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1. Introduction and the statement of the main results

This study examines the existence and uniqueness of the solutions to linear convection—diffusion
equations with integral boundary conditions, where the domain has numerous boundary com-
ponents and a positive parameter.

We first consider a domain with two boundary components for clarity. Define a smooth
bounded domain

Q= {Az:zeQ:: Qout\Q_in} 1)

which is diffeomorphic to an annulus and expands as A tends to infinity, where Qj, and Qqy¢
represent bounded simply-connected smooth domains in RN, N = 2, such that 0 € Qi ; Qout-
This study focuses primarily on the linear convection—diffusion equation

—Aup(x)+ax)-Vuy(x) + h(x)uy(x) =0, xeQy, 2)

subject to the following integral-type boundary conditions for u:

u;L(x)=bi+f gur(dy, xeTy;i:={Az:2€0Qn},

A 3)

uy(x) = bo+fQ goNuar(dy, x€Tlyo:={Az:z€0Q0ut}
A

The boundary data of uy on I'j; UT , satisfies an implicit form with non-local dependence
on the unknown u, in Q). Here b; and b, are constants, which are independent of A, gj, g, €
C(RN \ {0};R), and the variable coefficients @ € C* (RN \ {0};RY) and h € C* RN \ {0};R) are Holder
continuous with exponent a € (0, 1). Thus, the restrictions g5, &g dlg and hlg; are well
defined for any A > 0. The conditions of these functions will be assumed speciﬁcally in (4) and (7).

Previous research literature [4, 8, 13, 15], in which a one-dimensional (1D) case was numeri-
cally examined, inspired the equation that we are studying. We refer the readers to [5, 9] for the
details on the relevant qualitative and asymptotic analysis for solutions of singularly perturbed
models with different integral-type boundary conditions. Furthermore, several studies have in-
vestigated the uniqueness or multiplicity of the solutions to such non-local equations (e.g. see [3]
and its references). The primary approach is based on several fixed-point theorems, such as Kras-
nosel’skii’s fixed-point theorem, Schauder fixed-point theorem and the weakly contractive map-
ping theorem. Different from 1D models, for fixed A > 0, studying the uniqueness or multiplic-
ity of the solutions of higher-dimensional equations such as (2)-(3) is a challenge in the analysis
because such equations do not have a variational structure.

Uniqueness Uniqueness

0 A, A

Figure 1. The existence, uniqueness and multiplicity of solutions to equation (2)-(3) may
be affected by the domain Q) with respect to the parameter A. In Theorem 3, we demon-
strate that there exist 0 < 1, < A* such that equations (2)-(3) have a unique solution as
A€ (0,A4) U(A*,00). However, when A € [A,,1%] (the grey region), the equation may have
multiple solutions or no solution. (For clarity, we refer the reader to Example 1 and Propo-
sition 2.)

Q) with 1 — oo is an expanding domain, which is related to the mathematical problems for
convection—diffusion models in a reactor of macroscopic length scale (see, e.g. [12,17]), where
the region for a chemical substance to diffuse across is significantly larger compared to that
of a reaction process [1, 18]. We focus on convection—diffusion equation (2) satisfying a weak
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convection effect or large reaction effect (cf. [16]). In the framework of our analysis, both effects
can be considered as the following mathematical settings:

[a(x0)1* < 4h(x), xe RV \ {0}, and Jim A¥min (4h(Az) - [d(12)[*) > 0 for some k € (0,2).  (4)
—o g

Equation (2)—(3) with assumption (4) fulfills some well-known convection—diffusion equa-
tions. In particular, (4) includes the case a(x) = 0 and h(x) > 0, which arises in numerous ap-
plications such as the homogeneous chemical reactions. (4) is also a case when considering a
convection—diffusion equation (2) with a large reaction h(x). For example, minmh is sufficiently
large so that maxg - 13| < 4minﬂ7 h. The latter assumption in (4) includes the case

min (4h(1z) — I'a'()Lz)Iz) ~A*22L0 for 0<w< X,
Q

where the region of x is optimal in our analysis.

Under (4), equation (2) with the standard Dirichlet boundary conditions on 6Q2, has a unique
solution for any A > 0. However, the situation becomes quite different for the non-local type
boundary condition (3). The issue about the range of A for the uniqueness of (2)—(3) seems to
be a challenge. In a special case when Q, is an annulus, we provide an example to explain that
there exists A = 1* > 0 such that equation (2)-(3) has infinitely numerous solutions or no solution.

Example 1. We consider the following equation in the domain A5 := {x eER%: A< x| < 2/1}, ie.
the domain Q defined in (1) with Qi = {x: |x] < 1} and Qou = {x: |x] < 2} in R?:

X
—Auy(x)+ W Vup(x)+uy(x) =0, xe€eAjxo,
X

5)
u;L(x):bi+gf up(y)dy, for |x|=2A; uy(x)=0, for |x|=2A,
Ax2a

where g > 0 is a constant. We shall apply Fourier expansions to demonstrate that all solutions u)
of (5) are radially symmetric. For x = reV=19 with A <r<21and 0<6 < 27, we let

1 (o]
uy (re‘ﬁw) =§u1,0(r) + ) (ur,k(r) cos(kB) + u i (r) sin(k6)),
k=1

where

4

/e
Uy, k(1) ::%f ua(re‘ﬁle)cos(kG)de, uz’k(r)::%f

-7 -7

uy (re‘ﬁle) sin(k0) deo.
Then, one may check that for i = 1,2, and k € N, u; . satisfies the equation
k2
uf 1 (r) - (1 + r_z) ui(r)=0in (A4,24), u;x(A) = u;((21) = 0.

Such an equation only has a trivial solution u; x(r) = 0, and we obtain that u; (x) = %ulyo(lxl) is
radially symmetric. As a consequence, we can solve (5) and verify the non-existence, uniqueness
and multiplicity of the solutions u,’s corresponding to b; and A. More accurately, we completely
classify the solutions of (5) as follows:
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(i) When b; =0and A* := 1*(g) > 0 satisfies!

1+A* 1 et -1 2
- 2" -n=1, 6)

2 agn
for any constant c*, all 1+ .« (x) = ¢* (el — e*}" ~1¥]) are solutions of (5) with A = A*.
(i) When b; #0and A = 1%, (5) has no solution.
(iii) IfA>0and A # A", then for each b; € R, (5) has a unique solution.

Simple calculations can be employed to verify this result. We thus omit the details here. For
general cases, the issues of the non-existence, uniqueness, and multiplicity of solutions of (2)-(3)
become more complicated; see Proposition 2. What we shall point out is that the uniqueness of
solutions to (2)-(3) in Q) defined by (1) exactly depends variously on A, b;, and b,,.

Additionally, to obtain a more detailed uniqueness result of (2)—(3) with large A, for gj and g,
we made the following precise assumption:

lim AN+'%° max|g(Az)| =0,
A—o0 zeQ

for g = gi, &o» @
ll}molleg(z)zo, 8= 808
z|—

where x € (0,2) has been*deﬁned in (4). Assumption (7) allows g to blow up at z = 0. An example
for (7) is g(z) = |zI"N**%~ with x* € (x,2). Although (7) implies | Jo, 8 dyl =AY [ g(A2) dzl <
A7 as A — oo, we emphasise that it also includes the case limy . | fQA g(y)dy| =oco.

1.1. The main result

We introduce the equations corresponding to (2) with the standard Dirichlet boundary condi-
tions before stating the main results. Let ¢») be a solution of the equation

{_A(»b/l(x)+§(x)'vﬁb/1(x)+h(x)¢,1(X)=0 in Q,

8)
gb/1=l on F,U, (/);LZO on r/l,or

and let ¥, be a solution of the equation

9)

AP (X)) +3A(x) -V () + (0w (x) =0 in Qy,
wa=0 on Iy wa=1 on Iy,

Note that Q) is a bounded smooth domain for each fixed A > 0, and the constraints §|§ and
h|§ are Holder continuous with exponent a € (0,1). As a consequence, by the standard elliptic
regularity theory (cf. [10, Theorem 6.14]), we obtain that the equations (8) and (9) have unique
solutions ¢4, 1, € C>*(Q,), where the uniqueness is trivially due to h|07 >0.

Let ¢; and c; be constants. Then, by the uniqueness of solutions of (8) and (9), the solution of
equation (2) with boundary conditions u) = ¢c; onTI'y; and uy = ¢, on T’y , is uniquely expressed
by uy = c1¢p) + c2y . Accordingly, for each solution uy of (2)-(3) (if it exists), we have an implicit
representation for u, given by

1y (x) = (bﬁfg gi(y)ua(y)dJ’) Pa(x) +
A

bo+fQ go(y)uA(y)dy)W(x), x€Q,. (10
A

et

Since g > 0, we have

1
li AN=1-—x<1 d A) = oo.
/llvn(}+f( ) 2gm an ALmoof( )=oo

Along with the intermediate value theorem of continuous functions, we verify that (6) has a positive root 1* = 1*(g).
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Here we perform an argument that is different from the fixed point approach. We will show that
the two non-local coefficients (depending on unknown u,) in the right-hand side of (10) can be
explicitly expressed by ¢) and v ;. In Proposition 2, we establish a criterion of the existence and
uniqueness for (2)—(3).

Proposition 2. Let Q) be defined by (1). Assume that b; and b, are constants independent of A,
i, 8o € CRN \ {0};R) satisfy (7), and 3 € C* RN \ {0};RY) and h € C*(RN \ {0};R) satisfy (4), where
a € (0,1). Then we have the following:

(i) If A satisfies det(#F — %)) # 0, then (2)—(3) has a unique solution satisfying
up(x) = det((F — Z2) " 6y, ) pa(x) + det((F — B2) " 6y, ) wa(x), (11)

where

fgi(y)¢A(Y)de giMya(y)dy
_ | Q)

= 1o , Ry = (12)
01 f 8o Pa(y)dy f oWyay)dy
Q) Q)
and
by - f g(walydy 1- f gMPr(»dy b
Gy, = = , Gy, = 2 (13)
bo 1- f o Wya(y)dy - f 8o (Pa(y)dy b
Q) Q)
(i) If A, by, and b, satisfy det(# — 2,) = 0 and det6y, = 0, then (2)—(3) has infinitely many
solutions.

(iii) IfA, bi, and b, satisfy det(# — %)) = 0 and det 6y, # 0, then (2)—(3) has no solution.
Having Proposition 2 at hand, we are in a position to state the main result.

Theorem 3. Under the same assumptions as in Proposition 2, there exist 0 < A, < A* such that
for each A € (0,1.) U (1*,00), we have det(F — R)) > 0, and (2)—(3) has a unique solution u,
satisfying (11). Moreover, as A > 1, there exist positive constants C* and M* independent of A
such that

luy(x)| < C*exp (—M*/l_%dist (x,@Q;L)), forall xeQy. (14)

Figure 1 is a fundamental understanding of Theorem 3. In Section 3, we will prove Proposi-
tion 2 and Theorem 3.

Remark 4. (14) shows that for an interior point x € Q satisfying
lim dist(,00) >0,
A—o0 A

there holds lim _, o, |1 (x)| = 0 because for « € (0,2),
lup(x)l < C*exp (—M*/Lfgdist(x, GQ;L)) =C"exp (—M*}Lk%dist(%,aQ)) « 1.

Remark 5 (The H'-capacity of ;). Inspired by (11), which presents a linear combination of ¢,
and v, for solution u,, the H' -capacity of Q, is naturally considered since it is a relevant measure
of the “size” for Q,; supporting Dirichlet boundary conditions (cf. [2, 14]). (Whereas notice the
boundary conditions of ¢) and vy, in (8) and (9).) Recall the H 1 -capacity of Q;:

cap (Q,) = min {f

Q)
where the minimum is achieved when U is harmonic in Q. In particular, Q) has the property

cap(QQy) = /lezcap(Q).

IVUI*dx: Ue H' (Q)), U=1onTy;, U=00n1”,1_0}, (15)
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When N = 2, cap(Q2,) is independent of A. As a consequence, the effect of cap(Q2)) on the
existence and uniqueness of the solutions of the equation (2)-(3) appears insignificant. However,
when N = 3, Theorem 3 can be reinterpreted that there exist 0 < L, < L* depending primarily on
cap(Q) and dimension N such that if cap(Q,) € (0, L) U(L*,00), the equation (2)-(3) has a unique
solution. For Q) replaced with the general domains, the domain capacity effect on the uniqueness
issue of (2)-(3) seems more subtle. The main difficulty, in our perspective, lies in obtaining the
refined estimates (with respect to 1) of the non-local terms in (3). The general theory for this
problem is highly nontrivial, which is a direction of our research in the future.

Theorem 3 focuses primarily on the uniqueness result of equation (2)—(3) in the annular-like
domains Q) defined by (1). We shall stress that the argument can straightforwardly be generalized
to the same equation as (2) in a bounded domain with several boundary components (see
Theorem 10 in Section 4).

1.2. An example contrasting to Theorem 3

In this section, we will emphasise that the property of the domain Q, plays a critical role in the
uniqueness result presented in Theorem 3.

Proposition 2 presents that the equation (2)—(3) has a unique solution if and only if ¥ — %) is
invertible, where all elements in 22, are associated with the integral-type boundary condition (3),
which involves the domain Q). Note that the result of Proposition 2 still holds for general
expanding domains because the property of the domain Q) is not required in the proof (cf.
Section 3.1). We emphasise that Theorem 3 holds for the domain Q) defined by (1), but it may not
hold for the general expanding domains. We would provide an example to show that Theorem 3
may not hold when the expanding domain has a fixed inner boundary that is independent of A.

For a more detailed explanation, let us recall Example 1, where all domains A,y = {x € R?:
A < |x| < 2} have the H!-capacity cap(Aj.23) = ln2’ which is independent of 1 > 0 (see (15)
and the footnote?). In this case, A = A* (see (6)) for the non-existence/non-uniqueness of the
solutions of equation (5) depends mainly on the coefficient g of the integral-type boundary
condition. In the following Example 6, we adopt the same equation as in Example 1, but the
domain A, is replaced by the annular domain A1 := {x € R? : 1 < |x| < A} with an inner
boundary independent of JL A difference between Ay.;y and Aj;y with A varying comes from
the fact that cap(A;;,) = IM depends on A > 1. Because the inner boundary of A;;, is fixed,
assumption (7) is not effective for g = gj on |x| = 1. This observation prompts us to consider the
boundary condition uy = b;+ | Ara g () uy(y) dy with a precise g (see (17)) on the inner boundary
| x| = 1. We will show in Case 2 (II) of Example 6 that when b; =0 (b; # 0, respectively), there exists
a strictly increasing sequence {Ay}xen With A Koo, oo such that the equation in the domain
Aj1;2, has infinitely many solutions (no solution, respectively).

Example6. Let N =2. For A > 1, we consider the equation

“Aup(X)+ — -Vup(x) +up(x) =0, x€A;;,,

|x |2

(16)

uy(x) = bi+fA guy(y)dy, for |x|=1; uy(x)=0, for |x|=A
1A

2We refer the readers to [2] (see also, (15) with N = 2) for the H 1 -capacity of annular domains in R2. Let A Ry;Ry = {xe
R2: Ry < |x| < Ry}. Then, the H! -capacity of AR, g, is cap(Ag,;r,) = ln(RZZ% which can be obtained when

U = PR —Inlxl e
B InR, —InRy’ RiiRs
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where
e IV
gy = COW sin(|yl) (17

obeys the assumption (7), and Cy is a constant.

We will apply Proposition 2 to equation (16) since its consequence still holds for equation (2)-
(3) when the domain Q) is replaced with A;;,. First, one solves the corresponding equations (8)
and (9) with a(x) = ﬁ and h(x) =1:

~ eIl _ g=2A+1x| ~ el _ g2-Ix]
¢A(x)—my U/;L(X)—W- (18)

Next, we shall determine a constant Cy in (17) so that Proposition 2 (ii) or (iii) occurs for “infinitely

many” A. By (18), a simple calculation yields

f g&iMPr(y) dy
/\1;/1

21 C A
= 71—702)%1[ (e_r—e_ZMr) e "sinrdr
el-e L (19)
e

21 C 1
-0 —(2sinl+cos1) — e 2! cos1—cosA+ —(2sinA +cosA) ||,
e—l _e—2/1+1 5 5

which implies
. 2nCy . .
lim f & (P (y) dy=——(2sinl +cos1). 20)
A—ooJAar, 5e

On the other hand, by (12) with Q) = A}.3 and g, = 0, we have

det(# — %)) =1~ f;\ &(Pa(y) dy. @D
LA
As a consequence, we have the following results:
(Casel) If Cy # m, then by (20)—(21), we have det(.# — %,) # 0 as A > 1. Applying

Proposition 2 (i) to this case, we verify that as A > 1, (16) has a unique solution.
(Case?2) If Cy = then by (19) and (21), we obtain that (see the Appendix A):

5e
2n(2sinl+cos1)’
{A>1:det(F—-%)) =0} ={2kn+1, k—Dr+20—1: keN}:=S,, (22)

where 0y = arcsin \% € (1,%). Thus, by Proposition 2 (i)—(iii) and (21)-(22), we have the following
results:

(I) If A ¢Sy, then .# — X, is invertible. Therefore, equation (16) has a unique solution.
(I If A € Sy, then for b; # 0, (16) has no solution; for b; = 0, (16) has infinitely many
solutions u) = c.¢,, where ¢, is defined by (18) and c. € R is arbitrary.

The rest of this paper is structured as follows. In Section 2, we establish estimates of ¢,
and v, in Q) for A > 1, which is crucial for the proof of Theorem 3. In Section 3, we state
the proof of Proposition 2 and Theorem 3 and provide a remark for the uniqueness under an
approach of the maximum principle. Next, as a generalization of Theorem 3, in Section 4, we
consider equation (2) in an expanding domain with numerous boundary components. Under the
corresponding integral-type boundary conditions, we establish the uniqueness result which will
be introduced in Theorem 10. We make the concluding remarks and future problems in Section 5.
Finally, in the Appendix we state the proof of (22) for the sake of clarity and completeness.
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2. Preliminary estimates of ¢», and v

In this section, we first establish the required estimates of ¢y and v, for A > 1, where ¢, and
w, are solutions of equations (8) and (9), respectively. Let (D4 (z), ¥ (2)) = (¢ (x), ¥ (x)) with
z=A"'x€ Q. Then ®,(z) and ¥, (z) satisfy

1 A, D) (2) + 15(7Lz) V,®,(2)+h(A2)®)(z) =0 in Q
A,Z ZH¥A A zZH¥A A - ’ (23)
(D;L =1 on 6Qin, ‘13/1 =0 on GQout,
and
—LA v (z)+l_a’(itz) V,¥,(2)+h(Az)¥)(2) =0 in Q
12 z YA A z YA A - ) (24)
¥Y,=0 on 0Qjn, Y,=1 on 0Qqut

respectively. Since h > 0 (by (4)), the maximum principle implies 0 < ®,, ¥; < 1in Q.

We first establish an interior estimate for ®;. Multiplying both sides of the equation in (23) by
®,, one may check from (4) that, if A > 0 is sufficiently large, there exists a positive constant M
independent of A such that

1 2 2
FAzol>§L =7 IV, @12+ Iamz)cbﬂ V@) +2h(A2) D5
- /1 2
>2 (hmz) DT g2 2 jwppe2,
i.e.,
ADE = A*F MR, in Q, (25)

where we notice 127% >> 1 since 0 < x < 2.

Let u; > 0 be the principal eigenvalue of —A; in H(} (Q), and let ¢; be the corresponding
positive eigenfunction with [|¢; lL~q) = 1. Consider the following auxiliary function:

71.(2) = exp (—Mml‘%(pl(z)) in Q. (26)
We will determine a positive constant M such that (26) is a superposition of (25). First, it is easy
to check that 7} satisfies
87y = X7 (MAR gy + M7V ) .

Since 0 < 127! « 1, and |V¢,]| is bounded in Q (cf. [10]), one can choose a suitable M; > 0
such that A% < A>"*M?7%, in Q for sufficiently large A. As a consequence, by combining this
differential inequality with (25), we arrive at

AL (@5 -73) = A *M* (@5 -7)) in Q. 27)
Note also that ®3 <1 =7, ondQ, i.e.
®5-7)<0 on 0Q. (28)
Applying the standard comparison theorem to (27)-(28), we obtain
®5(2) < V)(2), forall zeQ. (29)
Now we claim that there exists a positive constant M* independent of A such that
71(2) < exp (—M*/ll_gdist(z, aQ)) , for zeQ. 30)

Since 0Q is smooth, the eigenfunction ¢; is both bounded above and below by strictly positive
multiples of dist(x,0Q) (see, e.g. [6, Section 3]). Here, for the sake of completeness, we offer an
alternative proof for a required lower bound of ¢; as follows. Since ¢; is smooth and strictly
positive in Q and ¢; = 0 on 4Q, by the Hopf’s lemma, the outward normal derivative of ¢; on 0Q
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is strictly negative, implying that @1 (x) = Madist(x,0Q) in Qg, := {x € Q : dist(x,0Q) < dy}, for a
small d»> > 0 and a positive constant M, depending on dp,

191z ;) and  min O |-

Asa consequence,

_ ¢1(2) > min {Mg,—. Ll }>0.
zeQ dist(z,00Q) o0, diam(Q)

Along with (26), we arrive at (30) with

1 . ¥1
M™ =—-M; min {My, ——— .
Q\Qy, diam(Q)

By (29) and (30), we have
0<®d,(2) < exp (—M*Al_%dist(z,aﬂ)), Vzeq.

That is,
0< (%) <exp (—M*/l_gdist (x, am)) . forall x € Q0. @31)
Similarly, by (4), (24) and the fact that 0 < ¢4 < 1 on the boundary, we also have

0=y (x) <exp (—M*/l_gdist (x, OQA)) , forallxeQ,. (32)
Estimates (31) and (32) play a crucial role in the proof of Theorem 3.

Remark 7. An alternative proof of (31) and (32) can be found in [11, Proposition 2]; see also [11,
(2.30)].

3. Proofs of the main results

3.1. Proof of Proposition 2

Proof. For the sake of simplicity, we let By; = b; + fQ/1 8i(»up(y)dy and By, = b, + fQA g ()
uy (y)dy. By (3) and (10), we have

Byi=bi+ f & (1) (Baia(») + Baowa(1))dy,

n (33)

Bjo=bo+ fQ 8o () (Ba,ipa(y) + Baowa(»))dy,
A

which is equivalent to

(F = R))

B/l,l] _ [bl ’ 34)
Bl,o bo
where .# and %) have been defined by (12).

Accordingly, the existence, uniqueness, and multiplicity of the solutions to (2)-(3) are deter-
mined by that of (B) j, By o) to (34). If det (% — %,) # 0, then by applying Cramer’s rule to (34), we
get a unique solution

Bri=det((# - ' 6y,),  Bro=det((F -1 Ey,), (35)

where €y, and 6, have been defined by (13). Thus, det(# — %,) # 0 implies that (2)—(3) has
a unique solution u, satisfying (11). This completes the proof of (i). Similarly, we can prove (ii)
and (iii) and complete the proof of Proposition 2. d

The following corollary is a direct application of Proposition 2.
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Corollary 8. Under the same assumptions as in Proposition 2, we assume that A > 0 satisfies

fQ (& +]gw])dy < 1. 36)
A
Then, det(# — Z%,) > 0. In particular, equation (2)—(3) has a unique solution u, satisfying (11).

Proof. By (12), we have

det(.f - %) = (1—[ gi(y)du(y)dy) (l—f go(Vwa(y)dy
Q) Q) 37)

—f gi(y)W(y)dJ/f 8o(MPa(y)dy.
Q, Q,

Let fQ/l lgi(»|dy = Ay and fm |80(1)|dy = Aj . Then, by (36), we have Ay ; + Aj o, < 1. Because

0<pr,pr<1,¢r#landyy #1inQy, we have [y I8P dy < Aps, fo, I8 MIwa()dy <
Apis Jo, 18WIPa(y)dy < Aro and [y, 18WMIYa(y)dy < Apo. Thus, 1- [o &()a(y)dy >
1-Apiz0and1- [, & (Ya(y)dy >1- Aye = 0. Along with (37), we arrive at

det (£ —-%,) > (1 - A?L,i) (1 - A/L,o) - A/l,iA/l,o =1- A)L,i — A)L,o >0,
implying that . — 2, is invertible. Along with Proposition 2 (i), we obtain the uniqueness of the

solution u, of (2)-(3) when (36) holds. Therefore, the proof of Corollary 8 is complete. O

Finally, let us consider the case that g; and g, are non-negative. Applying the technique of the
maximum principle, we have the following result.

Corollary 9. Under the same assumptions as in Proposition 2, we assume that both g; and g, are
non-negative, and A > 0 satisfies

f gi(ydy<1 and f go(dy<1. (38)
Q) Q)

Then, one of the following statements holds:
(S1) det(.# —)) # 0 and (2)—(3) has a unique solution;
(S2) det(# — %)) =0 and (2)—(3) has no solution.

Proof. We fix A > 0 satisfying (38). First, we prove that the equation (2)-(3) has at most one
solution. Suppose by contradiction that (2)-(3) has at least two distinct solutions U; and Us. For
U := U; — Uy, we have

“AUX)+3(x)- VU@ +h(x)U(x) =0 in Q, (39
where U is subject to the integral-type boundary conditions
U= [ gIUMAy, el {izize o)
A

(40)
U(x)=fQ oUW Ay, x€Tl):=4{Az:2€0Q0u}.
A

To obtain a contradiction, we consider two situations without loss of generality.
(Case 1) U attains both its maximum and minimum values at the boundary points. Since g; and
8o are both non-negative, by (38) and (40), one immediately obtains

maxU <0 <minU.
Q) Q,

Hence, U =0, implying that U; = U, a contradiction.
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(Case 2) U attains its maximum value at an interior point x; and its minimum value on the
boundary. Then, by (4) and (39), we have rréaxU = U(x;) < 0. On the other hand,
A

minU =0
Qy

holds trivially due to (38). This also implies U; = U, and leads to a contradiction.

Hence, by (Case 1)-(Case 2), equations (2)—(3) has at most one solution. Furthermore, if A > 0
satisfies det(.# — %) # 0, then by Proposition 2 (i), equation (2)-(3) has a unique solution, i.e. (S1)
holds. If A > 0 satisfies det(.# — %)) = 0, then by Proposition 2 (iii), there holds det%y, # 0,
and the equation (2)—(3) has no solution, i.e., (S2) holds. Therefore, the proof of Corollary 9 is
completed. U

3.2. Proof of Theorem 3

Proof. First, we show that there exists 1, > 0 such that det(.¥ —2,) > 0 for A € (0,1.). Recall
Q:= Qout \ Qin. One can check that

f(lgi(y)|+|go(y>|)dy=le _ (&2 +|go(12)|) dz
Q/l Qout\Qin (41)
1
R — Az1N (| g (A 12)|)dz.
<(dist(0,aﬂin))Nfom\:| A (g2 + |soA2)]) dz

Here we have verified 0 < dist(0,0Q;,) < min |z| since 0 € Q;,. Note also that
2€ Qout\Qn

lim max |[Az|=0
AﬂoJrZEQout\Qin

since Qout \Q_in is a bounded domain. Thus, by (7) and (41), we have
li 0 + dy=0,
dm ) (lei|+]go ) dy
asserting that there exists A. > 0 such that (36) holds for A € (0,1.). Then, by Corollary 8, we

obtain det(.¥ —%,) >0for A1 € (0,1.).
On the other hand, by (31)-(32), one may check that, as 1 > 1,

U g dy S@X|gi|(f exp(—M*/l‘%dist(y,BQA)) dJ’)
Q, O 2 (42)

S)LNmag|gi(/1z)| (f exp (—M*Al_gdist(z,aﬂ)) dz).
zeQ Q

Furthermore, we carefully deal with the last term of (42). In order to achieve a more refined
estimate, we set a constant 7 € (0,1 — g) independent of A such that as A > 0 is sufficiently large,
the subdomain

Q} - :={ze€Q: dist(z,00) > 17"}

is nonempty, and each interior point of Q\ Q% _, has a unique nearest point on 0Q. Note that
OQ:{,T is smooth and

max_exp (—M*/llfgdist (z, OQ)) <exp (—M*)Llfgq).

z€ Q;,T
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Utilizing the coarea formula (cf. [7, Theorems 3.10 and 3.14]), one may check that, as 1 > 1,

f exp(—M*Al—%dist(z,am)dz
0
AT .
:f exp (—M*)Ll_? t) JL”N_I({Z € Q: dist(z,0Qi) = 1}) d¢
0
AT .
+f exp (—M*Al_E t) JfN_l({z € Q: dist(z,0Q0u) = 1})dt
)
.
Q
AT

<2(AN 1 (3Qun) + 72N ! (‘mout))fo exp(-M*A1 " ¢)di

exp (—M*/ll_gdist (2, aQ)) dz (43)

*
A~ T

+ 7N (Q) exp (—M*/’Ll_g_r)
Az N-1 N xql-K—7 X1
= e (A7 (0Qin) + A7 (0Qou)) + 7 (Q) eXp(—M A2 )5 CsAz 7,
where 79 represents the d-dimensional Hausdorff measure on RV, and Cj is a positive constant
independent of A. Since 0 < 177 « 1, in (43) we have used

exp (—M*/ll_g_r) <Az
(as A > 1), and the fact that
70N ({zeQ: dist(z,0Qu) = t}) = 22V (0Qin)
and
AN ({2 € Q: dist(z,0Q0u) = 1}) = 2277 (0Q0u0)

as0< t < 17" « 1. Hence, by (7) and (42)-(43), one arrives at

N+k=2 A— o0
f g&(Pr(y)dy| = CAY* 7 max|gi(Az)| —= 0. (44)
Q) zeQ

Similarly, we can obtain

f oy dy, f gy dy, f o (NP dy 2= 0. (45)
Q) Q) Q)

As a consequence, by (12)-(13), (37) and (44)-(45), we have

A— o0 A—o00

det (. — %,) 1, det@y, 222 by, det%,,

Therefore, by (33) and (46), there exists a sufficiently large number A* such that det(.# —%,) >0
for A € (1*,00). Consequently,

bo. (46)

det(#—-%))>0 as A€ (0,4.)U(A",00). @47

By (47) and Proposition 2 (i), we obtain the uniqueness of solutions to (2)-(3) with A € (0,A,) U
(A%, 00).

It remains to prove (14). By (35) and (46), we have | By i| +|B) ol < 2(b; + b,) for sufficiently large
A>0.On the other hand, as A > 1, by (11) and (31)-(32), we arrive at an interior estimate of u,:

lup (0] < |Bai| pa(x0) +|Bao|wa(x) < (|Bai| + |B,1,0|)exp(—M*)L‘gdist(x,aQ,l)), YV xeQy.

Therefore, we obtain (14) with C* = 2(b; + b,) and complete the proof of Theorem 3. O
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Figure 2. The dark grey region shows a domain D := Qy \ U < ¢ <, Q with many boundary
components I';’s, where I'; := 0Q;, j = 0,1,...,m. Here, Qp and Qj € Qg are bounded
smooth domains in RY, N > 2, and all Q}’s are disjoint to each other. Furthermore, we
assume 0 ¢ D. The corresponding expanding domain is defined by D, := {1z : z € D} with
m+ 1 boundary components I'y ;’s.

4. A uniqueness result in the expanding domain with many boundary components

Let Dy be a bounded domain with m + 1 smooth boundary components I';’s, j =0,1,..., m. For
the definitions of Dy and ' ;’s, we refer the readers to the caption of Figure 2. Note that d and h
are well-defined in D) since 0 ¢ D, . It suffices to consider the equation

—Avy(x)+a(x)-Va(x) + h(x)vp(x) =0 in Dy, (48)

with the integral-type boundary conditions
v,l(x)zbj+fD gimnydy, xelyj:={Az:zel;}, j=0,1,...,m, (49)
A

where bj e R and g; € CRN\ {0};R) are independent of A. Here, we will focus primarily on the
uniqueness problem of (48)-(49).

Because there are m + 1 boundary components F;L,j’s, for eachn e {0,1,...,m}, let drn be the
unique solution of the equation

=APppy(xX) +3(xX) - Vppn(x) + h(X)ppry(x) =0 in Dy,
Prn(x)=1, xely,, Prn(x)=0, xely; (G#n.

Owing to (4), Py, and ¢ A, are linearly independent (n; # 12). Hence, each solution v, of (48)—
(49) (if it exists) is a linear combination of all ¢, ,’s with the coefficients determined by (49).
Therefore, we can apply a similar argument as in the proofs of Proposition 2 and Theorem 3 to
arrive at the following result.

(50)

Theorem 10. Assume that b;’s, j = 0,1,..., m, are constants independent of A, h € C*RN;R)
and 3 € CE(RN;RN) satisfying (4). Let g; € C(RY;R) satisfy (7) with g = g;. Then, there hold the
followings:

(i) Equation (48)—(49) has a unique solution if and only if A > 0 satisfies
det (jm+1 _(eg/'[) # O)
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where Fp, 11 is the (m + 1) x (m + 1) identity matrix, and
G =[Cij] metyxemeny  With Gaij =fID gi-1(NPr 1 dy, i,jell, ..., m+1}.
A

(i) There exist A, and A* with0 < L. < A* such that for A € 0,1,) U(A*,00), (48)—(49) has a
unique solution vy satisfying

m
vAx) =) cypay(x),
n=0

where bry is the unique solution of (50), and

Co by
c by
= (Im+1 _gl)_l
Cm bm

Proof. The proof of (i) follows the same argument as in the proof of Proposition 2 (i). We omit the
detail here because of its simplicity.

Now we state the proof of (ii). Applying a similar argument as (31) to (50), we can establish the
following estimate for each ¢ ;:

0<¢y,(x) <exp (—M* A~ 2 dist (x, OIDA)) , forallxeD,. (51

Moreover, by (7) with g = g;_; and (51) with ) = j — 1, we can use the same arguments as (42)—(43)
to obtain lim) .o, Gy,;; = 0. As a consequence, we arrive at lim) _. .o det(F,+1 — %) = 1. On the
other hand, since 0 < ¢) ;, <1inD, and g; satisfies (7) with g = g; near z = 0, one can follow the
same argument as (41) to obtain hm;L_,oJr Gy,ij =0 which 1mp11es limy _ o4 det(ﬂmﬂ - 92,1) =1.
Consequently, there exist A, and 1* with 0 < 1, < 1* such that for A € (0,1,) U (A1*,00),
det(Fn+1 — Z%,) # 0 holds. Along with (i), we obtain the uniqueness result of (48)-(49) and
complete the proof of Theorem 10. O

5. Concluding remarks and future plans

For equation (2)—(3) in the domain Q) defined by (1), let us consider the set
={1>0:det(F -%,) =0},

where .# and %, are defined by (12). Generally, G is non-empty because Example 1 is the case.
Proposition 2 provide a basic understanding that equation (2)-(3) has a unique solution (satis-
fying (11)) if and only if 1 € R>%\ &. Furthermore, Theorem 3 shows that under assumptions (4)
and (7), G is contained in a bounded interval [1., A*]. For the general case when the domain Q} is
replaced with a bounded smooth domain D, with many boundary components, the correspond-
ing uniqueness result is stated by Theorem 10. To the best of our knowledge, these results may
contribute to the first understanding of the roles of domain size on the existence and uniqueness
of the equation (2)—(3).

We shall emphasise that for 1; € S, (2)-(3) has infinitely many solutions if det 6y e = 0, and
has no solution if det‘tﬁws # 0 (cf. Proposition 2 (ii)—(iii)). Therefore, examining the number of
elements in & plays a crucial role in the uniqueness of equation (2)-(3). Under assumptions (4)
and (7), we conjecture that G only has finitely many elements since Example 1 provides relevant
evidence on this conjecture. The rigorous proof is a great challenge.

On the other hand, even if we consider only the annular domain in Example 1, a closer
observation of equation (6) shows that A* is influenced by the domain geometry. Thus, it is
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expected that for the domain Q := Qg \ Qi, with non-constant boundary mean curvature, the
roots of equation det(.¥ — %)) = 0 may depend on the geometries of Q;, and Q. A question
naturally arises at this point:

“«

ow to identify the effect of the geometries of Qin, and Qo on the roots of
det(.# — #,) =0 more precisely?”

Furthermore, as shown in Examples 1 and 6, it is expected that, for an equation in a bounded
domain with the integral-type boundary conditions, the relationship between the domain capac-
ity and the boundary condition may affect the uniqueness result of the solutions, which will be
our future research directions.

Appendix A. Proof of (22)

In this section, we state the proof of (22) for the sake of clarity. By (19) with Cy =

5e
2m(2sinl+cos1)
and (21), one may check via simple calculations that

—2A+1
1
det(¥F -%,) =— 1- cosl—cosA+—(2sinA+cosA
( » el —e24+1 2sinl+cos1 5( ))]
2e 242 (5in1-2cos1—sinA +2cos)
(1—e2M2) (2sin1+cos1)
4/5e72M2 1+1-20p . 1-A .2
=- - cos sin , where 6 = arcsin —.
(1-e=24+2)(2sin1+cos1) 2 2 NG
Here we employed some trigonometric identities to obtain (sinl —2cos1) — (sinA —2cosA) =
N TEpPa _ 144-260 .: 1-A 4./5e”2A+2
V/5(sin(1—6p) —sin(A—6p)) = 2v/5cos > sin -5*. Note that A > 1 and 122 @Zsin 13003 D) £0.

Thus, we have

1+1-26p . 1-A
sin .

det(F —-2%3)=0
et( 2) < cos 5 5

0,

which immediately implies (22), as desired.

Acknowledgement

The authors would like to thank the anonymous referee and the editor who pointed out the im-
portance of the domain capacity and made insightful suggestions that contributed to enhancing
the overall quality of the original manuscript.

References

[1] M. Berdau, G. G. Yelenin, A. Karpowicz, M. Ehsasi, K. Christmann, J. H. Block, “Macroscopic and mesoscopic
characterization of a bistable reaction system: CO oxidation on Pt(111) surface”, J. Chem. Phys. 110 (1999), no. 23,
p. 11551-11573.

[2] L. V. Berlyand, P. Mironescu, “Ginzburg-Landau minimizers with prescribed degrees. Capacity of the domain and
emergence of vortices”, J. Funct. Anal. 239 (2006), no. 1, p. 76-99.

[3] A. Boucherif, “Second-order boundary value problems with integral boundary conditions”, Nonlinear Analysis 70
(2009), p. 364-371.

[4] M. Cakir, G. M. Amiraliyev, “A finite difference method for the singularly perturbed problem with non-local boundary
condition”, Appl. Math. Comput. 160 (2005), p. 539-549.

[5] M. Cakir, D. Arslan, “A new numerical approach for a singularly perturbed problem with two integral boundary
conditions”, Comput. Appl. Math. 40 (2021), no. 6, article no. 189 (17 pages).

[6] E.B.Davies, “The equivalence of certain heat kernel and Green function bounds”, J. Funct. Anal. 71 (1987), p. 88-103.

[7] L. C. Evans, R. E Gariepy, Measure theory and fine properties of functions, 2nd revised ed., Textbooks in Mathematics,
CRC Press, 2015.



206 Chiun-Chang Lee, Masashi Mizuno and Sang-Hyuck Moon

[8] M. Feng, “Existence of symmetric positive solutions for a boundary value problem with integral boundary condi-
tions”, Appl. Math. Lett. 24 (2011), no. 8, p. 1419-1427.
[9] A. Friedman, “Monotonic decay of solutions of parabolic equations with non-local boundary conditions”, Q. Appl.

Math. 44 (1986), p. 401-407.

[10] D. Gilbarg, N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, Classics in Mathematics, Springer,
2001.

[11] C.-C. Lee, “Asymptotic analysis of charge conserving Poisson-Boltzmann equations with variable dielectric coeffi-
cients”, Discrete Contin. Dyn. Syst. 36 (2016), no. 6, p. 3251-3276.

, “Nontrivial boundary structure in a Neumann problem on balls with radii tending to infinity”, Ann. Mat.
Pura Appl. 199 (2020), no. 3, p. 1123-1146.

[13] L. Liu, X. Hao, Y. Wu, “Positive solutions for singular second order differential equations with integral boundary
conditions”, Math. Comput. Modelling 57 (2013), no. 3-4, p. 836-847.

[14] V. G. Maz'ya, Sobolev Spaces, Springer, 1985.

[15] A. Saadatmandi, M. Dehghan, “Numerical solution of the one-dimensional wave equation with an integral condi-
tion”, Numer. Methods Partial Differ. Equations 23 (2007), no. 2, p. 282-292.

[16] T. P. Schulze, M. G. Worster, “Weak convection, liquid inclusions and the formation of chimneys in mushy layers”,
J. Fluid Mech. 388 (1999), p. 197-215.

[17] R. P. Sperb, “Optimal bounds in semilinear elliptic problems with nonlinear boundary conditions”, Z. Angew. Math.
Phys. 44 (1993), no. 4, p. 639-653.

[18] P.J.Zuk, M. Kochariczyk, J. Jaruszewicz, W. Bednorz, T. Lipniacki, “Dynamics of a stochastic spatially extended system
predicted by comparing deterministic and stochastic attractors of the corresponding birth-death process”, Phys.
Biol. 9 (2012), no. 5, article no. 055002 (12 pages).

[12]



	1. Introduction and the statement of the main results
	1.1. The main result
	1.2. An example contrasting to Theorem 3

	2. Preliminary estimates of phl and psl
	3. Proofs of the main results
	3.1. Proof of Proposition 2
	3.2. Proof of Theorem 3

	4. A uniqueness result in the expanding domain with many boundary components
	5. Concluding remarks and future plans
	Appendix A. Proof of (22)
	Acknowledgement

	References

