢ ȟ
ὯὨ ὶ ὶ Ὧό ό ȟÉÆ Ὠ ὶ ὶ ‭

πȟ                                                        ÏÔÈÅÒ×ÉÓÅ                   
 (70) 

where Ὧ is the spring constant or can be considered as a dispersion coefficient. Ὠ  is the distance 

between the two fibers, ὶ is the radius of the Ὥ  fiber and ὶ is the radius of the Ὦ  fiber as shown 

in Figure 42(a). ‭ is a small supplemental displacement to ensure complete separation between the two 
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fibers. If the virtual spring is in the state of equilibrium, the force at the Ὦ  fiber can be easily obtained 

as 

Ὢ ȟ Ὢ ȟ (71) 

Forces in the transverse direction, Ὢ ȟ and Ὢ ȟ, are zeros under the local coordinate system. When 

the virtual spring is considered as a one-dimensional rod element in the typical finite element framework, 

the analogous local matrix system for the spring element shown in Figure 42(b) can be constructed as 

ừ
Ử
Ừ

Ử
ứ
Ὢ ȟ

Ὢ ȟ

Ὢ ȟ

Ὢ ȟữ
Ử
Ữ

Ử
ử

Ὧ

ρ π ρ π
π π π π
ρ π ρ π
π π π π

ừ
Ử
Ừ

Ử
ứ
ό

ὺ

ό

ὺữ
Ử
Ữ

Ử
ử

 (72) 

or in a shortened form, 

ἮӶἳӶἹ (73) 

where ἮӶ is the force vector, ἳӶ is the local element stiffness matrix and Ἱ is the displacement vector 

with respect to the local ὼώïcoordinate system. The displacement and the force vectors in Eq. (72) 

can be related to the corresponding quantities in the global ὼώ coordinate system through the angle of 

— and it reads that 
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and 
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Eqs. (74) and (75) can be expressed in a shortened form as 

Ἱ ἢἹ (76) 

ἮӶἢἮ (77) 

where Ἱ is the displacement vector and Ἦ is the force vector under the global coordinate system. ἢ 

is the transformation matrix. Substituting Eqs. (76) and (77) into Eq. (73) and multiplying both sides 

by the inverse of the transformation matrix, ἢ, yields 

Ἦ ἢ ἳӶ ἢἹ 

ἳἹ 
(78) 

where the stiffness matrix in the global coordinate system, ἳ, is expressed as 
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Knowing that the transverse forces, Ὢ ȟ and Ὢ ȟ, are zeros under the local coordinate system, and 

using Eq. (71), the simplified expression of the force vector with respect to the global coordinate system 

can be obtained after multiplying both sides of Eq. (75) by the inverse of the transformation matrix; 
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Eq. (78) exists for any intersecting fiber pairs. Assembling all such local matrices result in the global 

matrix system that can be written as 

ἐ ἕἝ (81) 

where ἐ is the global force vector, ἕ is the global stiffness matrix, and Ἕ is the global displacement 

vector. Eq. (81) is first solved for Ἕ. Then ἐ and ἕ is updated since Ὠ  in Eq. (70) and — in Eq. 

(79) have been changed due to the displacement of fibers obtained from Ἕ. This process is repeated 

until the L2-norm of ἐ in Eq. (81) is sufficiently close to zero, which means all the fibers are separated 

without any interference. 

While the fibers are not allowed to intersect with each other, intersections between coating layers 

may exist as observed from the section image in Figure 40(a). When this happens in the RVE model 

after the fibers are relocated due to the virtual springs, the total area of the coating layers would not be 

the same as that of the optimal dimension, ◄, computed from Eq. (65). Since the intersecting areas result 

in the reduction of the coating volume fraction, the coating layers in the RVE should be thickened to 

compensate the areal loss due to the interferences. After the fiber distribution process is completed, the 

thicknesses of all the coatings are uniformly increased by a factor of ‌, defined as the square root of 

the ratio between the coating area in the RVE and the reference coating area, ὠὌȢ ὠ is the measured 

coating volume fraction and Ὄ is the side length of the RVE. As the coatings expands, the intersecting 

areas sequentially grow, which may lead to an additional loss in the entire coating area. Therefore, this 

compensation process should be iteratively conducted until the area ratio, ‌, becomes one, which 

indicates the equality between the total coating area considering the intersections and the reference 

coating area. Figure 43 shows the overall process for the construction of an RVE model with the 

randomly distributed coated fibers. 

When determining the size of an RVE model, it is known that the model size should be sufficiently 

smaller than the characteristic length of composites and sufficiently larger than that of constituents to 

obtain the credible estimation of effective composite properties [129]. As discussed by Kanit et al. [130], 

the RVE size determines the precision of the property predictions. In other words, when using small 
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RVEs, one needs to generate a sufficiently large number of RVEs to obtain reliable computational 

results. The main purpose of this study does not focus on the precise estimation of homogenized elastic 

properties, but focuses on the fracture behaviors and post-peak responses, which are greatly affected by 

the spatial arrangement of fibers. Thus, the size of RVE in this study is set to contain 20 fibers, which 

is comparable with the previous researchers [94,126,127] who have also studied microstructural fracture 

behaviors with non-uniform fiber arrangements. Figure 44 shows the RVE models of the same size with 

the same fiber and coating volume fractions, but different fiber distributions. They will be utilized to 

study the effect of the fiber distribution on the microstructural behavior of the CMCs. 

 

 

Figure 43 Overall process of constructing an RVE model. 

    
RVE 1 RVE 2 RVE 3 RVE 4 

    
RVE 5 RVE 6 RVE 7 RVE 8 

Figure 44 RVE models having the same fiber and coating volume fractions. The only difference is the 

fiber distributions. 
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4.4  Micro -fracture mechanics model of CMCs 

4.4.1  Finite element model 

Finite element analysis (FEA) using a commercial software package, ABAQUS/Explicit, is 

performed to study the effect of the random fiber geometries on the microstructural fracture behavior 

of the CMC material based on the RVE models shown in Figure 44. All the RVEs have 20 coated fibers 

in the same size squares with the side length of 90.65 µm. The dimensions and locations of the coated 

fibers are different between the eight RVEs, but the fiber and coating volume fractions of all the models 

are identical. The volume fractions of the fibers and coatings are 0.35 and 0.06, respectively, as reported 

in Section 4.2. The RVE models are meshed with over 18,000 3-node plane strain triangle elements 

(CPE3) as shown in Figure 45. The corresponding mesh size is sufficiently fine such that any further 

refinement does not significantly improve the accuracy of FEA results. Transverse tensile loading and 

pure shear loading as shown in Figure 46 are applied to the RVE models to study the effect of the 

randomness in the fiber geometries on the mechanical responses of the CMC materials. Periodic 

boundary conditions (PBCs) are utilized to implement the loading conditions. 

 
Figure 45 Typical finite element model for the CMC material. 

 

 
(a) (b) 

Figure 46 (a) Transverse tensile loading condition and (b) shear loading conditions. The two loading 

conditions are applied to the RVE models using periodic boundary conditions. 
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4.4.2  Periodic boundary conditions 

The PBCs are kinematic constraints enforced on nodal degrees of freedom between two paring 

nodes on opposite sides. A set of equations for the application of the PBCs to a three-dimensional (3D) 

model can be found in [131]. For the two-dimensional (2D) RVE models as shown in Figure 47, the 

constraint equations for the two vertical edges are expressed as 

 

Figure 47 Example of reference and deformed configurations of a 2D model with the periodic 

boundary conditions. 

ό ὒȟώ ό πȟώ Ὁ ὒ ῳ  (82a) 

ό ὒȟώ ό πȟώ Ὁ ὒ ῳ  (82a) 

and the remaining equations for the horizontal edges are 

ό ὼȟὒ ό ὼȟπ Ὁ ὒ=ῳ  (83a) 

ό ὼȟὒ ό ὼȟπ Ὁ ὒ ῳ  (83a) 

The DOFs on the nodes at the vertices are doubly constrained by both Eqs. (82) and (83). By eliminating 

common terms in the redundant constraints, the PBCs for the DOFs at the vertices are reduced to 

ό ὒȟὒ ό πȟπ Ὁ ὒ Ὁ ὒ ῳ ῳ  (84a) 

ό ὒȟὒ ό πȟπ Ὁ ὒ Ὁ ὒ ῳ ῳ  (84b) 

ό ὒȟπ ό πȟὒ Ὁ ὒ Ὁ ὒ ῳ ῳ  (84c) 

ό ὒȟπ ό πȟὒ Ὁ ὒ Ὁ ὒ ῳ ῳ  (84d) 

In Eqs. (82), (83) and (84), ό  and ό  are the DOFs of the nodes on the edges in the ὼ and ώ 

directions, respectively. Ὁ , Ὁ  and Ὁ  can be considered as macroscopic strains that determines 

the global deformation of the 2D structure. As can be seen in Figure 47, the global strains or the global 

deformation fields, ῳ  and ῳ , are assigned on the two master nodes 1 and 2 and the DOFs on the 

edges are associated with them through Eqs. (82), (83) and (84). Table 8 shows the displacement setup 

for the tensile and shear loading conditions considered in the present study. The periodic boundary 

conditions expressed in Eqs. (82), (83) and (84) are implemented into the finite element model (FEM) 

through *Equation option of ABAQUS. 
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Table 8 Global displacement setting for the transverse loading and pure shear loading cases. 

Loading case Global displacement fields on the master nodes 

Transverse tensile loading ῳ π and ῳ ῳ ῳ π 

Pure shear loading ῳ π, ῳ π and ῳ ῳ π 

 

4.4.3  Smeared crack approach 

The microstructural fracture behavior of the CMC material is studied using the smeared crack 

approach (SCA) proposed by Rots. et. al. [132]. SCA does not explicitly model a discontinuity due to 

a crack, but incorporates its effect into the framework of continuum mechanics by degrading stiffness 

in a post-peak softening regime. The effect of a crack is incorporated by assuming that the total strain 

increment, , is decomposed into the continuum strain, Ἣἷ, and the cracking strain, ἫἺ: 

Ἣἷ ἫἺ (85) 

 

 
Figure 48 Illustration of a cracked element with the normal and tangent vectors with respect to the 

crack orientation. 

When a crack is initiated in an element at an angle of — as shown in Figure 48, the strain increment 

due to the crack in the local coordinate system associated with the crack normal and tangent vectors can 

be transformed into the global strain increment such that 

ἫἺ Ἒ ἭἫἺ (86) 

where Ἒ is the transformation matrix between the local and global coordinate systems and ἭἫἺ is 

the crack strain increment under the local coordinate system. It should be noted here that the present 

study considers Mode I crack only by assuming that the crack is opening due to the maximum principal 

stress [133]. When a crack is considered in the principal plane with the maximum principal stress, the 

mixed mode fracture behavior is inherently taken into account.  

The local stress increment, ἻἫἺ, can also be related to the global stress increment, ⱭἫἺ, through 

the transformation matrix, 

ⱭἫἺ Ἒ ἻἫἺ (87) 

The constitutive relation between ἻἫἺ and ἭἫἺ is assumed to be 
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ἻἫἺ ἎἫἺἭἫἺ (88) 

where the secant stiffness matrix, ἎἫἺ, can be identified from the traction separation law depending on 

the loading status. For example, when the fractured element is being unloaded, the secant stiffness, Ὁ , 

as shown in Figure 49 is entered into Eq. (88).  

 
Figure 49 Example of a traction separation law governing Mode I crack (normal to the crack surface) 

opening behavior. ὰ is the characteristic element length, ί  is the cohesive strength at the crack 

initiation and Ὃ is the fracture toughness at the current loading status. Note that the critical fracture 

toughness Ὃ  can be obtained from the area under the curve, ί  .Ⱦς‏

When the continuum stiffness of the element in Figure 48 is ἎἫἷ, the constitutive relation between 

the continuum strain in Eq. (85) and the continuum strain increment , can be expressed as 

ἎἫἷ Ἣἷ ἎἫἷ ἫἺ (89) 

Using Eqns. (86), (87) and (88), Eq. (89) can be written in terms of the crack stiffness matrix and the 

transformation matrix it reads, 

ἓ ἎἫἷἚἎἫἺ ἚἢἎἫἷἚ Ἒἢ ἎἫἷ  (90) 

or in a conventional form of a damage parameter model, 

ἓ ἎἎἫἷ  (91) 

where ἓ is the identity tensor and Ἆ can be considered as a damage index that degrades the continuum 

stiffness ἎἫἷ. Note that Ἆ contains the crack stiffness matrix determined from the current crack 

situation as illustrated in Figure 49 and thus the effect of the crack is incorporated into the continuum 

model. When the maximum principal stress of the element exceeds the cohesive strength, a crack is 

initiated in the element and the elemental stiffness is being degraded through Ἆ. Before the crack strain 

increases to the final deformation, ‏, as defined in Figure 49, the element is considered to be being 

damaged due to the crack growth. When the crack strain reaches ‏, the crack is considered to be fully 

opened and the element loses its stiffness completely. 

In the presentation, SCA is used for the coating and the matrix materials only. The fracture behavior 

of the fiber is not considered here since the fiber is a highly fracture-resistant material compared to the 

other two constituents. The fiber is simply modeled as an isotropic linearly elastic material. The pre-

peak behavior of the coating and the matrix is also assumed to behave like an isotropic linearly elastic 
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material. The material and fracture properties used in the present numerical study are listed in Table 9. 

The SCA is implemented into the present FE model through a user subroutine option of 

ABAQUS/Explicit. 

Table 9 Material properties of a typical CMC material obtained from [94] and [134]. 

 Elastic modulus Poissonôs ratio Cohesive strength Fracture toughness 

Fibers 270 GPa 0.14 ï ï 

Matrix 250 GPa 0.14 200 MPa 3.0 N/m 

Coating 25 GPa 0.22 50 MPa 3.0 N/m 

4.5 Results and discussion 

4.5.1  Effective elastic properties 

Before the present modeling approach is applied to study the microstructural fracture behavior of 

the CMC materials, its validation is first quickly assessed through the predictive capability of effective 

elastic properties. Table 10 compares the transverse elastic stiffnesses obtained from an experiment and 

numerical models. Table 11 lists the constituent properties used by the numerical models. Here, we 

generate four RVEs with different fiber arrangements to predict the transverse property. Total 20 fibers 

of the same diameter and interphase thickness are used for all the four RVE models. The average and 

the corresponding standard deviation of the four results from the present model is reported in Table 10. 

The present modeling approach shows the best agreement with the experimental data in terms of the 

relative error. When the relative error is defined in Table 10, the experimental value is used as a true 

value. The average value of the present model is used to compute the error in Table 10. 

Table 10 Comparison of the transverse moduli from different sources. 

 ET (GPa) Relative error (%) 

Experiment [102] 10.90 ï 

Hashin and Rosen [135]  8.94 18.0 

Theocaris and Varias [136] 9.31 14.6 

Present model 11.397 ± 0.086 4.6 

Table 11 Constituent properties used in the comparison in Table 10 [102] 

 E (GPa) ɜ Volume fraction 

Matrix 3.21 0.35 0.402 

Glass fiber 70 0.20 0.5 

Mesophase 15.1 0.26 0.098 
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4.5.2 Transverse tensile loading case 

Figure 50 shows a typical stress-strain response of an RVE under the transverse tensile loading 

condition as described in Table 8. The crack area fraction, defined as the ratio of the total crack area to 

the square RVE area, is also displayed in Figure 50 as a function of the axial strain. Note that the 

dramatic changes of the crack area are closely related to the load drops in the stress-strain curve as 

shown in Figure 50. The progressive damage extents associated with the stress-strain curve are also 

illustrated in Figure 50 (a) to (d). The stress-strain response is initially linear but starts to exhibit plastic-

like behavior until the first peak at stage A. The first load drop is caused by the fully opened crack in 

the matrix material as shown in Figure 50(a). In addition to the fully matured crack, there are multiple 

growing cracks in the coating and material phases at stage A. Indeed, the multiple existing cracks, 

including the fully opened one before it is fully opened, degrade the stiffness of the entire RVE structure 

and this appears as the ñpseudo-plasticò behavior in the global stress-strain curve before the first peak. 

The second load drop at stage B results from the multiple cracks found on the right-hand side of the 

RVE model as illustrated in Figure 50(b). The first fracture dissipates highly accumulated elastic energy 

around the region and the stresses in the entire RVE area are redistributed. While the stress relaxation 

occurs around the area of the first fracture, the other side is already very highly stressed at stage B. As 

a result, multiple cracks emerge almost simultaneously on the opposite side of the first crack as shown 

in Figure 50(b). As the multiple cracks grow, they join together to form a longer transverse crack, which 

eventually splits the RVE into two pieces at stage D. 

Figure 51 shows the stress-strain responses of the RVE models shown in Figure 44. The 

corresponding final fracture patterns are displayed in Figure 52. As can be seen in Figure 51, the initial 

slopes of all the curves are the same since the different RVE models have the same fiber volume fraction. 

Beyond the elastic regime, the stress-strain curves start diverging and the post-peak responses are 

distinctively different from each other. It is also interesting to note that, for all the RVEs, the linear-to-

nonlinear transitions occur slightly above 50 MPa, which is close to the cohesive strength of the coating. 

This indicate the phase that fractures first and responsible for the plastic-like stress-strain response. 
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(a) Stage A (b) Stage B 

  
(c) Stage C (d) Stage D 

Figure 50 Typical stress-strain response of an RVE with the corresponding fracture patterns. Crack 

area fraction is also plotted as a function of the axial strain. 

 

 

Figure 51 Transverse tensile stress-strain responses of the RVE models. 
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RVE 1 RVE 2 RVE 3 RVE 4 

    
RVE 5 RVE 6 RVE 7 RVE 8 

Figure 52 Microstructural fracture patterns of the RVE models when they lose their load carrying 

capabilities. 

4.5.3  Pure shear tests 

The shear response of the RVE models are also studied using the shear loading condition described 

in Table 8. Shear strains of up to 0.8% is applied to all the RVE models in Figure 44. Figure 53 shows 

a typical shear stress-shear strain response of an RVE together with the evolution of a fractured area. 

Every sudden increases in the area, mainly due to the emergence of a new crack and/or the growth of 

existing cracks, are again directly associated with the load drops of the stress-strain curve. Fracture 

patterns at which the RVE exhibits particular stress-strain behavior are also depicted in Figure 53 (a) to 

(d). In contrast to the case of the transverse tensile loading, the matrix is damaged over the almost entire 

area, since the shear load is mainly carried by the low-stiffness material. Note that undamaged regions 

are colored blue, green color indicates a crack initiation, and red color is used to designate the region 

where a crack is fully opened. 

The first load drop at stage A in Figure 53 is caused by the initiation of a crack, of which the 

orientation is perpendicular to the loading-direction diagonal of the square model as shown in Figure 

53(a). It is reiterated here that, in the present study, only Mode I fracture is considered through the SCA 

approach. It is assumed that an element is considered to be fractured when the maximum principal stress 

of the element exceeds the corresponding cohesive strength and the crack in the element is oriented 

perpendicular to the principal direction. For the pure shear loading condition considered here, it is 

obvious that the principal directions of each element in the matrix phase are closely aligned with the 

loading-direction diagonal of the RVE model. Consequently, the first crack shown in Figure 53(a) is 

oriented perpendicular to the particular direction. Between the stages A and B, more cracks are initiated 

while the existing cracks have grown. At stage C in Figure 53(c), multiple short cracks have emerged 

in addition to the lengthy cracks, resulting in the severe fluctuation in the shear stress-shear strain curve 
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after the first load drop. The orientations of the major cracks found at stage C are still closely associated 

with the loading-directional diagonal of the RVE model. A significant load drop is observed between 

C and D. The existing cracks grow and join together even with a newly initiated long crack as shown 

in Figure 53(d). It is interesting to note that the new crack is developed in the direction perpendicular 

to the existing ones. This implies that the principal directions of the elements in the RVE model have 

been altered significantly since stresses are redistributed whenever a crack is present. 

 

  

  
(a) Stage A (b) Stage B 

  
(c) Stage C (d) Stage D 

Figure 53 Typical shear stress-shear strain response of the CMC material with the damage 

progression 

The shear stress-shear strain responses of all the RVE models in Figure 44 are shown in Figure 54. 

The final fracture patterns associated with each stress-strain curve are displayed in Figure 55. Similarly, 

as with the results of tensile tests, when the shear strain is less than 0.001, the initial stiffness of the 

RVEs are almost identical mainly due to the same fiber volume fraction. After the shear strain exceeds 

0.001, the stress-strain curves start showing a slight deviation from each other, indicating that the 

materials are being damaged. The shear responses of the RVE models significantly differ from each 

other beyond the shear strain of 0.003. The fracture patterns at the final shear strain value in Figure 54 

are also very complicated and unique depending on the random fiber distributions in the RVE models 

as shown in Figure 55. It should be noted here that the cracks are diagonally oriented for the case of the 

shear loading. 
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Figure 54 Shear stress-shear strain response of the RVE models shown in Figure 44 

 

    
RVE 1 RVE 2 RVE 3 RVE 4 

    
RVE 5 RVE 6 RVE 7 RVE 8 

Figure 55 Final microstructural fracture patterns of the RVE models subjected to shear loading. 

4.5.4  Effect of the pores on the transverse tensile response 

In this chapter, the effect of a void on the micro-fracture behavior is investigated using RVE 1. 

When the chemical vapor infiltration (CVI) process is employed, some areas closed by fibers may 

remain as pores in the end because the reactive gas cannot reach the region for the matrix deposition on 

the fiber surfaces. In the RVE 1 model, such an isolated area that can be evolved into a pore exists. The 

closed area of the RVE 1 model is the largest among those of other RVE models. The void volume 

fraction of the RVE 1 model is measured to be 1.7%. Figure 56 compares the RVE 1 model with and 
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without the pore. The same tensile loading as defined in Section 4.5.2 is applied to the RVE 1V model 

and its mechanical response is examined. 

 

Figure 56 Configurations of RVE 1 and RVE 1V. 

Figure 57 compares the stress-strain curves of the RVE 1 and RVE 1V models. Figure 58 shows 

final fracture patterns of the two models. The red regions indicate fully developed cracks. The final 

fracture patterns are similar between the RVE 1 and RVE 1V models. When the cracks grow into the 

final fracture pattern, a load drop occurs in the stress-strain curve. In Figure 57, the load drop for the 

RVE 1V model come earlier that of RVE 1 because less strain energy is required to fully grow the 

cracks due to the void. As a result, the fracture toughness of the RVE 1V model is smaller than that of 

RVE 1.  

 
Figure 57 Stress-strain curves for tension tests of RVE 1 and RVE 1V. 
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Figure 58 Final fracture patterns of RVE 1 and RVE 1V. 

Hereafter, based on the crack progression, the detailed responses of the RVE models at particular 

steps will be investigated. Figure 59 shows the distribution of the principal stresses of the RVE 1 model 

in the linear region of the stress-strain curve. As shown in Figure 59(a), stresses are concentrated in the 

narrow matrix region. Figure 59(b) isolate the coating layers, in which the stress concentrations occur 

at the left and right sides of the fiber. This is because the stiffnesses of the fiber and matrix material is 

more than 10 times stronger than that of the coating. Based on the loading direction, the coatings placed 

between fibers or fiber and matrix material exhibit stress concentrations. 

 

Figure 59 Maximum principal stress at linear stage for RVE 1. 

Figure 60 shows relative magnitudes of principal stresses in simple fiber/coating models subjected 

to transverse loading. In Figure 60(a), the fibers are placed along the loading direction. High stresses 

are observed in the coating regions between the fibers and between the fiber and matrix material. In 

Figure 60(b), the fibers are vertically aligned with the loading direction. High stresses are also observed 

in the coating regions between the fiber and matrix material. For the matrix phase, the stress 

concentrations are commonly found in the top and bottom sides of the fiber. Because the coating 

stiffness is lower than the matrix one, the stress concentration in the matrix phase occur at the locations 

corresponding to its tip based on its geometric shape. 










































