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1. Introduction

Let us consider a Cauchy problem of a dispersive equation in R"+!
i0iu + ®(D)u =0,
u(0) = f,

where ®(D) is the corresponding Fourier multiplier to the function ®. We assume that ® € C°(R" \ {0})
is a real-valued function satisfying the following conditions:

(1.1)

Condition 1.1.

o [VB(E)| 0 for all € £ 0.
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o There is a constant p > 1 such that p=! < |®(¢)| < p for any € with [¢] = 1.
o There is a constant m > 1 such that ®(A\) = A™®(£) for all A > 0 and all £ # 0.
o The Hessian Hg(€) of @ has rank at least 1 for all £ # 0.

The solution u to (1.1) becomes the Schrodinger operator e~ #A f if ®(¢) = |¢|? and the wave operator
VAL B(E) = |€]. When ®(€) = [€]™ for m > 1, the solution is called the fractional Schrédinger
operator et(V=2)""" ¢,

Let ¢?®(P) f denote the solution to (1.1). Our interest is to find suitable pairs (¢,r) which satisfy the
global space-time estimate

||€itq>(D)f||Lg(R";L;(R)) < Ol fll s mnys (1.2)

where H $(R™) denotes the homogeneous L? Sobolev space of order s. By scaling invariance the regularity
s = s(r, q) should be defined as

s=n(§—1)——. (1.3)

This problem for g = 1 has been studied by many researchers. For the Schrédinger operator, Planchon
[15] conjectured that the estimate (1.2) is valid if and only if » > 2 and "T‘H + 1 < 2. Kenig-Ponce-Vega
[11] showed the conjecture is true for n = 1. In higher dimensions n > 2 it was proven by Vega [22] that
(1.2) holds for ¢ > w and ”TH 4+ 1 < 2 When n = 2 Rogers [16] showed it for 2 < r < o0, ¢ > 2
and 2 + % < 1, and later the excluded endline 2 + % = 1 was obtained by Lee—Rogers—Vargas [12]. When

n > 3, Lee—Rogers—Vargas [12] improved the previous known result to r > 2, ¢ > 2(:7:13) and "TH + % = 3.
Recently it is shown by Du-Kim-Wang—Zhang [6] that the estimate (1.2) with r = oo, that is, the maximal
estimate fails for n > 3. For a case of the wave operator it is known that (1.2) holds for (r,¢) pairs such

that 2 < r < g, ¢ # oo and L + %1 < 221 (gee [9,10,14,19]) or such that ¢ = oo and 2 < 7 < oo (see

2q
[7, Proposition 4]). Particularly, when r = oo, Rogers—Villarroya [17] showed that (1.2) with regularity
s>n(— %) — L is valid for ¢ > % For the fractional Schrodinger operator the known range of (r, q)

for which the estimates hold is that 2 <r < ¢, ¢ # oo and % + % < 7 (see [1,2,4,13,21]).
The case of p > 1 has an interesting in its own right. The solution u is formally written as

ut,x) = "0 f(2) = <2i)n / T f(g)de.
Rn

From this form we see that the space-time Fourier transform of w is supported in the surface S = {(&, ®(£))}.
It is known that the operator w is related to the curvature of S such as the sign of Gaussian curvature and
the number of nonvanishing principle curvature. The Schrédinger operator corresponds to a paraboloid
which has a positive Gaussian curvature, and the wave operator corresponds to a cone whose Gaussian
curvature is zero. We are also interested in operators corresponding to a surface with negative Gaussian
curvature. When p > 1 there is a surface with negative Gaussian curvature. For instance, the surface
{(&1, &2, &4 + 26565 — 26,65 + £3)} has negative Gaussian curvature on a neighborhood of the point (1,0, 1).
In this paper we will establish a local-to-global approach as follows.

Theorem 1.2. Let T = (0,1) be a unit interval and B = B(0,1) a unit ball in R™. Let qo,79 € [2,00), s(r,q)
defined as (1.3) and ® satisfy Condition 1.1. Suppose that the local estimate

||eitq>(D)f||Lgo(]B;L;'O(I[)) < Ce“.f”Hs(To»tZOHE(R") (14)
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holds for all € > 0. Then for any qo < q < 00 and ro < r < o0, the global estimate

€D £ g mnspR)) < ClIfl grscra ) (1.5)

holds, where H®*(R™) denotes the inhomogeneous L?-Sobolev space of order s and H*(R™) denotes homoge-
neous one.

The maximal estimate, which is (1.4) with rq = oo, is related to pointwise convergence problems. When
n = 2 it was proven that the maximal estimates with m > 1 and p = 1 are valid for go = 3 and s > % (see
[3,5]). By interpolating with a Strichartz estimate

1€ P) £l 1o @ oy < 1€ Fllpa e, ramy)
< e fllLarizs r2))

< Clfll 2 gy < Oy 2

(R2)’

we have (1.5) for the line % + 1 =1 with r > 4. The case of 2 < r < 4 follows from [22] (see also [12]). By
Theorem 1.2, we can obtain the following global space-time estimates which is the Planchon conjecture for
n = 2 except the endline.

Corollary 1.3. Let m > 1 and p=1. For 2 <r < oo and % + % < 1, the global estimate

it®(D
He ( )f||L%(R2;L;(R)) < C”fllﬂl‘%‘%a[@)'

Notation. Throughout this paper let C' > 0 denote various constants that vary from line to line, which
possibly depend on n, ¢, r, m and pu. We use A < B to denote A < CB, and if A < B and B < A we denote
by A~ B.

2. Proof of Theorem 1.2

In this section we prove Theorem 1.2 by using two propositions. In subsection 2.1 we consider a
Littlewood—Paley type inequality by which the initial data f can be assumed to be Fourier supported
in {1/2 < |¢| < 2}. In subsection 2.2 we prove a mixed norm version of Tao’s e-removable lemma by which
the global estimates with a compact Fourier support are reduced to local ones. In subsection 2.3 we show
the two propositions imply Theorem 1.2.

2.1. A Littlewood-Paley type inequality

We discuss a Littlewood-Paley type inequality for the operator e**®(P) in a time variable.

Let a cut-off function ¢ € C§°([35,2]) satisfy Y, .z ¢(27%z) =1 for © # 0. We define Littlewood-Paley

projection operators P, and Py by

PoF(©) = 62 MeDF(©) and Prg(r) = (2~ I7))3(r)

for £ € R™ and 7 € R, respectively.
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Lemma 2.1. Suppose that ® satisfies Condition 1.1. Then for 1 <r < oo,

( Z |]3;eitq>(D)Pkf(x)|2)l/2‘

J,kEZ:
[k—j| <0828 4o

||6itq)(D)f($)|

< Om L

Li®) Li(R)

for all Schwartz functions f € S(R™) and all z € R™\ {0}.
Proof. For simplicity,
F(t) =P f(z) and  Fi(t) := P Py f(x).

Since the projection operators are linear, we have an identity

=Y PiF(t)=3_) PiF(t)

JEZL JEZ kEZL

We claim that EFk (t)y=0if

I
‘k_j|>w
m

+2. (2.1)

Indeed, the Fourier transform fof a Schwartz function f may be written as

firy = Jim oo [ o () £
R

where ¢ € C§°([—2,2]) with ¢ =1 in [—1,1]. Using this equation we have

A= ol ) f ([0 Gl e
R

R~

In the right side of the above equation, we see that the range of (7, &) is contained in
om(i=1) < 7| < om(+1)  apd 201 < €] < o(k+1)
From Condition 1.1 we have a bound
pTt2m D < [ (g)] < p2m Y,
Then it follows that for k£ and j satisfying (2.1),
|7+ ®(&)] > 0.

By the integration by parts it implies that there exists a constant Cy > 0 such that
it 1t<I>
at| <
’/ ) - C()R

From this estimate and the Lebesgue dominated convergence theorem we obtain IAD;Fk = 0, which implies
the claim.
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By the claim, the Littlewood-Paley theory and the Cauchy-Schwarz inequality,

LY(R) — Hjezzfpvj(keZZFk("x))’ L (R)
<] ¥ Enea)”

JEL  ReZ:|k—j|< B2t 4o

Scm,uH(Z Z ‘HFIC<’$)|2)

JEL keZ:|k—j|<leB2u o

||eit<I>(D)f(x)|

L (R)

1/2’

Li(R)

This is the desired inequality. O
Using the above lemma we can have the following proposition.
Proposition 2.2. Let 2 < g, < 0o. Suppose that ® satisfies Condition 1.1. If the estimate
1€ £l L sy )y < ClLfNlz2 ) (2.2)
holds for all f with supp f C {1/2 < |¢| < 2}, then the estimate
1€ fll s @nizr@y) < Comll Fll 522 gy
holds for all f.

Proof. The Minkowski inequality and Lemma 2.1 allow that

N 5 1/2
itd(D itd(D
e )fHLg(Rn;L;-(R)) < G ( Z ‘Pj(e ( )Pkf)’ . ) :
, Li(R) Le(R"
ol < 10822 4o =(R")
Since E is bounded in LP, it is bounded by
4 ) 1/2
Cons (S 16O P, .
keZ Li(Rm)

By the Minkowski inequality we thus have

| | 1/2
1) £ g sy ey < cm,u(Z Hem(D)Pkﬂ{iz(Rn;L;(R») :

keZ

Apply (2.2) to the right side of the above estimate after rescaling. Then we obtain

1/2
e Ly @25 @) < O ( D, Q%(TTT)lPkfl%)
keZ

:Cm,/l.Hf”H%*%*%(Rn) u
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2.2. Local-to-global arguments

We will show that the global estimate (2.2) is obtained from its local estimate. Adopting the arguments
in [20], we consider the dual estimate of (2.2).

Let S = {(£,®(§)) € R* xR : 1/2 < |¢] < 2} be a compact hypersurface with the induced (singular)
Lebesgue measure do. We define the Fourier restriction operator R for a compact surface S by the restriction
of fto S, ie.,

Its adjoint operator R*f = ]TC%' can be written as e**®(P) g with

(&) == f(&,®(£)) 2 (8),

where Jg is the Jacobian determinant of ®.
Let p > 0 be the decay of do, i.e.,

ldo(z)| < (1+|z))™",  xeR". (2.3)

It is known that p is determined by the number of nonzero principal curvatures of the surface S, which is
equal to the rank of the Hessian Hg. Specifically, if Hg has rank at least k& then

p=k/2,

see [18, subsection 5.8, VIII]. From Condition 1.1 we have k > 1.

When a function f has a compact Fourier support, the ]@ decays away from the support of f because
of the decay of do. Thus if f and g are compactly Fourier supported and their supports are far away from
each other then the interaction between f/d; and gd/\a is negligible.

Definition 2.3. A finite collection {Q(z;, R)}, of balls in R"*! with radius R > 0 is called (N, R)-sparse
if the centers {z;} are (NR)?-separated where v :=n/p (> 2).

From the definition of (N, R)-sparse we have a kind of orthogonality as follows. Let ¢ be a radial Schwartz
function such that ¢ > 0 on the ball B(0,61), ¢ > 1/2 on the unit ball B(0, 1), and the Fourier transform

PN

¢ is supported in the ball B(0,d) where 0 < < 1 is a constant.

Lemma 2.4 (/20, in the proof of Lemma 3.2]). Let {Q(z;, R)}Y.; be a (N, R)-sparse collection for R > 1 and
$i(2) = (R~ (z — 2;)) fori=1,--- N. Then there is a constant C independent of N such that

N . N 1/2
[ S siedil], < cr2 (3 0003) (2.4
=1 =1

for all f; € LA*(R"T1).

A proof of the above lemma is given in Appendix A.
Let Igr = (0, R) denote an R-interval and By the ball of radius R centered at the origin in R™. Using
Lemma 2.4 we have an intermediate result.
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Proposition 2.5. Let R > 1 and 1 < q,r < 2. Suppose that there is a constant A(R) such that

IR(X1xxBr)IL2(d0) < AR fllLe®r sy (R)) (2.5)

for all f € LI(R™; L} (R)). Then for any (N, R)-sparse collection {Q(z;, R)}., there is a constant C
independent of N such that

RSN 22(d0) < CAR)f | g rr; L7 (R)) (2.6)
for all f supported in UN.,Q(z;, R).
Proof. Let f; = fxq(z;,r)- Then,
Rfi = filg = Fibilg = (i x 0|5,

where ¢;(z) is defined as in Lemma 2.4. Since ®; is supported on the ball B(0, 3 R) we may restrict the
support of f; to a O(1/R)-neighborhood of the surface S and write

Rf; = (/i )+ 90|

where NV ,z(S) is a O(1/R)-neighborhood of the surface S. Let 9 be another restriction operator defined
by Rf = f|N1/R . If f is supported in UY,Q(z;, R), we write

N
Rf =Y (Rfixdi)lg
=1
By Lemma 2.4,
N 1/2
19811 2(am) < CRY2 (S IR iy )
i=1

Since the estimate (2.5) is translation invariant, by a slice argument we have

”fkfiHL?(Nl/R(S)) < CRTV2AR)| fill pa ey (R))-

By combining the previous two estimates,

N 1/2
RSl L2 (do) < CA(R)<Z ||fz‘||2Lg(Rn;L;(R))) :

i=1

If 1 <r<q<2then by " C (9 C (2,
o 1/2 N 1
(S qearmn) < (Ml lmszan)
N Y
([ X180 myr) ™

Rn =1
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< ([ () aa) "

Rn =1

= [[flze®n;Lr®))-

If 1 < ¢ <r <2 one can use the embedding ¢" C ¢? and the Minkowski inequality to get
N 1/2 N 1/r
2 T
(Z HfiHLg(Rn;L;(R))) < (Z ||f¢||Lz<R";L:<R>>)
i=1 i=1

< (/ (i||fi||2:(R))q/Td$)1/q

Bn =1

= | fllLe@n;or®))-
Therefore we have (2.6). O

We now extend the (N, R)-sparse sets to the whole space. For this we need the following decomposition
lemma.

Lemma 2.6 (/20]). Let E be a subset in R™ with |E| > 1. Suppose that E is a finite union of finitely
overlapping cubes of side-length ¢ ~ 1. Then for each K € N, there are subsets E1, FEo,--- , Ex of E with

FE =

Cx

Ly

k=1

such that each By has O(|E|Y%) number of (O(|E|), |E\O(7k71))—sparse collections
Sla SQa e aSO(|E|1/K)
of which the union S US,U---U SO(lEll/K) is a covering of Ey.

This lemma is a precise version of Lemma 3.3 in [20]. A detailed proof can be found in Appendix A.
Using the above lemma we have the following proposition.

Proposition 2.7. Let 1 < qo,r9 < o0. Suppose that for any ¢ > 0 and any (N, R)-sparse collection
{Q(z;, R}, in R, the estimate

RS L2(do) < CeRE|| fl oo ;170 (RY) (2.7)
holds for all f supported in UN,Q(z;, R). Then for any 1 < q < qo and 1 <r < 1y, the estimate
RSl 240y < Cllflla®nsnr®))
holds for all f € LL(R™; L7 (R)).

Proof. By interpolation (see [8]), it suffices to show that for 1 < g < gg and 1 < r < rq, the restricted type
estimate

RxElL2o) < ClixellLa®e:Lr®) (2.8)
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for all subset E in R"™!. We may assume |E| > 1, otherwise the estimate is trivial. Indeed,
[BRxellL20) < ClIRXElL=(s) < CIE] < C.

Since the set S is compact, there is a bump function ¢ € C§° supported in a cube of sidelength 2¢ ~ 1
and centered at the origin such that ¢ is positive on a cube of sidelength (2c)~! that contains S. By the
Poisson summation formula we may assume that >, _ 7.1 @(- — k) = 1.

Let c-lattice cubes {Ag} cover the set E. We claim that if the estimate

Hm(z XAk)||L2(dU) < CH ZXAk
k k

La(R";L"(R))

holds for any 1 < ¢ < gop and 1 < r < rg, then we have (2.8). By interpolation the above estimate implies
that forany 1 < ¢ < qp and 1 <7 < rg,

N ol <] |
| (zk:akXAk)HL?(d ) < Xk:akXAk e

for all real sequences {ay}. Let ¢ be a translation of ¢ which is supported in 2A. Since ¢y decays rapidly
away from Ay, the above inequality implies

IR arer)llz2o) < CH ZakQOk’ o (2.9)
k k

La(R™;L7(R))

where N > 1 is a large number.
By replacing xg with »°, Xk,

R . <CH X5 * ¢ ‘ ‘ '
IRxElL2(d0) < Zk:XE Pk L2(do)

Using ||f||OO < C|fllx we have

IXE * ¢r(2)| < C/XESDk~
Since ﬁ@k is a positive Schwartz function and ﬁ‘ﬁ’f <1 on S, we have that for any z € 5,

(XE * ¢r(2)] < Carpr(z),
where

o/
Ak = 77 | XEPk-
AVY v

Thus,

L2(do)

Foelia < C|| Y antnl |
[RxEllL2 () < ;ak@k <

Apply (2.9). Then,

c—N. (2.10)

N o <CH ‘
19X el L2 d0) < ;“W’“ Le(R™L7 (R))
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Since the supports of ¢y are finitely overlapped, we have

q/r 1/q
. dz)
Hzak%‘ La(Rn:L~(R)) (/ <Z||ak@k I (R)) x
1/q
< (X atllenlugnirmy) -
k

By Holder’s inequality,

1 / IXE®K| La@®n; - ®) 18| Lo (m7 L (R))
ap = T EPr < .
|A| k]l

By calculation we can see ||SDkHL11'(]Rn;Lr’(]R))||S0kHLq(]Rn;Lr(]R)) ~ ||¢kll1, and
ag|lokllLa@nor®y) < ClixeerllLe®n ;- ®))-

By inserting this estimate,

|3 ewed

1/q
La(R7"; LT(]R)) (Z ”XEW”LQ(R" LT(R))) :

Since the supports of ¢y are finitely overlapped, the above estimate is

< CH ZXESOI@‘
i

- C n.y,r .
Le@mLr () IXEllLa®n:Lr(R))

By combining this estimate with (2.10) we obtain (2.8). The claim is proved.

By the claim, the set F in (2.8) can be considered as the union of c-cubes Ay. We denote by proj(E) the
projection of E onto the z-plane. For each grid point x € ¢Z™ N proj(E), we define E, to be the union of
c-cubes in E that intersect R x {z}. Let E7 be the union of E, which satisfies

2771 < the number of ¢- cubes contained in E, < 291!

for j € N, (see Fig. 1). Then,

E= UE’

Jj=1
By using Lemma 2.6 with

K = 80/9)

2logy

)

the E7 is decomposed into E,i’s which are covered by O(|E7|/K) number of (O(|E’|), |Ej|07k_1))—sparse
collections. We apply (2.7) to these sparse collections and obtain

. . k=1,
198X 57 [l 22 (a0) < Co| B[ E(|B7|97 ) X L2 ®m:270 R))-

Summing over k, we have
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ExA

EJ

)
4

W Vv W
7
£
A4

d
(
)

27 <
D
O proj(E)
Rn

Fig. 1. The sets E, projFE, E, and E’ in the proof of Proposition 2.7.

/
(D
A4

0

K

18X Eill L2(do) < Z ||9%XE£||L2(¢10)
k=1

< ClB (B 1) sl oo
where K is absorbed into C.. Since |E7| < 27+ |proj (E7)|, we have
19081 | 200y < €270 D proj(B7)| w7+,
where

1
d(e) :== 7 + CyE e,

Since lim._, 6(€) = 0, we can take € > 0 such that

1 11 1
0<5<e>+€gmm<___,___).
q dqo T To

Thus,

IRXE L2 (d0) < Z I1RX i || L2 (do)

i1

3 40
i1

<3 27994 proj (BY)
izl

<CY 279 xellir @z r))
i1

< ClixellLe®n Ly ®r)- O

Combining Proposition 2.5 and Proposition 2.7 we obtain an extension of Tao’s epsilon removal lemma
as follows.
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Proposition 2.8. Let 1 < qo,r9 < 2. Suppose that
[R(X1pxBr )l L2(d0) < CeRE| fl 30 mn;170 (RY)
foralle >0, R>1 and all f € L (R™; L;°(R)). Then for any 1 < g < qp and 1 < r < rg,
IR flz2(a0) < CllfllLa®niLr®))
for all f € LY(R™; LT (R)).

Now we are ready to prove Theorem 1.2. The theorem follows from Proposition 2.2 and Proposition 2.8
as follows.

2.8. Proof of Theorem 1.2

Let Py be the Littlewood-Paley projection operator as in subsection 2.1. By rescaling x +— 27z and
t > 27™F¢ the estimate (1.4) implies

(| ®P) Py f| a0 B i L0 (Iymi)) = C2" || Pofll L2®
for all £ > 1 and € > 0. Since m > 1, we have

||6itq>(D)Pof||L_‘;0(BQk;L;‘O(]I2k)) < C2*||Pof | 2mn)-
By Proposition 2.8 and duality,

1€ P Po fl| oz ®yy < CllPoflL2®n)-

By Proposition 2.2, we obtain the desired estimate. O
Appendix A
A.1. Proof of Lemma 2.

We divide the left side of (2.4) into two parts

N _
15 fixdilslp = S s il + 3 [ fix bufydyo
i=1 i i#]

We may assume that N > 2 because if N = 1 then the estimate is trivial. By a basic restriction estimate
we have || f; % ¢i|sll2 < RY2||f;l2 (for details see [20,23]). Thus,

N N
lefi*¢i|$“% §RZ||fi||§~ (A1)
i=1 i=1

By Parseval’s identity,

/ﬁ%@*%w=/E&@@H@%
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where the “denotes the inverse Fourier transform. It is bounded by
(sup 165 ()01 (w)do (= = w)) If:6i * 11117565 -
By the Cauchy-Schwarz inequality and Plancherel’s theorem,
1fioi %Il < ROV 1l
By (2.3),
sup|6)/* ()¢ (w)do (2 — w)| < |2 — 2 — 2R| ™.
Since |z; — zj| > (NR)Y,v>2, N > 2 and R > 1,
|z —2z; —2R| > |z — zj| — 2R 2 |z — %;]/2.
Thus,
sup |65/ ()1 (w)do (= — w)| £ |z — 2] "
Combining these estimates we have
N
DY FETTETIES b DD DI PR TN A E
i#] i=1j€{1,2,...,N},ij

N
< RN max|z - 517 |1l
’ i=1

Since |z; — zj| > (NR)Y > N7 R%, it follows that
N

Z/fi * Qi fj* djdo RZ 11 £:ll3-

i#j i=1
From the above estimate and (A.1) we obtain (2.4). O
A.2. Proof of Lemma 2.6

Fix K € N. We define Ry = 1 and Ry for k =1,2,--- , K recursively by
Rp =|E|"R]_;. (A.2)

‘Yk+1
=

From this definition we have Ry = |E)| T, Let Fy = (). We define Ej for k = 1,2,---, K to be the set

of all z € E\ Uj=0,1,2,... k—1E; such that
|EN B(z, Ry)| < |E|FK. (A.3)

Then, F = Ule FE.. From this construction it follows that for x € Ey, k=2,3,--- , K,
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|E N Bla, Ry-1)| > | B[/, (A.4)

We cover Ej, with finitely overlapping Ry-balls Cg, := {B; = B(x;, Ri) : x; € Ey}. Since E is a finite
union of cubes of side-length ¢ ~ 1, it is obvious that #Cg, < |E|. For each B; € Cg, we cover Ej N B;
with finitely overlapping Ry_i-balls Cg,np, := {BZ{j = B'(yj, Ri—1) : yj € E, N B;}, that is,

ExnB;= |J ExnBj.
B’EjecEknBi
Since ((E'\ Ex) N Bj;) C ((E\ Ex) N B;) for all j, we have
(ExNBi)U((E\Ex)NB;)> | J (ExnBj;)U((E\Ex)NBy),
ngecEkﬁBi

thus

EnB> |J EnB

Bi{jecEknBi
By finitely overlapping,

\E N B

#CE NB; < T~ Dy |
k e B{jGCEkﬁBi |E n B;]

By (A.3) and (A.4) the above is bounded by C|E|*% and we have #Cpg,~p, < C|E|*/¥ for all i. Thus,
O(IE|) O(|E|*F)

ec |y U B
i=1 j=1

(A.2). Since Ry_1 = |E|°0"™) and every B; € Cg, has the covering Cp,np, of cardinality O(|E|"/K),
there are O(|E|"/%) number of (O(|E|), |E|O('Yk71))—sparse collections S1,S2, -+, Sp( g1/x) such that

We choose O(Ry)-separated balls {ij(i)}ioz(llEl). Then it is a (O(|E|), Ri—1)-sparse collection because of

O(|E['¥)

Bc |y U B o
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