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1 Introduction

Geometry has played a key role in the study of supersymmetric gauge theories and their
dynamics. Comparing the moduli space of vacua has led to the discovery and verification
of dualities. In three or higher dimensions, it is possible to examine how quantum effects
modify the classical moduli space of vacua. Depending on the number of supersymmetries
and other factors, the moduli space can be (partially) lifted or its geometry can significantly
deviate from the classical one.

In two dimensions, under suitable conditions, gauge theories with classical moduli
space of vacua may flow to a non-linear sigma model whose target space is the quantum
corrected version of the classical moduli space. The pioneering work [1] on gauged linear
sigma models (GLSM) shows that non-linear sigma models and Landau-Ginzburg (LG)



theories can appear as different phases of the same gauge theory, thereby establishing a
connection between the two. Non-abelian gauge theories may exhibit even richer structures
with various phases of the quantum moduli space [2].

In recent years, renewed interest in 2d N' = (0, 2) supersymmetric gauge theories has
led to exciting discoveries. While gauged linear sigma models with (0,2) SUSY have been
studied for many years with heterotic model building in mind (see, e.g., [3, 4]), the study
of 2d (0,2) non-abelian gauge theories has been limited in its scope until recently. One of
the most interesting recent breakthroughs is Gadde-Gukov-Putrov (GGP) triality [5, 6],
which identifies three seemingly unrelated quiver gauge theories that flow to the same
superconformal field theory at low energies.

There are various ways to realize 2d (0, 2) gauge theories in string and M-theory [7-20].
We will focus on brane brick models [10-14], which arise from D1-branes probing non-
compact toric Calabi-Yau 4-fold singularities (CY4). A brane brick model is a type ITA
brane configuration of D4-branes suspended between a NS5 brane that wraps a holomorphic
surface ¥ given by the probed Calabi-Yau geometry. The general structure and construction
of brane brick models was first spelled out in [10]. The connection between the CYy
geometry and the gauge theory through brane brick models was elaborated in [11]. How
triality is realized in terms brane brick models was explained in [12]. Finally, in [13] it was
shown how the results of [10-12] can be recast geometrically from a mirror CY, perspective.

This paper addresses yet another aspect of brane brick models. Our main goal is to
compute the elliptic genus of abelian brane brick models as a means to probe their infrared
dynamics. Given the geometric origin of brane brick models, the most naive candidate for
the infrared theory is a non-linear sigma model whose target space is the CY 4 associated
with the gauge theory. The naive guess turns out to be correct. In a number of examples,
we show that the gauge theory computation and the sigma model computation of the
elliptic genus agree perfectly. To the extent the elliptic genus can differentiate theories, the
infrared behavior of the gauge theory is the same as that of the sigma model.

There are several technical aspects of our computation that make the comparison
between the gauge theory and the geometry non-trivial. For gauge theories, the supersym-
metric localization for the elliptic genus was carried out in depth in [21-23]; see also [24]
for a recent review and further references. Localization reduces the path integral to a finite
dimensional contour integral over gauge fugacity variables, supplemented by the Jeffrey-
Kirwan (JK) residue prescription [25]. In simple examples, the contour integral can be
performed explicitly and the result is a function of the modular parameter 7 and flavor
fugacity variables.

For the non-linear sigma model we obtain a simple geometric formula by combining
elements from related works in the literature [26, 27]. For any triangulation of the toric
diagram of the CYy, the geometric formula expresses the elliptic genus as a sum over
tetrahedra in the triangulation. As expected, the sum is independent of the specifics of
the triangulation.

The gauge theory computation is further complicated by the fact that, in some theories,
the matter sector produces non-vanishing abelian gauge anomalies. Since the gauge theories
that we consider have a clear string-theoretic origin, the anomaly should be cancelled



through an interaction between open string modes and closed string modes. We have not
been able to derive the precise anomaly cancelling mechanism from string theory. Instead,
assuming the existence of a canceling mechanism, we have found an ansatz for the anomaly
cancelling factor in the JK integral formula, which works for a large class of examples. Our
ansatz is valid for theories in which the total number of chiral fields is greater than the
number of Fermi fields in such a way that the anomaly polynomial can be written as a sum
of squares with positive coeflicients.

As an application of these computations, we will check GGP triality for brane brick
models. Brane brick models differ from the SQCD-like theories considered in the original
papers on triality [5, 6] in that they correspond to quivers without flavor symmetry nodes.
Triality has been proven in [5] by the use of an elliptic genus computation for SQCD-
like theories and it is reasonable to expect that these calculations extend to more involved
theories. However, a systematic study of more complicated theories, such as quiver theories
with only gauge nodes, has been lacking due to the increasing complexities of the required
JK residue computations. For brane brick models, so far, triality has been shown to leave
the CY4 target space invariant by using the underlying geometry of the brane brick model
construction [12]. In this paper, we will verify that brane brick models connected via
triality share the same elliptic genus, as expected from the results in [12]. This paper
contains examples of the elliptic genus computation for simple brane brick models.

The rest of this paper is organized as follows. In section 2, we briefly review 2d (0, 2)
theories and brane brick models [10-12] and set up our notation. Section 3 reviews how
to compute the elliptic genus from the gauge theory following [21-23]. In section 4, we
propose a geometric formula that computes the elliptic genus from a triangulation of the
toric diagram of the CYy4. In section 5, we discuss the general form of anomalies that are
present in abelian brane brick models. We propose an ansatz for an anomaly cancelling
factor that works in a large class of examples. In section 6, we compute the elliptic genus of
some orbifold models and find perfect agreement between the gauge theory and geometric
computations. In section 7, we confirm the agreement of the two computations in two non-
orbifold models. In one of the examples, we also confirm the expectation that two gauge
theories that are related by triality share the same elliptic genus. Section 8 concludes the
paper with a discussion on future directions.

2 Review of 2d (0,2) gauge theories and brane brick models

2d (0,2) gauge theories. We now briefly review basic aspects of 2d (0, 2) gauge theories
to establish our notation. For more thorough reviews, we refer to [1, 5, §].

There are three types of supermultiplets in 2d (0,2) gauge theories. We will use
superfield formalism with superspace coordinates (ﬂ:“,9+,§+). All component fields are
assumed to be complex-valued unless specified otherwise. The multiplets are:

o Chiral multiplet ®;

The physical component fields are a boson ¢ and a right-moving Fermion .
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Table 1. Brane brick model configuration of branes.

o Fermi multiplet A,

The only physical field is the left-moving fermion A_, which is a supersymmetry
singlet in the free theory limit. Besides, the superfield contains an auxiliary field
G and a coupling to a holomorphic function E(®) of chiral superfields through a
deformed chirality condition.

o Vector multiplet V,

It contains the real gauge boson v*, complex gaugini x_, X¥_, and a real auxiliary field
D. They couple to matter fields minimally through a supersymmetric completion of
the gauge-covariant derivative.

For each Fermi multiplet A,, in addition to the holomorphic E,-term mentioned above, it
is possible to introduce another holomorphic term called J%(®). The (0,2) supersymmetry
requires that J- and E-terms satisfy an overall constraint:

Dt [Eo (@) J%(®:)] = 0. (2.1)

Integrating out the auxiliary fields D,, we obtain a familiar looking D-term potential
(and its fermionic partner). For abelian theories, the potential takes the form

2
VD = Z (Z Qai|¢i|2 - toz) 5 (22)

where t,, are complexified Fayet-Iliopoulos (FI) parameters. Integrating out the auxiliary
fields G, we obtain what may be called an F-term potential,

Vi =Y (tr|Ea(9)]? + [ J(6) ) . (2.3)

a

as well as Yukawa-like interactions between scalars and pairs of fermions.

Brane brick models. We can represent the 2d (0,2) quiver gauge theory that lives
on the worldvolume of D1-branes probing a toric CY4 by a brane brick model [10-13].
When we T-dualize the D1-branes at the CY, singularity, we obtain a Type ITA brane
configuration of D4-branes wrapping a 3-torus 7% and suspended from an NS5-brane that
wraps a holomorphic surface ¥ intersecting with 7. This Type IIA brane configuration,
which we call the brane brick model, is summarized in table 1. The holomorphic surface X
encodes the geometry of the probed toric Calabi-Yau 4-fold and originates from the zero
locus of the Newton polynomial of its toric diagram.



Brane Brick Model

Gauge Theory

Quiver diagram

Brick

Gauge group

Node

Oriented face
between bricks ¢ and j

Bifundamental chiral field
from node 7 to node j

Oriented (black) arrow
from node 7 to node j

Unoriented square face
between bricks ¢ and j

Bifundamental Fermi field
between nodes i and j

Unoriented (red) line
between nodes i and j

Edge Interaction by J- or E-term | Plaquette encoding

a J- or an F-term

Table 2. Dictionary between brane brick models and 2d gauge theories.

The brane brick model encodes all the data needed to write down the full Lagrangian
of the gauge theory. Moreover, it combines geometric and combinatorial data in a powerful
way that enables us to analyze various properties of the gauge theory. Sometimes, it is
more convenient to work with the periodic quiver, which is the graph dual of the brane
brick model. Being graph dual, they contain exactly the same information. The dictionary
between the brane brick model (or equivalently the periodic quiver) and the gauge theory
is summarized in table 2.

Non-compact target space and its regularization. We are dealing with theories
whose target spaces are non-compact. Such theories may contain an infinite number of
states along flat directions, and the elliptic genus may not be well-defined. In order to
regulate this, we will use three of the four global U(1) isometries of the toric CYy in
order to refine the elliptic genera. The remaining U(1) in the CYy is identified with the
R-symmetry of the gauge theory. It cannot be used as a refinement since it does not
commute with the supercharges. Instead, it will be used to saturate the fermionic zero

mode from the decoupled U(1) gaugino in the path integral; see section 3.

A comment on the central charge cg and the R-charge. The right-moving central
charge cr and the R-charge assignments of a 2d (0,2) SCFT are closely related via a
c-extremization [28]. A naive application of this principle, however, leads to cg = 0 for
brane brick models. This cannot be true as long as the theory is a non-trivial unitary
CFT. A similar breakdown of c-extremization has been reported in the theory of a free
(0,2) chiral multiplet in [28]. This failure is presumably due to the non-compactness of
the corresponding target space. The non-compactness makes the vacuum non-normalizable
and allows for an additional non-holomorphic current whose two-point function with the
R-current might not vanish, violating an assumption of the extremization principle. A

remedy to this breakdown will be the subject of a future investigation.

3 Elliptic genus from gauge theory

Recently, several groups [21-23] independently derived a localization formula for computing
the elliptic genus of a 2d (0,2) gauge theory. The elliptic genus has become a powerful
tool for studying the dynamics of these theories. For example, it has been recently used



to verify GGP triality [5]. This section summarizes how to compute the elliptic genus
following [22, 23].

The elliptic genus is defined by the trace over the Ramond-Ramond (R-R) sector, in
which fermionic fields satisfy periodic boundary condition, as follows:!

(g, 2;) = Trrr(~1)"q"rg"™ [ 2k, (3.1)

a

where K; are the Cartan generators for the global flavor symmetry group. The parameter

27T 2w,

q and the fugacities x; have logarithmic counterparts defined as ¢ = e and z, = e
Given a charge vector p, we have z* =[], ¥ " = e2mip"wa Note that (0,2) supersymmetry
ensures that the g-dependence drops out of (3.1).

For a 2d (0,2) GLSM, (3.1) can be evaluated in terms of a contour integral of a

meromorphic (r,0)-form Zi_i0p,

I(Q7 1‘1) = (27’[’1Z)T é Zl-loop ) (32)

where r is the rank of gauge group G. Zj.pp is defined on the moduli space 9 of flat
connections of G over T2, where the contour C in (3.2) is an r-dimensional cycle in 9. Each
2d (0,2) multiplet contributes to the integrand Zj.joop = [ [ Zmultiplets- Let ®, A, V' denote
chiral, Fermi, vector multiplets, respectively. The one-loop determinants are given by

T

- n(q) 01(g,2°) 2mn(q)?
Zo= iz Za=]]i—"" Zvle—vay =[] - du;, 3.3
® O1(q.ar)” " n(q) Vle=v) L1y (33)
PER PER =1

where p are the weights for the representation SR of the gauge and flavor groups in which
the chiral and Fermi multiplets transform. Note that for the vector multiplet contribution
with gauge group G = U(1)", we have z; = €™ with i = 1,...,7. The integral in (3.2) is
evaluated over u;. The definitions of the functions #;(q,y) and n(q) in (3.3) are reviewed
in appendix A.1.

The contour integral in (3.2) is evaluated by following the Jeffery-Kirwan (JK) residue
prescription [25]. The physical motivation for the prescription is given in [22, 23]. In the
end, the prescription gives a formula for the elliptic genus in (3.2):

1
I(q7 x’b) - W Z lef;];ies (Q u*ﬂ?) Zl—loop(Qa u, ai) ) (34)

ux €M,

sing

where |WW] is the order of the Weyl group W of the gauge group G. In addition, Q|,, is the
set of charges labeling fields that give rise to the pole at u = u,. Each charge is a normal
covector of a singular hyperplane. 7 is a generic charge covector that selects a set of poles
us that contribute to the JK residues in (3.4) depending on their covectors Q,, .

'One can use the NS-NS boundary condition to define the elliptic genus [21], which is different from
the R-R boundary condition we use here. For 2d (2,2) theories, spectral flow can be used to compare the
results from different boundary conditions. This is not the case for 2d (0, 2) theories. We will focus on the
R-R boundary condition, which makes it easier to compare with the geometric formula in section 4.



A pole is called non-degenerate when it is determined by the intersection of exactly r
hyperplanes. Assuming a pole is at the origin (u. = 0), we can label these r hyperplanes
by their charge covectors @; € R", since the i-th hyperplane is defined as @;(u) = 0. The
JK residue for a non-degenerate pole at u, = 0 then takes the form

dup A -+ A duy _ m if n € Cone(Qj,, - -,Qj,)
Qjy (u) - @, (u)

where Cone(Qj, , --,Qj,) is a subspace of R" spanned by Qj,, --,Q;, with positive coeffi-

TK-Res (Qlo, ) : (35)

0 otherwise

cients. Let us make two important observations regarding the role of n. First, it determines
which poles contribute to the index. Second, the final answer to the integral is independent
of the choice of 7. In other words, individual poles contributing to the index depend on
the choice of 7, but the final sum over all residues is independent of the choice.

One can also have a situation where [ > r hyperplanes intersect at u, = 0. We call the
corresponding poles degenerate. In appendix B, we present the so-called flag method [23]
for resolving the JK residue for degenerate poles. The flag method generalizes the JK
residue formula in (3.5) for any type of pole and arbitrary high rank r of the gauge group.
In fact, the computational complexity of the JK residue formula increases extremely fast
with the rank r. For the present paper, this is not an issue since we focus on abelian
theories with gauge group U(1)" for small values of r.

U(1) decoupling and the modified elliptic genus. Abelian gauge theories from brane
brick models have gauge group G' = U(1)", with all matter fields transforming in bifunda-
mental or adjoint representations. As a result, the overall diagonal U(1) decouples from
the rest of the theory, leaving us with U(1)"~!. This decoupling can be easily implemented
by the following redefinition of gauge holonomy variables,

T
uf):Zui, wp=uj—up (i=1,---,7r—1). (3.6)

=1
We may discard the decoupled U(1) vector multiplet at the classical level and compute
the elliptic genus for the G’ = U(1)"~! theory. However, we find it useful to maintain the
decoupled U(1) as elaborated below.

A naive inclusion of the decoupled U(1) makes the elliptic genus vanish. From the
path integral point of view, the vanishing is due to the gaugino zero modes. In the contour
integral formula (3.4), we have duy, in the measure, but the integrand is independent of wy),
leading to a vanishing result.

In order to avoid the trivially vanishing result, we modify the definition of the index
following the spirit of [29]. The key idea is to include the R-symmetry fugacity in the
definition in (3.1) by inserting b® = €2 into the trace. Setting § =0 (b = 1) gives the
original index, which we call Zy(q; z;). Because the R-charge does not commute with super-
charges, for 5 # 0, the new twisted partition function is not protected by supersymmetry.
However, we can consider its first derivative
0Z(g; i, b)

271 0p3 5=0 ’

which under suitable conditions has a chance to become a supersymmetric index.

Il(q;lti) = (37)
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Figure 1. Toric and quiver diagrams for C*. Black and red lines indicate chiral and Fermi fields,
respectively.

Generally, checking whether Z;(q; z;) qualifies as a supersymmetric index is challeng-
ing. In our case, however, the derivative in (3.7) can be directly associated to the U(1)
decoupling. Since the free U(1) decouples from the interacting part, any twisted partition
function should factorize as follows

I(Q; Z;, b) = Ifree(q; b) X Iint(q; Ty b) . (38)

The free part, Zgee(q;b), is exact and g-independent for arbitrary values of (3, since the
theory is free. This exactness does not rely on supersymmetry. Supersymmetry does imply
Ttee(q;b = 1) = 0. The interacting part, Zint(g; x;,b), becomes an index only if b = 1.
When b # 1, it is not protected by supersymmetry. Therefore, it may depend on ¢ and get
considerably renormalized.

Going back to the first derivative in (3.7), we set 5 = 0 to obtain

T Vi) = — 5 = .
8Ifree(Q; b) a-’Zin‘c (QQ Zi, b)
— s Tint(; 23,0 = 1) + Iree(q; 0 = 1) X —————= .
oi 86 P X t(q xz ) + fre (q ) X o aﬁ =0

Since Zgree(q; b = 1) = 0, the second term on the right-hand side vanishes. The remaining
term qualifies as a supersymmetric index. In the rest of this paper, we will loosely call the
first derivative Z;(q; z;) the elliptic genus (or the index) and denote it by Z(g; ;) without
any subscript.

Canonical example: C*. We present here the elliptic genus for the simplest abelian
brane brick model corresponding to C* [8, 10].> The theory has a single U(1) gauge
group. Its toric and quiver diagrams are shown in figure 1. The full global symmetry is
SU(3) x U(1)g, where we assign fugacities x, y, z to each of the U(1) factors in the Cartan

2The elliptic genera of its SU(N) or U(N) generalizations were thoroughly studied in [30].



field | X Y Z D [ A Ay Ag
U, | +1/2 —1/2 —1/2 +1/2| 1 0 0
U(l), | -1/2 +1/2 —-1/2 +1/2| 0 1 0
Ul), | -1/2 —1/2 +1/2 +1/2| 0 0 1
U)gr | +1/2 +1/2 +1/2 +1/2[ 0 0 0

Table 3. Global charges of matter fields in the C* theory.

subalgebra of SU(3).> Table 3 summarizes the global symmetry charges carried by the
chiral and Fermi fields of the theory.

The one-loop integrand from the matter sector is given by

—in(q)01(q,2)01(q,y)01(q, 2)

Zl-loo = . (310)
" 01(g, VByz)01 (. /b /y2)01 (g, /by [2)01 (g, /b2 [y)
The gaugino from the decoupled U(1) contributes
aIfree 2
e = 3.11
since the elliptic genus of the free fermion reads
01(q,b
Ifree =1 l(q’ ) . (312)
n(q)

Following the prescription in (3.9), we have

Ter(q 2.y, 2) = —in(q)*01(g, 2)01 (¢, )01 (g, 2)
01(q, v /y2)01(q, \/y/x2)01(q,\/2/2y)01 (¢, VTYZ) (3.13)
_ —in(q)*01(g, 1)01(q, 22)01(q, 73)
01(q,51)01(q,52)01(q, $3)01(q, 54) °

In the second line, for later convenience, we introduced the shorthand notation,

rl1 =, $2:y, r3 =z,
(3.14)
si=vaxlyz,  sa=\ylzx, sz3=+\/z/xy, s4=\/TYZ.

Poles in fugacity variables. Since 6;(q,y) has a simple zero at y = 1, the index Z¢a
has simple zeroes at x, = 1 and simple poles at s; = 1. Let us examine the g-expansion of

3It is important to note that the global symmetry of a 2d (0, 2) gauge theory depends not only on its
quiver, but also on its J- and E-terms. For brevity, throughout the paper we will often provide only quiver
diagrams, but the full theories are taken into account in our computations. Unless explicitly noted, the
complete information about the theories we consider can be found in our earlier works [10-14].



the index:

(1-—z)1-y)(1-2)
TYZ

I(C4(q;$7yvz) = f(q;:c,y,z),

4
¢ +1-¢" + <1+Z(si+s,~1)> ¢ +0(*)  (3.15)

=1

f(ﬂ_I?CUayaZ):— 4

v
[Tic (1 —si)

o
= Z quk .
k=0

The Fp term inherits the poles at s; = 1. In contrast, /7 and F> do not share the poles,
and are Laurent polynomials in s;. We can show that the poles are absent in Fj, for all
k > 1. Without loss of generality, we may focus on the pole at s4 = 1. Setting z = €>™¢/zy
and taking the limit ¢ — 0, we obtain

—in(q)3 01(q,2)01(q,y)01(q, €™ /zy) 1

T = - - - - = —(1 1
Ciles0 = Gg. €779 81 (q, ze ™61 (q, ye )61 (g, emiejay) — mier T O (316)

where we used the identity (A.9). Comparing (3.15) and (3.16), we deduce that all Fi>q
belong to the O(e) part of (3.16), thereby proving the absence of the pole. Note that
this proof relies crucially on the 7(g)? factor in the numerator which originates from the
definition of the modified elliptic genus (3.9).

In the next section, we will show that the absence of poles for Fj.>; generalizes to all
toric CYy4.

4 Elliptic genus from geometry

In this section, we propose a geometric formula for computing the elliptic genus. This
formula only depends on the toric diagram of the Calabi-Yau 4-fold. The proposal for
such a geometric formula is motivated by two relevant results known in the literature. The
first comes from the equivariant localization approach to the computation of the elliptic
genus for non-linear sigma models in [26]. The second is based on the computation of the
equivariant index, which counts holomorphic functions on a Calabi-Yau cone, in [27]. This
index is the Hilbert series of the coordinate ring formed by the holomorphic functions and
has been shown to relate to the volume function of the base Sasaki-Einstein manifold.

Martelli-Sparks-Yau formula for Hilbert series. We begin with a brief review of
the geometric formula of [27] derived by Martelli-Sparks-Yau (MSY), specialized to a CY4;
see also [31]. We denote the CY cone by X and the Sasaki-Einstein base by Y: X = C(Y).

The toric diagram of X is defined by a collection of integer valued vectors
vy = (v}, v%, U? , v‘}) € Z*. The subscript I runs from 1 to the number of external vertices of
the toric diagram. The Calabi-Yau condition makes it possible to work in an SL(4, Z) basis
in which v}l =1 for all I. Projecting vy to the non-trivial components, we can visualize the

toric diagram as a convex polytope in Z3.

~10 -



The toric diagram also defines a solid cone Ay = {y; € R%; (v-y) > 0 for all I}. Then
X is a U(1)* bundle over Ax. Geometrically, the Hilbert series for X enumerates lattice
points on the solid cone Ay,

4
Hx(t) =Y [[t" (m}eaxnz?). (4.1)
{m}i=1

It was shown in [27] that the normalized volume of the base Y as a function of the Reeb
vector b’ can be derived from the Hilbert series via

_ VolY) .4 _ e
V() = Goprry = e Hix i = ¢ )L)u : (4.2)
The minimum of this function gives the volume of the Sasaki-Einstein base:
Vol(Y)
——= = Vy(bs). 4.3
Vol(s7) ~ V¥ (%) (4.3)

Let us consider the simplest example, X = C*, for which Y = S7. In this case, we have

1001

: 0101
" = . 4.4
) =10011 (44)

0001

The Hilbert series is
1

Hea (t) = (4.5)

(1 — tl)(l — tg)(l — t3)(1 — t4/t1t2t3) ’

The volume function,

Vsr(b) = braba (1 bll by (4.6)
is minimized at
by =(1,1,1). = Vgr(by)=1. (4.7)
Up to an SL(4,Z) basis change,
ti =81, to=s59, t3=853, t4 = 51528384, (4.8)

the Hilbert series in (4.5) agrees with the standard formula for C"

n

ten(s) = T 1= (4.9)

1—s;"
=1 ¢

where each s; independently counts holomorphic monomials of C. The key idea of the
MSY formula for the Hilbert series is to triangulate the toric diagram by a set of minimal
tetrahedra, treat each tetrahedra as a C* and compute H for it, and sum all these individual
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contributions. Concretely, consider a triangulation Tx consisting of minimal tetrahedra,

{a} e Tx,

e
(Vay s Vags Vags Vay) = €ijk1Vg, Vi Vas Vo, = 1 - (4.10)

Introduce a dual vector for each face of a minimal tetrahedron:

1 .
(w); = Weapaqaraseijkwéqurvés _ (4.11)

The set of dual vectors gives a formula for the Hilbert series:

4
=3 [[— (4.12)

{ayerx =1 L — I H

The rigorous derivation of this formula, which is explained in [27], is an application of the
Duijstermaat-Heckman localization formula [32].

Elliptic genus from NLSM. On general grounds, we expect that the abelian GLSM’s
under consideration flow to NLSM’s with CY, target spaces. As shown in [26] in a similar
but different context, it is possible to write down the NLSM and derive a formula for the
elliptic genus from the path integral via localization. Let us sketch the derivation of the
elliptic genus from the NLSM, leaving the details for a future work [33].

The field content of the NLSM of our interest is as follows. The bosonic fields ¢,
@ (i = 1,2,3,4) represent complex coordinates on the CY,. The right-moving ¢, "
describe the tangent bundle. The left-moving A, (1 = 1,...,6) describe a vector bundle
in the 6 (real) representation of the SU(4) holonomy group of the CY,. Finally, there are
left-moving singlets x, x, which are the NLSM counterpart of the decoupled U(1) gaugini
in the GLSM.

The classical action of the NLSM contains suitably covariantized kinetic terms and a
4-Fermi (Y1) AN) curvature term. To compute the elliptic genus via path integral, one sepa-
rates the zero modes and the quantum fluctuation around the zero modes. Supersymmetry
ensures that the one-loop determinants, which capture the leading quantum fluctuations,
become exact. The final result is a finite-dimensional integral over bosonic and fermionic
zero modes, where the integrand is product of one-loop determinants over fluctuations.

In computing the one-loop determinants, both the kinetic terms and the curvature
term contribute. The dependence on the A\ zero-modes is cancelled in an intermediate
step, so that the final result is a function of Rij(ﬁf)i[)g, where R;; is a contracted version
of the curvature tensor. As usual, the Fermion zero modes vy, 1)y are interpreted as
differential forms d¢, dé. Hence, the elliptic genus becomes a (g-dependent) characteristic
class integrated over the manifold.

So far, we have sketched how to compute the unflavored elliptic genus of the NLSM.
To compute the flavored elliptic genus, we should deform the NLSM to include terms that
depend on the Killing vectors for the U(1)? isometry of the toric CY4. The path integral
then localizes on the fixed points of the Killing vectors. The localization is similar to that
used in the MSY formula we reviewed above. A crucial point is that the triangulation of
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the toric diagram amounts to dividing the CY, into a number of C* patches, and that the
localization simply collects contributions from each patch.

Synthesis: flavored elliptic genus from triangulation. Combining the elements
reviewed above, we are now ready to present the geometric formula for the elliptic genus of a
CY 4-fold cone. For chiral fields, the key idea is to replace each 1/(1—t) in the Hilbert series
by in(q)/01(g,t) for the elliptic genus. To account for Fermi fields, we supplement it by
factors of i01 (g, z)/n(q). Finally, the non-zero modes of the singlet Fermis contribute 1(g)2.

The elliptic genus of C* serves as the building block of the whole construction. For
C*, the GLSM and the NLSM are equivalent and we can copy the result (3.13):

—i1(q)*01(q, )01 (q,y)01(q, z) ‘ (4.13)
01(q, /7 /yz)01(q, \/y/27)01(q,\/2/7y)01(q, \/TYZ)

To implement the SL(3,7Z) basis change in the triangulation, we rewrite this as

_”I(Q)391 (qv \/ﬂ/t2t3)91 (Q7 \/a/tStl)el (Q7 \/ﬂ/tlt2) (4 14)
01(q,t1)01(q, t2)01(q,t3)01(q, ta/t1tats) ‘ ‘

The relation between t; and (z,y, z) for X = C* is (see (4.8) and (3.14))

ti =Vxlyz, tao=\y/zx, ts=+/z/ry, ts=1. (4.15)

Given a triangulation 7 (X) of the toric diagram for an arbitrary X, we first compute

Tes =

Jca(t) =

the “pre-index”

~in(a)* T12- 01 (0.2 ()

t) = 4.1
jX( ) Z 4 0 {a} : ( 6)
wyerxy =101 (aup (D)
The arguments in the denominator are the same as for the Hilbert series:
4
a wIP);

yid () = e (4.17)

i=1

The arguments in the numerator are

{a} Y1Y4 {a} Y2Y4 {a} Ysya
z t)=4/—, =z t)=4/—, =z t)=4/—. 4.18
! ( ) Y2Y3 2 ( ) Y3y 3 ( ) Y1y2 ( )

At the final stage, we translate t; into fugacities and turn off the R-symmetry fugacity:

3
Ix(z,y,2) = Ix (tz‘ = H(:ca)mm) ; (4.19)
a=1
where z, = (x,y, 2) as in (3.14).
The exponents m, in (4.19) is determined by the requirement that the bosonic part
of the chiral ring matches between the gauge theory and the geometry. For this purpose,
we can go back to the Hilbert series reviewed earlier in this section.
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Recall that for C*, we expressed t; in terms of s; in (4.8). For orbifolds of C*, to be
discussed in section 6, we can similarly rewrite ¢; in terms of s; by comparing the Hilbert
series computed from triangulation with the Hilbert series computed from the Molien sum
which implement the method of images. For example, for the orbifold C*/Z(0,0, 1, 1), the
triangulation gives (see figure 2)

1

( 1 1
(1 —11)(1 —t9) \ (1 —t3)(1 — ta/t1tots

) T U S 1) (1 = tata/tata)

H(t) = ) . (4.20)

while the Molien sum gives

1 1 1
B = s <<1 s -s) | 1+ +S4>> I

The two results agree if we change the variables as
tlzsl, tQZSQ, t3283/84, t4:1. (4.22)

The same principle applies to all orbifolds.
For non-orbifolds, the Molien sum is not available, but we can still compare the chiral
rings using the methods explained in [10, 11].

Index theory and fixed point formula. Our discussion leading to the geometric for-
mula (4.19) relied heavily on the toric nature of the target space. Here we briefly digress
to understand the formula from the standard index theory in a way less dependent on
toric geometry.

The elliptic genus of a general (0, 2) sigma model was derived in [34]. The sigma model
consists of a d dimensional Kéahler target space X equipped with a rank r holomorphic vec-
tor bundle £. Anomaly cancellation gives restrictions on the first and second Chern classes
of E and those of the tangent bundle T'. If we use the splitting principle to write formally,

r

d
o(B) =[]0 +v), oT)=]]0+w,), (4.23)

i=1 j=1
the elliptic genus turns out to be [34]

d

Zx.p= /X il‘[lP(T,vi)HlM, P(r,2) = : (4.24)

Jj=

Relating this to our formula takes a few steps. The most crucial step is to apply the stan-
dard fixed point formula to the characteristic class above by means of the toric isometry.
Then, the integral over the target space is replaced by the sum over fixed points, and the
curvature eigenvalues v; and w; are replaced by our fugacity variables x; and s;. Additional
care should be taken to incorporate the decoupled Fermi multiplets. A detailed derivation
along this line will be given in [33].
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Triangulation with subtraction. The geometric localization is based on a triangu-
lation of the toric diagram. There are toric diagrams of CY4 which do not admit simple
triangulation, i.e. triangulations that only use the points in the toric diagram. For instance,
the toric diagram of C*/Zs(1,1,1,1) cannot be split into two unit tetrahedra anchored at
integer lattice points. But, as we will see in section 6.2, it is possible to add up three
tetrahedra and subtract one to construct the desired toric diagram. The geometric formula
based on triangulation including subtraction was used in the computation of the Hilbert
series in [35]. In this paper, we will apply the subtraction method to the geometric formula
for the elliptic genus and find results compatible with other computations.

Poles and zero modes. Consider the g-expansion of the index obtained from the geo-
metric formula,

I=P> Fid". (4.25)
k=0

where the prefactor P carries all zeroes of Z, but has no poles except at x,y,z = 0, co.

In the previous section, for the index of C*, we observed that Fy has codimension
1 simple poles in (z,y,z) but all F;>; have no such poles and are Laurent polynomials
in (x,y, 2). Combining that observation and the fact that the geometric formula sums up
contributions from triangulation, we deduce that, for all toric CYy, the codimension 1 poles
are present only in Fy and absent from all Fj>;.

Physically, from the NLSM point of view, the poles stem from the fact that the target
space is non-compact. Without the fugacities, the “center of momentum” degree of freedom
moving in the non-compact direction will cause a divergence. The fugacities regulate the
divergence. It is comforting to notice that all “oscillator” degrees of freedom for £ > 1 are
not affected by the divergence.

5 Abelian anomaly and its cancellation

5.1 General discussion

In 2d (0,2) gauge theories, the difference in the spectrum of left-moving and right-moving
fermions can potentially lead to anomalies. As explained in [10-12], gauge theories asso-
ciated to brane brick models are automatically free of non-abelian gauge anomalies. But,
depending on the particulars of matter multiplets, they may appear to suffer from abelian
gauge anomalies.

These gauge theories can be embedded in string theory [11-13]. So, there must ex-
ist an anomaly cancelling mechanism involving open string modes on branes and closed
string modes away from branes. Although we have not identified the precise anomaly can-
celling mechanism, we have found an ansatz for an anomaly cancelling factor in the contour
integral formula.

To set the stage for the anomaly cancelling factor, we should recall the relation between
abelian gauge anomaly and modularity. In a theory with abelian gauge symmetry U(1)",
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the anomaly matrix is defined by

Aij = Treniral(QiQj) — Trpermi(QiQ5) (4,5 =1,---,7). (5.1)

The same information is encoded in the anomaly polynomial defined by

Alw) = > Aguiug, (5.2)

ij=1

where u; are the gauge holonomy variables.
In the context of the elliptic genus, the abelian anomaly is tied to the modularity. We
recall the modular properties of the # and 5 functions in the additive notation:

Ou(1/112/7) _ it Br(rl2) 63)

n(=1/7) n(7)
For the gauge theories under consideration, the elliptic variable z denotes gauge holonomy
variables or flavor fugacities. It follows that the abelian gauge anomaly of the matter
sector of the gauge theory is reflected in the modular property of the one-loop determinant
ZoZa. Under the transformation (7,u;) — (—1/7,u;/7), the one-loop determinant picks
up a multiplicative factor whose exponent is proportional to the anomaly polynomial (5.2).

The contour integral for the elliptic genus (3.2) is well-defined only if the theory is
anomaly-free. If we naively integrate an anomalous integrand, the result fails to exhibit
definite modularity. So, we must “cure” the anomaly before the integration.

In the next subsection, we will present an anomaly cancelling factor that works for
some class of gauge theories. Since one of our main results in this paper is to compare the
gauge theory and the geometric computations, let us briefly digress to discuss the potential
anomaly of the geometry formula

In the additive notation, each term in the geometric formula takes the form

—in(q)3 01(7|21) 01(7]22) 01 (7| 23)

O (rlon) B l2) O (7 1) B ) o4
where the fugacities satisfy the relation,
1
Za= 5=y -y —ys)tya (a=123). (5.5)
The anomaly polynomial, reflected in the modular property, is
R R RN BT B e RS R AL (56)

This factor vanishes as long as the triangulation of the toric diagram lives entirely in the CY
hyperplane. We cannot compare the elliptic genus of the gauge theory with the geometric
formula before determining how to cancel the anomaly of the gauge theory.

~16 —



5.2 Anomaly cancelling factor — an ansatz

Our ansatz works for theories in which the net contribution of chiral fields is greater than
that of Fermi fields in such a way that the anomaly polynomial can be written as a sum of
squares with unit positive coefficients.

To illustrate the point, let us consider a one-parameter family of orbifolds denoted by
C*/Zp(1,1,—1,—1):

(21, 29, 23, 24) ~ (wnzl,wnZQ,wglzg,wgle , Wp = e2mi/n (5.7)

The anomaly polynomial of an arbitrary Z,, orbifold was computed in [7]. The result for
the C*/Z,(1,1,—1,—1) is

A(w) =4 (w5 = ui1)” = (= uita)”
" ‘ (5.8)

= Z(ui_l + Ui+1 — 2U1)2 = Zﬂ? .
] %

)

Here, the sum runs from 1 to n and a cyclic identification mod n is understood. The
change of variables from wu; to @; is not one-to-one, so rewriting A(u) in terms of @ is not
equivalent to the standard diagonalization of a real symmetric matrix.

Our ansatz for the anomaly cancelling factor for C*/Z, (1,1, —1,—1) is

oy o i 0i(g, vi) + 11, 61(g, v/t:)
Wy (us;v) = 200 (q.0)" .

(5.9)

This factor has a few peculiar features. First, it has its own “anomaly” which cancels
precisely against the anomaly from the matter sector (5.8). Second, it depends on an
auxiliary variable v. Remarkably, once we integrate over the u variables, the v-dependence
completely disappears. Third, since the u-variables appear only in the numerator, the pole
structure of the elliptic genus, which depends on the flavor fugacities, is not affected by the
insertion of the anomaly cancelling factor. Fourth, the normalization of W), is such that
when we expand the elliptic genus in a power series of ¢, the leading term is not affected
by the insertion of W,.

We discovered the factor W, in (5.9) “experimentally” while working on the orbifold
models C*/Z,(1,1, -1, —1) with n = 2,3. We will discuss these two examples in detail in
section 6. But, further experiments revealed that it can be applied to a much larger class
of theories. We conjecture that it works for all theories in which the anomaly polynomial
admits the rewriting

Au) = Z a?, (5.10)

where #; are linear combinations of u; with integer coefficients.
We can easily generalize the ansatz (5.9) to a larger class of orbifolds that include
C*/Zn(1,1,—1,—1). According to [7], the anomaly matrix of the Z,, orbifold, whose action
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is labeled by integers (a1, a2, a3, as) satisfying 0 < a; <n —1and > ,a; = 0 (mod n), is
given by

4 4 3 3
Aij =205 = Sjiva, — D Oijray + 3 Ojitastay + 3 Oijtrastay, (5.11)
pn=1 pn=1 p=1 pn=1

A large subset of these orbifolds, C*/Z,,(a, b, —b, —a), admit the rewriting (5.10),

.A(’LL) = Z (4u12 — AUt q — AU + 20U p—g + 2uiui_b_a)

' , B (5.12)
= Z (Ui = Uita — With + Uitatd) = Z Uy -
i i

Thus the anomaly cancelling factor (5.9) is applicable to these orbifolds. Setting a = b =1
brings us back to the C*/Z, (1,1, —1, —1) orbifolds considered earlier.

There is yet another large class of orbifolds to which the anomaly cancelling factor (5.9)
applies: C?/Zy,(a, —a) x C?/Z, (b, —b). We can use a pair of indices (4,5) (i € {1,2,--- ,m},
j€{1,2,--- ,n}) to label gauge nodes and their holonomy variables. The anomaly matrix
is given by [36]

A= 41, ® 1, — 5i2,i1+a ® 1L, — 5i2,i1—a L, -1, ® 5j2,j1+b -1, ® 5j2,j17b
- 6i1,i2+a & ]ln - 51'1,7:270, & ]ln - I[WL & 5j1,j2+b - ]lm & 5j1,j2—b (513)
+ 5i2,’i1+a ® 5j2,j1—b + 5i17i2+a ® 5]'17]'2—5 + 5%’271‘1—11 ® 5j2,j1—b + 5i1,i2—a ® 5j1,j2—b :

After multiplying by mn holonomy variables {u; ;) }, we can reorganize the anomaly poly-
nomial as follows,

2
Alw) =3 [4u(i,j) = 2Wia,) i) T 2U(i—a,) (i) T 2UG0G+0) Uig) T 2Uij-b)U(j)
,J
FU(ita,j—b)U(ig) T U(imag+b)U(ig) T Wi-aj—b)U(ig) T Ulitajb)U(g)| (5:-14)

= Z(“@',j) ~ U(itag) ~ Uij-b) + Uitajp) = Z Wi g)
,J 2]

In the next section, we will show how the anomaly cancelling factor works in concrete
examples with small values of m,n.

6 Orbifold models

In this section, we compute the elliptic genera of a few orbifold models. We find perfect
agreement between the geometric computation and the gauge theory computation, even
when the latter includes the anomaly cancelling factor. The results also agree with an
independent computation using the standard orbifold CFT method.

The orbifold CFT method expresses the elliptic genus in terms of a sum over twisted
sectors. To be concrete, consider the C*/Z, (a1, as, a3, as) orbifolds. The four integers a;
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satisfy 0 < a; < n—1and ) ,a; = 0 (mod n). It is useful to introduce the following
notations,

b1:CLl—|—CL4, b2:a2—|—a4, b3:a3—|—a4. (61)

and recall the definition of z, and s; from (3.14).
To incorporate the twisted boundary conditions, it is convenient to use the generalized
theta functions:

Lip 2 omi(n LT Iy
0[5)(q,y) = Y qelntel 2milnte)zth) =g = @27 gy = iz (6.2)
nez

For integer/half-integer values of a, 3, they reduce to the familiar 0,(7,z2) (a = 1,2,3,4):

or=-0[15]. 6=0['C*], 8s=0[5], 61=0[5]. (6.3)

Additional information on the theta functions are collected in appendix A.1.
The orbifold form of the elliptic genus is given by

n—1
1 Nkl a; L a)
kl

I(C4/Zn (a;) = a5 (6.4)
k,l=0 &) S
where the numerator and denominator are
. 3 1/2+4ba(k/n)
Nk,l(baa Tq) = in(q H 0 [1/24_5 (1/n) ] (¢,7a),
A ) (6.5)
1/2+4+a; n
Dy i(as;s:) = H9[1§2iaigl//n))} (q,8i) -
i=1

The phase factors ¢ in (6.4) are fixed by requiring that the index should have a definite
modular property and quasi-periodicity in shift of the fugacity variables according to the
orbifold action. Barring the possibility of discrete torsion, these requirements should fix
¢k, uniquely, as we verify in a number of examples. We will not discuss discrete torsion in
this paper.

6.1 C*/Z2(0,0,1,1)

This is the simplest orbifold in the sense that the GLSM has two gauge nodes and that the
gauge anomaly is absent. The toric diagram for the orbifold and the quiver diagram for
the GLSM are shown in figure 2.

Geometric formula. To apply the geometric formula, we have to specify how to trian-
gulate the toric diagram. For orbifold models, the toric diagram is a tetrahedron with a
non-minimal volume. We assign labels A, B, C, D to the four external vertices and call
the whole toric diagram 7 (ABCD). The orientation is important here. Any even permuta-
tion of (ABCD) is equivalent to (ABCD), but an odd permutation implies an orientation
reversal, which would flip the sign of the index.
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D(0,0,1)

A(1,0,0)

Figure 2. Toric and quiver diagrams of the C*/Z5(0,0,1,1) model.

Triangulation splits the toric diagram into a set of minimal tetrahedra. For the toric

diagram in figure 2, the result can be summarized as

T(ABCD) = A(OABD) + A(OACB),

(6.6)

where the symbol A denotes a minimal tetrahedron. Again, it is important to keep the

orientation of all tetrahedra in a uniform way. The pre-index J(t) explained in section 4

can be computed directly from the triangulation:

in(q)*01(q, Vis/tit2)
01(q,t1)01(q,t2)
01(g, via/tats)01(a, Vta/tsts) | 01(a, Viats/t2)01(q, Viats/t1)
91 (q, t3)01(q, t4/t1t2t3) 91 (q, 1/t3)91 (q, t3t4/t1t2)

The relation between t; and (x,y, z) for this orbifold is

t]_:Sl:\/.’E/yZ, t2:82:\/y/2$, t3:83/54:1/$y7 t4:17

where s; are defined in (3.14). The index is then

J(t) =—

7_ in(q)*61(q, 2)

 01(q, /3 /y2)01(q, /y/2)
" [91((1» Vr3yz)01 (g, V/oy?2) G V3y/2)61 (g, \/W)} '
01(q, vy)01(q, zyz) 01(q, zy)01(q, vy/z)
Orbifold CFT. The orbifold CFT computation gives
. in(a)*01(q, 2)
 0u(g, V2 y2)0 (g, y/w)
1 < 01(¢,9)01(¢.y) <~ 0a(a,2)0a(0,y) )
2\ 0u(q, V2 2y)01(a, VTYZ) 125 bala, V2 2y)0ala. VTYZ) )

Remarkably, the two results (6.9) and (6.10) agree perfectly.
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D(1,1,1)

B(0,1,0) z z
O

A(1,0,0)

C(0,0,1)

Figure 3. Toric and quiver diagrams of the C*/Z,(1,1,1,1) model.

GLSM. We take the orbifold such that X, Y, X', Y’ become adjoints while Z, D, Z’,
D’ become (anti-)bifundamentals. Then the integrand becomes

2min(q)*01(q, z)*

AR oop —
H 01(q,/2/y2)01(q, \/y/22)> (6.11)

y 01(q, uz)01 (q, /u)01(q, uy)01(q, y/v)
01(q, u/z/zy) 01(q,u=1\/2/2y)01(q, u\/TY2)01 (g, u /7YZ)

where v = u12 = u1/ug is the non-trivial gauge holonomy variable after the overall U(1)

decoupling. Evaluating the JK residues with n = 41, we obtain

i1(q)*01(q, 2)

7=
01(q, vz /y2)01(q; Vy/22) (6.12)
01(q, V*3yz)01(q, Vxy2) N 01(q, vV 23y/2)01(q, /7y?/2)
01(q, 2y)01(q, zyz) 01(q, 2y)01(q, 2y/2)

The two terms in (6.12) match precisely the two tetrahedron contributions in the geometric
computation.

6.2 C*/Z»(1,1,1,1)
This is the simplest orbifold with non-vanishing gauge anomaly from the matter sector. Its

Toric and quiver diagrams are shown in figure 3.

Geometric formula (with subtraction). The triangulation needed for the subtraction
method can be summarized as

T(ABCD) = A(OABD) + A(OBCD) + A(OCAD) — A(OABC). (6.13)
The pre-index following from the triangulation is
in(a)*01(q, Vta/t2)01 (g, VEa/11)01(a, vVEat3/tit2)
01(q,t1/t3)01(q, t2/t3)01(q, t3)01(q, tata/tat2)

i1(q)*01(q, VTa/tat3)01(q, VEa/t3t1)01(q, Vs /tit2)
01(q,t1)01(q,t2)01(q,t3)01(q, ta/t1tats)

J(t) = cyclic |—
(6.14)
_|_
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Here, we defined a cyclic sum as

cyclic[f(t1,ta,t3)] = f(t1,t2,t3) + f(ta,ts, t1) + f(ts, t1,t2). (6.15)
The relation between t; and (x,y, z) for this orbifold is

t1=8184=x, to==5984=1y, tl3=8384=2, tg=1. (6.16)
The final result of the geometric computation is

n(a)*01(a,0)0 (0, 9)01(a, ;) 0(@)*01(a,9)01(a,2)01(a, %)

T=—1
01(q, 2)01(q, £)01(a,2)01(q, )~ 01(a, £)01(q; 2)01(q, 2)01(q, ;%) 6.17)
) )
1(0)°01(q,2)01(¢,2)01(¢, %) n()*01(q, zy)br (g, y2)b1 (g, )
01(q, 2)01(a: 5)01(a,9)01(q, 25)  01(q,2)01(q,y)01(g; 2)01(q, zy2)
Single term formula. It is possible to prove that (6.17) is precisely equal to
(3 2 2 2

ZU(Q) 91(Q7$ )91(Q7y )01 ((L < ) (618)

 01(g,2/y2)01(q,y/ 22)01(q, 2/2y)01 (g, 2yz)
It is interesting to observe that this is the same as the index for C*, except that all the
fugacity variables have been “squared”. The physical reason behind this expression is not
clear to us at the moment.

Orbifold CFT. The orbifold CFT computation gives

.4
i (5D (9)%01(g, )01 (g, 9)01 (g, 2)
r= ; 0a(q,51)0a(q, 52)0a(q, 53)0a(q; 54)

6.19
: (619
It is straightforward to prove that (6.19) is equal to (6.17).

GLSM. The C*/Z5 (1,1,1,1) model is the simplest model with non-vanishing gauge
anomaly. The anomaly polynomial is

Au) = 8(uy — u2)* = 2(2u12)? = 2(2u)?. (6.20)
Following the general proposal of section 5, we insert the anomaly cancelling factor,
01 (q, vu2) 01 (U/UQ)

W (u*v) = , (6.21)
91 (Q7 ’U)2
into the JK integral formula. The integrand of the JK integral is
2min(q)*0 20 20 2
Z]_-loop — an(q>4 1(q7 .I') 1(q7 y) 1(Q7 Z) W(U27 ’U) . (622)
[Ti=1 01(q; siu)01(si/u)
With the choice n = 41, the elliptic genus is the collection of four residues,
. Wi(zyz;v
T = in(q)*01(q,2)01(q, )01 (g, 2) tetra (wy2;) ,  (6.23)

01(q,2y)01(q, y2)01(q, 22)01(q, 2y2)
where we defined a sum reflecting the tetrahedral symmetry of the toric diagram,

tetralg(z,y, 2)] = g(w,y,2) + glz,y~ " 27) + 9@y, 2) +gl@ iy z). (6.29)

Remarkably, despite the appearance, (6.23) is independent of the auxiliary variable v and
is equal to (6.17) and (6.19).
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Comment on non-abelian global symmetry. The orbifold C*/Zy(1,1,1, 1) preserves
the SU(4) global symmetry of C*. It is interesting to see how the global symmetry is
realized in each of the four different forms of the index. In the geometric form (6.17),
the particular choice breaks manifest SU(4) invariance. In the single term form (6.18)
or orbifold form (6.19), each term is manifestly SU(4)-invariant. Finally, in the GLSM
form (6.23), the four terms are related to each other by the Weyl group of SU(4).

Bootstrap approach to the anomaly cancelling term. The idea of a holomorphic
anomaly cancelling factor was first conceived while studying this orbifold example. We
now briefly review how a bootstrap approach, namely general consistency requirements,
led us to the W function.

It is reasonable to imagine that the correct anomaly cancelling mechanism will eventu-
ally contribute some extra theta function to the integrand of the JK residue integral. The
new fields participating in the cancelling mechanism communicate directly to the anoma-
lous U(1) gauge field. Furthermore, the anomaly cancelling term should be invariant under
the SU(4) global symmetry. So the extra theta functions can only depend on the gauge
fugacity v but not on the global fugacities x, y, z. Let us denote the unknown combina-
tions of extra theta functions by W (g, u?), where the square is introduced by convention
to cancel square roots in the last line of (6.22).

For simplicity, let us further assume that the extra factor does not introduce a new
pole in the JK residue computation. The validity of this ansatz can be checked a posteriori.
Comparing this ansatz with the simplest formula (6.18) leads to the equation,

01(wy/2)01(yz/x)01 (22 /y) W (zy2) ] _ 01(2?)01(y*)01(2%)
01 (xy)01 (y2)01 (2) 01(2)01(y)01(2)

To avoid clutter, in the remainder of this subsection, we suppress the g-dependence.

tetra (6.25)

It is not clear a priori whether a function W satisfying this equation exists at all. As-

suming its existence, we can deduce several properties of the function W (q,u?). Switching

2 2miC

to the additive notation momentarily, W (7[(¢), ¢ = €*™7, u? = >, the crucial properties

include:
1. Normalization and Parity: W (7|0) =1, W(r|¢) = W (1| — ().
2. Periodicity: W (7|¢ + 1) = W (r[¢), W(7|¢ +7) = ¢~ Le 4™ CW (r[¢).
3. Modularity: W (r 4+ 1|¢) = W(7|¢), W(-=1/7|(/T) = €2Wi<2/TW(T|<~)'
We can proceed further by taking the z — 1 limit of (6.25):
01(xy)* W (x/y) — Or(x/y)* W (xy) = 01(2*)01(y7) - (6.26)
By a change of variables, v = xy, w = x/y, we can rewrite this as

01 (v)2W (w) — 01 (w)*W (v) = 01 (vw)b (v/w) . (6.27)
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The solution to this equation is far from unique. If Wy(w) is a solution, then clearly
Wi (w) = Wo(w) + k6 (w)? (6.28)

is another solution. Here, the factor k is some modular form in 7, independent of z.
Suppose we use this ambiguity to choose a zero of W, i.e. we demand that W (v,) =0
for some v, that is not equal to m + n7r (m,n € Z). Then (6.27) gives

01 (vw)01 (vs /w)
01(v4)? '

Conversely, all solutions of this form are equivalent in the sense of (6.28). To prove this

W(w;vy) = (6.29)

claim, it suffices to use a well known identity,
01 (vw)f1 (v/w)04(1)? = 01 (v)%04(w)? — 01 (w)?04(v)?, (6.30)

to rewrite W (w;vs) as

N EC) 2_ ZICON ’ 2
W(w;v,) = <94(1)> <01(v*)94(1)> 01(w)*. (6.31)

Clearly, the difference between two W (w;vy)’s is proportional to 8 (w)?.

Finally, we should recall that we found the general solution (6.29) from the simplified
equation (6.27). We should verify that it satisfies the original equation (6.25). In terms
of (6.25), the ambiguity (6.28) amounts to

01(zyz) _
tetra [91 @) (yz)&l(zx)] =0 (6.32)
Inserting the solution (6.31) with 04(vs) = 0 to (6.25) gives
01 (xy/2)01(yz/)01 (z2/y)0a(zy2)*] _ 01(2%)0:1(y*)01(2*)
i | |~ Bmone O

Both (6.32) and (6.33) can be proved using the argument given in appendix A.2.

6.3 C*/Z3(1,1,2,2)

Geometric formula (with subtraction). The toric diagram for this orbifold, which
is shown in figure 4, can be triangulated with subtraction. To do so, it is convenient to
introduce an external reference point, E(1,1,0). The triangulation reads

T(OABC) = T(OAEC) + T(OEBC) — T(AEBC). (6.34)

Each term on the right-hand side is a union of three minimal tetrahedra. Up to an SL(3,Z)
basis change, each term is isomorphic to the toric diagram of C*/Z3(0,0,1,2). The pre-
index J (t) computed from the triangulation (6.34) is a sum of nine terms. With a change
of fugacity,

t1=8184=x, tog==5984=1y, 13= (34)3 = (xyz)3/2, ty =1, (6.35)

we obtain a lengthy expression for the index Z consisting of nine terms.
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C(1,1,3)

B(0,1,0)

A(1,0,0) O E1.1,0)

Figure 4. Toric and quiver diagrams of the C*/Z3(1,1,2,2) model. Point E(1,1,0) is not part
of the toric diagram of C*/Z3(1,1,2,2), but plays a role as an external reference point for the
geometric formula of the elliptic genus.

Consider, instead, naively applying the geometric formula pretending as if the three
terms on the right-hand side of (6.34) were minimal tetrahedra. The pre-index from this
(unjustified) process is

= in(@)? [0ula tsty /801 (a, 87 /1301 (a, 838)° /tits)

J(t) =
D= "0t | Orle B/, B/t (q, 6/
0r(q. sty /)01 (.3 /1)1 (g, 831 /83ts) (6.36)
91 (Q7 t%/t?)al (q’ t%/t?))el (Q7 ti/t3)
 0u(a, 15t /)00 (q, tt* 301 (q, 633177
01(q,t3/13)01(q, 13/13)01 (q, 315 /t5t3) |
Upon the change of the variable (6.35), the pre-index (6.36) gives
7 _ (@)’ [01(¢,4°)01(g, 57)61(g, s3/2°) AU °)01(a; 53/y°)01(g; 53)
91(Q754) 91( ) (q7 3/$3)91(q782) el(qv 3)91(%%3/9) ( 78?) (6 37)
( )

91((], )91(Q7 81)01 %5%):|
91(Q7x3)61(q7 ) (Q78)

Remarkably, although the intermediate step (6.36) is not justified, the final result (6.37)
turns out to agree perfectly with the nine term expression we mentioned below (6.34).
While we do not fully understand why (6.37) gives the correct result, we suspect
that it has something to do with orbifold singularities. Despite the appearance, the three
terms in (6.36) do not match the three non-minimal tetrahedra in (6.34). Presumably,
the discrepancy is related to twisted sectors. Orbifold singularities away from the origin
of C* are encoded by the vertices along the edges of the toric diagram. In figure 4, the
vertices lie on the interval CE. Now, the subtraction (6.34) is done in such a way that
the resulting orbifold C*/Z3(1, 1,2, 2) no longer contains orbifold singularity away from the
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origin. Hence, it is conceivable that the discrepancies associated with the twisted sectors
have been cancelled out so as to produce the correct elliptic genus.

Single term formula. Just as in (6.18), we find a remarkably simple single term ex-
pression for the index:

T — _”’/(Q):sel (Q7 xS)el (qv y3)91 (q7 z3)
01 (q7 S?)el (q7 8%)01(Q7 5223)91 (Q7 Si)

We note that both C*/Z5(1,1,1,1) and C*/Z3(1,1,2,2) are free of singularities away from
the origin.

(6.38)

Orbifold CFT. The orbifold computation can be summarized as (w = €27%/3)
7 _ m(@)°01(g,2)61(¢,9)
3
1/2-2k/3
. i Y [1/2_21/3} (q,2) (6.39)
1/2+k/3 1/2+k/3 1/2—k/3 1/2—k/3 )
G200 [ty ] (@ s0o [t ] @ so [ ] (as) 5t ] (@)

It is straightforward to verify that (6.39) agrees perfectly with (6.37) and (6.38).

GLSM. The quiver diagram for this orbifold model is given in figure 4. When we decouple
the overall U(1), we choose a basis for the u variables such that usz is decoupled, and w3
and usg3 remain as independent variables.

The anomaly polynomial for this theory is
Alu) = 3(uiy + uis + u3y) (6.40)
= (u12 — u23)® + (ugs — uz1)” + (ug1 — u12)” = U3 + U3 + 45 -

To obtain the second expression, we used the fact that uis + uez + uz; = 0.
As discussed in section 5, the anomaly cancelling factor for this orbifold is

Wig (s 0) = Gl(q,vﬂl)el(q,1)112)01(q,vﬂg,Q)e—li—(s’ll()()]év/ﬂl)Gl(q, v/U2)01(q,v/U3) (6.41)

In the multiplicative notation, the @ variables are defined as

- Uau3 - uzuy - uiuz
Uy = 5 5 U2 = 5 5 U3 = 5 - (6.42)
uy Uz u3

Since the overall U(1) has decoupled, W3y is a function of two independent variables, say,
u1s and ugg. When the two fugacities satisfy w13 = u = 1/uss, W(g) collapses to the simpler
W function we encountered earlier,

W(3) (ui; U)|u13:u:1/u23 = W(u3; U) . (6‘43)
Including W(s), the one-loop integrand is (u;; = u;/u;)

—i(2m)2n(q)"01(q, 2)*01(q, y)*01(q, zu1)01(q, zus2)01(q, 2u13) Wiz (ui; v)

17 01(q, siu21)01(, siuz2)01(q, siuts) [Ti—s 01(q, siu12)01(q, siuzz)01(q, siuz1)
(6.44)

Zl—loop =
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(-1,1) (0,1) (1,1)

(7170) < > (170) U]_3

v
(0,-1) (1,-1)

Figure 5. Charge vectors of the C*/Z3(1,1,2,2) theory in a basis where ui3 and ug3 are taken
to be independent. For n = (1, 1), three cones participate in the JK residue calculus. Each cone
contributes up to four residues, some of which may vanish.

There are three pairs of charge vectors for the chiral multiplets. They split the charge
plane into six regions as depicted in figure 5. Symmetries of the quiver diagram guarantees
that all six regions are equivalent.

In the notation of figure 5, we can paraphrase the general prescription of section 3 as
follows. Any choice of 7 is equally good, and we choose 1 = (1,1). Then we look for pairs
of charge vectors, which we call “cones”, whose positive span contain 1. For n = (1,1), we
find three cones,

A: (1,0&(0,1), B: (1,00&(=1,1), C: (1,-1)&(0,1). (6.45)

The cones determine the poles from which we take the residues. For example, cone A picks
up residues at wizs; = 1 (i = 1,2) and ug3s; = 1 (j = 3,4). Cones B and C pick up
residues in a similar way. In the end, the elliptic genus can be written as

IT=Rsi+Rp+Rc, (6.46)

where R4 p.c denote the partial sum of residues coming from the cones in (6.45). Since
every charge vector appears exactly twice in the denominator in (6.44), each partial sum
in (6.46) can contribute up to four residues.

It turns out that R4 contributes four terms,

in(q)301(x)01(y) [01(x)Wiz)(s1,83) = 01(y)W(3)(s1,54)

B e nt) aGTnG | aGime 6l o)
_ 01(y)Wis)(s2,83)  01(x)W(5)(s2,54) '
Or(s3z)01(s3x)  O1(s3/y)0r(s3/v) ]’
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D(0,1,1)

B(~1,0,0
C(0,-1,1)

A(1,0,0)

Figure 6. Toric and quiver diagrams of the C*/Zy x Z5(0,0,1,1)(1,1,0,0) model.

whereas Rp and R¢ contribute two non-vanishing terms each,

R :_in(q)361(x)91(y) 01(s1/2)Wiz) (51, 57) B 01(s2/2)W(3)(s2, 53)
’ Al |G PRENE  AEREED]
» i@ 0u(@)i(y) [ O1(s32)Wig(s3is3)  O1(s42)Wig)(sd sa) .
C 01 (l“y) 01 (8%.23)91(8%3/)91 (3%) 91(32/33)91 (Si/y)91 (Si) .

In (6.47) and (6.48), we suppressed the g-dependence of 6 to simplify the expressions. We
also wrote W3 (u1,u2) in place of W(s)(u1,ug,us = 1). Remarkably, the sum (6.46) of all
residues is independent of v and equal to (6.37), (6.38) and (6.39).

6.4 C*/Zs x 72(0,0,1,1)(1,1,0,0)

Geometric formula. If we choose not to use any subtraction, there is a unique way to
triangulate the toric diagram. In the notation of figure 6, the triangulation reads

T(ABCD) = A(OPAD) + A(OBPD) + A(OCAP) + A(OBCP). (6.49)
The pre-index (with ¢4 = 1) is

i1(q)*01(q,1/t3)01(q, t2/t1t3)01(q,1/t1t2)

J(t) = xy-parity | — 01 (0. 00)01 (¢ 1201 (4. £3/12)01 (¢ /tnt) | ° (6.50)
where we defined the “zy-parity sum” as
wy-parity[h(t1, t2)] = h(ty, ta) + h(t] ! ta) + bt t5 1) + h(t7 , t51) . (6.51)
Upon substitution,
t1 =s4/s3 =y, ta=s1/so=ux/y, t3=s1850=1/z, (6.52)
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we obtain

7 m@®0i(g,2) [ 6i(g,2M)0(a0,4%/2)  6i(g,2%2)01(¢,9°)
01(q, 2y)01 (¢, z/y) | 01(q, y/22)01(q, 2/zy)  O1(q,y/x2)01(q, zy2) (6.53)
i, 7%/2)01(q, v*) 01(q,2%)01(q,y°2)
el(q,aj/yZ)el(q,Z/xy) 61(q; x/yz)ﬁl(q,xyz)
Some symmetries of the index are manifest from the formula:
I(m7 Y, Z) = —I(l/l‘, Y, Z) = —I(l‘, 1/ya Z) = —I($, Y, 1/2) = +I(ya T, Z) : (654)
Orbifold CFT. The orbifold CFT method gives the index in the form
391 (q,2 Cab Oax(q, 7)0ax(q,Y)
I — I a, ax Y a* i . 6‘55
Z (. 310 0. 52)60(a. 52053 52 (6:39)

The phase factors ¢, and the labels a x b for the theta functions in the numerator are

+ - — - 1 2 3 4
+ -+ + 2 1 4 3
_ Casb= 6.56
b=l 4y “ 34 1 2 (6.56)
+--- 43 21

We can regard the C*/Zy x Zy model as a Zs orbifold of either the C*/Z5(0,0,1,1) model
or the C*/Z5(1,1,1,1) model. In (6.56), the first rows of the matrices correspond to the
C*/75(0,0,1,1) model, whereas the diagonal elements correspond to the C*/Zy(1,1,1,1)
model. See (6.10) and (6.19).

It is straightforward (but tedious) to prove that (6.53) and (6.55) agree perfectly.

GLSM. The anomaly polynomial is
A(u) = 4(uy — ug + us — U4)2 . (6.57)

The anomaly cancelling factor is given by

91(% UU)91 (Q7 U/U)
01 (q7 u)2 ‘

The parameters vq and vy in (6.58) are unconstrained except that vy 2 # ¢" (n € Z).

V(uyvr,ve) = W(u;v)W(u;vg), Wi(u;v) = (6.58)

The one-loop integrand with the anomaly cancelling factor V' (u;;v;) is (uij = u;i/u;)

. 01(q, xu24)01(q, xu42)01(q, yus4)61(q, yu
Z1100p = —i(2m)* ()" 01(q, 2)* = 1@, 724)01 (9, 2142)01 (9, Yu124)01 (9 yuaz)
Hi:l 91(% Siu12)91(q, 8¢u21)91 (q, siU34)91(q, Siu43)

01(q, zu13)01(q, zus1 )61 (g, yui3)bi (g, yus:)
H’?:?) 91 (q7 Siu23)01 (Q7 Siu32)91 (q, Siu41)91(q, SZ"U,14>

V(ujug/ugug;vr,v2). (6.59)

The charge plane contains eight vectors £ (u12, ua3, us4, u41) with the obvious constraint
u19 + u93 + usq + uq1 = 0. By taking any three linearly independent vectors out of the
eight, we can make 32 cones. Some of the cones overlap with each other; see figure 7.
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(0,-1,1)

(~1,0,0)
(-1,1,0)

Uzq

(0,1,-1)
Figure 7. Charge vectors of the C*/Zy x Zy theory with n = (1,1, 1).

We will say that a choice of 7 is generic if it does not lie on the boundary of any of the
cones. For any generic choice, four cones contribute to the JK-calculus. Up to symmetries
of the gauge theory, there are two inequivalent choices of 7. Let us call them branch A and
branch B. On both branches, two out of the four cones give vanishing contributions to the
JK-integral. So the effective number of cones is two.

On branch A, all non-vanishing residues come from degenerate poles with four planes
intersecting. The two cones, which look different a priori, both land on the same degenerate
poles. The end result is that there are four non-vanishing residues, which match the
geometric formula (6.53) term by term. At the four poles, the V' gives a trivial contribution,
V(u=1;v1,v2) = 1.

On branch B, there are 16 non-vanishing residues, all with non-trivial contributions
from the V function. The 16 residues can be divided into four groups of four terms. Each
group matches a term in the geometric formula (6.53). A key step in proving the equality
can be written as

01(z)? [ 01(x)V (y) 01(y)V (z) ]
01 (

01(y/z) [01(y2)01(y/2)01(y)  61(x2)01(x/2)0: () (6.60)
n 01(2) V() [ 01(zyz) n 01(zy/2) ] __Oi(=zy)
01(22) 01(z2)01(yz) ~ O1(z/2)01(y/2)]  O1(2)01(y)

We can verify this identity by plugging in the proposed form of V' (6.58) and using the
simpler identity (6.30) repeatedly.

6.5 C*/Z4(1,1,1,1)

Geometric formula. As shown in figure 8, the toric diagram has four external vertices
at (1,0,0), (0,1,0), (0,0,1), (—=1,—1,—1), and an internal vertex at (0,0,0). It can be
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€(0,0,1)

B(0,1,0)

D(-1,-1,-1)

Figure 8. Toric and quiver diagrams of the C*/Z,(1,1,1,1) model.

triangulated in the usual way,
T(DABC) = A(OABC) + A(DABO) + A(DBCO) + A(DCAO), (6.61)

so the geometric formula works well without using the subtraction method. The pre-index
(with ¢4 = 1 inserted) is

_in(q)®01(q, 1/t1t2)01(q, 1/tat3)61(g, 1/t3t1)
01(q,t1)01(q,t2)01(q, t3)01(q, 1/t1tats)
i1(q)*01(q, 13 /tat3)01(q, 11 /t2)01(q, 13 /13)
01(q, 1/t1)01(q, t2/t1)01(q, ta/t1)01(q, 7 /tat3)

where the cyclic sum was defined in (6.15). The relation between t; and (z,y, z) for this
orbifold is

J(t) =
(6.62)

— cyclic

t1=s1/sa=1/yz, ta=sa/sa=1/zx, t3=s3/s4a=1/xy. (6.63)
The geometric index can be summarized as

in(q)301(q, 2%y2)01(q, vy%2)01 (g, vyz?)
01 (q7 wy)el (q7 yz)el (q7 Zx)el (Q7 $2y222)

where the tetrahedral sum was defined in (6.24).

7 = tetra

: (6.64)

Orbifold CFT and single term formula. If we apply the orbifold CFT formula (6.4)
directly to this orbifold, we find a sum of 42 = 16 terms. Since the shift parameters are
multiples of 1/4, the result is not particularly illuminating.

We can take an alternative route to find something simpler. The key idea is that
C*/Z4(1,1,1,1) can be regarded as a Z orbifold of C*/Z2(1,1,1,1). Recall that the index
of the latter satisfies an interesting identity (see (6.18) and (6.19)),

i( 1)+19(q)201 (g, )61 (q, )61 (¢, 2)
p— (Q781)0a(q7 52 9a(q,53) (Q784)
in(q)61(q, 22)61( (
61(Q781)01(Q7 %) 1 1

I=-;
(6.65)

)
7,y%)01(q, 2%)
(¢, 53)01(

754)'
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In words, we may say that Zs(1,1,1,1) orbifolding resulted in squaring the fugacity vari-
ables. By applying the same orbifolding once again, we can deduce that

i 24: (=1)"*+1(9)*01 (g, 2°)01 (g, ¥*)01 (g, 2°)
2 0a(q, 57)0a(d, 53)0a(q, 53)0a(q, 57)

a=1

__n(9)*01(q,2%)01 (g, y")01 (g, 2%)
91(Q78%>91(q73%)91(q7Sg)el(Q7si)

To summarize, starting from the single term formula of the C*/Zs(1,1,1,1) orbifold

Y Y )

(6.66)

and applying further Zy orbifolding, we derived a new single term formula (6.66) for
the C*/Z4(1,1,1,1) orbifold. It is straightforward to prove that (6.66) agrees perfectly
with (6.64).

GLSM. The anomaly polynomial is
A(u) = 4(u12 + uza)® — 2(u13)? — 2(u24)?. (6.67)

Since it has some negative terms, we cannot use the ansatz for the anomaly cancelling
factor proposed in section 5. Taking a leap of faith, we propose a new anomaly cancelling
factor for this example,

01(g, viuigusa)01(q, v1/u12u34)01(q, vouiougs)br (g, v2/u12us34)

U(ui; vy, v2) = 6.68
(wi; 01, 02) 01(q, viu13)01(q, v1/u13)01(q, v2u24)01(q, v2/u24) (6.68)
The one-loop integrand is (u;; = u;/u;)
Zire = —i(27)%n(q) " T2, 91((17xau13)91(q,l’a/U13)91(q7%U24)91(q7$a/u24)U(u')
oo [T 01(q, 8i/u12)01 (. si/u23)01(q, 5i/uza)01(q, i /us1)
(6.69)

The charge vectors from the chiral multiplets are depicted in figure 9. By choosing three
out of four vectors, we can form four different cones. For any generic choice of 7, only one
cone contains 7 inside it. The four cones are related by the tetrahedral symmetry of the
toric diagram, so it is guaranteed that the result will be independent of the choice of 7.
Choosing 7 = (1,1, 1), the naive counting gives 4% = 64 poles, among which 40 are nor-
mal and 24 are degenerate. A closer look reveals that the residues from the 24 degenerate
poles all vanish, while all but four residues from the 40 normal poles also vanish. Interest-
ingly, the anomaly cancelling factor (6.68) becomes 1 at the four surviving poles. The final
result is a sum of four terms, which match the geometric formula (6.64) term by term.

7 Non-orbifold models

7.1 Ds

Geometric formula. The toric diagram of the D3 theory is shown in figure 10. There
are six different ways to triangulate it without subtraction. If we choose to triangulate it as

T(D3) = A(OABC) + A(ABCE) + A(ACDE) | (7.1)
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Uzq

(0,0,I)T
(1,1,1)

(~1,0,0)

(1,-1,0)

Uz4
Uia

(0,1,-1)

Figure 9. Charge vectors of the C*/Z, (1,1,1,1) theory with n = (1,1, 1).

C(0,0,1) E(0,1,1)
D(1,0,1)
B(0,1,0)
A(1,0,0)

Figure 10. Toric and quiver diagrams for the D3 model.

the pre-index with ¢4 =1 is

61(q, t1t2)01(q, t1t3)01(q, tats)
01(q,t1)01(q,t2)01(q,t3)01(q, titats)
01(q,t2)01(q, t3)01(q, t3tats)

J(t) = —in(q)’

7.2
01(q,t1)01(q, t1t2)01(q, t1t3)01(q, t1tats) (7.2)
01(q,t1)01(q,t3/t2)01(q, t1tats)
01(q,t2)01(q,t3)01(q, t1t2)01(q, t1t3)
We set the other fugacities to be
t1:$, tzzy, t3:Z, (73)
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field | Xos Xs1  Xio2 | Xz2 Xz Xog [ Y1 Yoo Va3 | Aoz Azt A | Azp Az Ay
U, | +1/2 0 —1/2|+1/2 0 —1/2|+1 0 —1|+1/2 -1 +1/2|+1/2 -1 +1/2
U, | 0 +1/2 —1/2] 0  +1/2 —1/2| 0 +1 -1 41 —1/2 —1/2| +1 -1/2 —1/2
UQ). | +1/3 +1/3 +1/3| -1/3 —1/3 -1/3| 0 0 0 | +1/3 +1/3 +1/3| -1/3 —-1/3 —1/3

Table 4. Global charges of matter fields in the D3 theory.

so that we have

— inay | 01 2y)01(q, 22)01(q, y2)
L= =l | 50 )81 (a, 9)r (0, 96 (4, 297)
01(q,y)01(q, 2)01(q, 2yz) 01(q,7)01(q,2/y)01(q, vy=)
01(q,2)01(q, zy)01(q, 2)01(q, vy2) ~ 61(q,y)01(q, 2)01(q, 2y)01(q, 22)

(7.4)

The symmetries of the toric diagram are reflected in the index. The S3 subgroup is gener-
ated by the two elements:

(z,y) = (y,2), (z,y) = (y,1/zy). (7.5)

Another subgroup, Zs, acts as z — 1/z. Not all symmetries are manifest in (7.4).

The g-expansion of the index reads

L+o+y+a’y+ay’ +2%y° —6ry 201 —2)(1 —y)(1 —zy)
(1-2)(1-y)(1—2y) Ty

T=-— q+0(¢%). (7.6)
As expected from the discussion in section 4, the leading term contains codimension 1
poles, whereas the next term is a Laurent polynomial in (x,y, z). Curiously, both terms
are independent of z. In fact, we can prove that the index is completely z-independent.
Then we may set z to any convenient value to simplify the answer. For instance, setting
z =y and applying the symmetry (7.5), we obtain

_ —in(q)® 01(q,2)%01(¢,9*)  01(q,9)*01(q, 2°)
= Hl(q’ xy)01(q, x/y) 01 <q, y)2 0, (q7 .TU)2 . (7.7)

GLSM. The quiver diagram of the D3 theory is shown in figure 10. The theory consists
of three adjoint chirals, six bifundamental chirals and six bifundamental Fermis. Their

charges under the global symmetry are summarized in table 4.
After the overall U(1) decoupling, we have the integrand

7 _ i(27r)277(Q)7 H 91(q.(qul/3)“y x)
t-loop 01(q,x) 01(q,y) 01(q,1/xy) Pt 61(q, (ugz/3)e\/x)

» 01(q, (ulzfl/S)a/(x\/@) 01(q, (ul221/3)am)
01(q, (u1271/3)2\/y) 01(q, (u122'/3)2//zy) '

Figure 11 shows the charge covectors of six singularity lines. When we take 1 to be
(1,1), three out of twelve singularities contribute to the elliptic genus. By adding the
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(-1,1) uz3 (1,1)

(0,1) A n
X1 X3
(1,0
(~1,0) <= > U13
X31 X13
X32 X12
Y
(0,-1) (1,-1)

Figure 11. Charge vectors of the D3 theory. For n = (1, 1), residues from three cones contribute
to the index: {Xlg,X23}7 {Xlg,X21} and {X12,X23}.

residues from three cones {Xi3, Xos}, {X13, Xo1} and { X2, X23}, we obtain

01(q,2) 01(q,zy) 01(q,22/y)
01(q,x) 01(q,y) 61(q,y/2) 01(q,xz)
01(q, ) 01(q,y/2) 01(q, vy2)
01(q,y) 01(q, 2) 01(q,zy) 01(q, z2)

01(q,y) 01(q,22) 61(q,7y/2)
01(q,z) 01(q,2) 61(q,zy) 61(q,y/2)

I =in(q)®

(7.9)

It can be shown to be equal to (7.4).

Note that the charge vectors in figure 11 divide the plane into six regions. There is
a one-to-one map between the six regions and six different ways to triangulate the toric
diagram (without subtraction) in figure 10, such that the equality between the GLSM
result and the geometric result become manifest without any change of variables or theta
function identity.

7.2 H,; — anomaly and triality

Let us now consider an example that has not previously appeared in the literature. The
toric diagram for this geometry is shown in figure 12 and we refer to it as Hy.

Geometric formula. In the notation of figure 12, we use the triangulation
T(Hy) = A(OAEC) + A(CAED) + A(OEBC) + A(CEBD). (7.10)
With the change of variable,

tl =, t2:y t3:1/z, t4:1, (7.11)
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A(1,0,0)

Figure 12. Toric diagram for Hy.

Triality
on node 4

Figure 13. Periodic quivers for two toric phases of Hy.

we obtain

_ —in(@)® [01(x)0r(2/y2)01(y/2) _ 01(y)01(y/w2)01(x/2)
01(x/y) | 01(y)01(2)01(z/) 01(x)01(2)01(2/y)

) ) (7.12)
01(2)01(2)01(z2/y”)  b1(y)01(2)0:(yz/2)
01(y)01(y/2)01(xz/y)  O1(x)01(x/2)01(yz/2) |

Its lowest terms in the g-expansion are
_ (z—y)P(l+2) (z —y)*(1—2%) 2
R e e R R

GLSM. The H4 model has several toric phases. Figure 13 shows the periodic quivers for
two of them and how they are related by triality. For a detailed discussion on how triality
is realized on the periodic quiver, we refer the reader to [10-12].
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field | Doy D3z Dsg D | Xaoo Yau  Zoy | Xis Y3 Zss | X Yoo Zy
U(l), | —1/4 —1/4 1/4 —1/4|—1/4 3/4 1/4 | -1/2 1/2 0 | —-3/4 1/4 1/4
U(l), | —1/4 —1/4 1/4 —1/4| 3/4 —1/4 1/4 | 1/2 —1/2 0 | 1/4 —3/4 1/4
U(l), | —1/4 —1/4 1/4 —1/4| 3/4 3/4 —3/4| 1/2 1/2 —1| 1/4 1/4 -3/4
Table 5. Global charges of chiral fields in phase A of Hy.

field | AT, AY, Af, | Afy  Afy | Af, AL | A Aug

U(1)s 1 0 0 /2 -=1/2| 1/2 -1/2|1/4 -1/4

U(l)y, | O 1 0o |-1/2 1/2 | -1/2 1/2 |1/4 -1/4

Ul),| O 0 1 -1/2 —-1/2 | -1/2 —-1/2|5/4 3/4

Table 6. Global charges of Fermi fields in phase A of Hy.

Phase A. This phase has 13 chiral fields and 9 Fermi fields.
periodic quiver correspond to

The plaquettes in the

J FE
ATy i Dig- Xy — Xi13- D3z - Doy Yis - D3g - Zyn — Z12 - Y1
Al : Diy-Yy —Yi3- D3y~ Doy Z1g - Xo1 — X3+ D3g - Zy
Afy Dyy - Zy1 — Z12- Dy X13- D32 - Yo1 — Y13 D34 - Xy
Afs D35 - Xo1 — D3y - X1 Y13+ 233 — D1a - Zg1 - Y13 (7.14)
A D3s - Yo1 — D3y - Yy Z12 - Doy - X13 — Xq3 - 233
Afy: Xo1-Dig— Doy - X43- D3y Zy1- Y13 D3g — Yy1 - Z12
Ay Yo -Dyy— Doi-Yi3- Dy Xa1+Z12 — Zy1 - X13 - D32
A9z i Z33- D3y — D3y~ Doy - Z12 Yor - X1z — Xo1 - Y13
Mgz Z33- D3y — D3y - Zy1 - Dy Xg1-Yi3 — Y - Xas
The global charges of the fields are given in tables 5 and 6.
The anomaly polynomial is
A(u) = 2(2114 — U2 — U4)2 s (715)

so we can use the ansatz (5.9) for the anomaly cancelling factor at n = 2.

The charge vectors in phase A of the Hy model is depicted in figure 14. The JK residue
computation with n = (=2, -3, —1) leads to

7, — —@® [6@)0(/y=)01(y/2) _ 01()01(y/2)0 (/)
Or(z/y) | 01(y)01(2)01(z/x) 01(2)01(2)01(2/y)
O1(x)01(2)01(z2/y*)  01(y)01(2)61(yz/2?)
01(y)01(y/2)01(x2/y)  O1(x)01(2x/2)01(yz/x) ]’

(7.16)

which agrees with (7.12) term by term. For this particular choice of 1, the W-function
becomes trivial at each of the four contributing poles.
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U3q
(0,1,1)

~6,2,3)
(1,-1,0) /
e— - ' (~1,0,0)

Uyg == —~—
(1.0.0) r 2-3l1)
4

(0,0,-1)
[
(0,1,-1)

Figure 14. Charge vectors in phase A of Hy with n = (-2,—-3,—1) and n = (-6, 2, 3).

For a different choice, say, n = (—6, 2, 3), we obtain a more complicated expression,

7, = Z(@)*01(2)01(y)01(2)

01(x/y)01(v)?
01 (vz)0i(v/z) | Or(vy)Oi(v/y)  01(v2)01(v/2)
- [( 01()? * 01(y)? C 01(2)? )

(7.17)

Or(y/zz)  bi(z/yz)
. <91<z/y>91<m> 91<z/m>el<yz>>

01(vx/y2)00(vyz/x)  Oi(vy/az)6i(vaz/y) ]

01(x/yz)01(z/2)01(yz)  01(y/x2)01(2/y)01(22)

Despite its appearance, it can be shown to be independent of v and agree with (7.12).

Phase B. This phase has 10 chiral fields and 6 Fermi fields. The plaquettes in the
periodic quiver correspond to

J E
A3+ Day-Yoy-Dyy - Z1g — Z3a - Day - Y1z - D3 Doy - X13 — Xog - Dy3
ANy Zsy-Dyi - Xi3- D3y — D3 Xoa - Dy - Zho Doy - Y13 — You - Dys
A3q - D35 - Doy - Z19 — Z34 - Dy3 - D32 Xog - Dyy - Y13 —Yos - Dyy - Xu3
Afy: Dy3-D3zg- Xog- Dyt — Dyy - X13 - D32 - Doy Yi3 - Z34 — Z12 - You
A,: Dyg-Dsy- Yoy Dyy — Dyy - Y13 - D3g - Doy Z1g - Xog — X13 - Z34
Afy Dy3 - Z34 - Dy1 — Dyy - Z12 - Doy X13- D32 - You — Y13 - D32 - Xog
(7.18)
The global charges of the fields are given in table 7
The anomaly polynomial is
Au) = 2(uy — ug — ug + uy)?, (7.19)

so we can use the W-function as the anomaly cancelling factor.
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field | Doy D3y Duyg Dyi| X1z Yis | Xou You | Zia Zsy | A3y AYy A3 A, A}, A
Ul)y|—1/4 —1/4 —1/4 1/4|-1/2 1/2 |-1/2 1/2 | 1/4 1/4 |-3/4 1/4 1/4| 3/4 —1/4 —1/4
U(), | —1/4 —1/4 —1/4 1/4| 1/2 —1/2| 1/2 —1/2| 1/4 1/4 | 1/4 —3/4 1/4|-1/4 3/4 —1/4
U().|—1/4 —1/4 —1/4 1/4| 1/2 1/2 | 1/2 1/2 |-3/4 —3/4| 14 1/4 5/4|-1/4 —1/4 3/4

Table 7. Global charges of fields in phase B of Hy.

(1,-1

(0,-1,0)

—

10) e

U4
(1,0,0)

Uzq
n (0,0,
(2,3,6)

/
(0,0,-1)

0,1

1)

(-1,

0,0)

T (_1,1,0)

Una

(=7,—-1,-5)

,—1)

Figure 15. Charge vectors in phase B of Hy with n = (2,3,6) and n = (-7,—1,-5).

The charge vectors in phase B of the Hy model is depicted in figure 15. The JK residue
computation with the choice n = (2, 3,6) gives

Ip

_ —in(q)? [01(z)b1(x/yz)01(y/2)

 Oi(x/y)

01(y)01(2/x)01(x2/y)

01(y)01(2)01(2/x) 01(x)01(2)01(y/2) (7.20)
N 01(x)01(2)01(z2/y?) | 01(y)01(2)01(2?/yz)
01(y)01(y/2)01(z2/y) ~ 01(2)01(2/2)01(2/y2)

which agrees with (7.12) term by term. Again, the particular choice of  makes the W
function trivial at each of the four contributing poles.

If we instead choose n = (-7,

—1,—5), we obtain

Ip = —iU(Q)391 (-%')01 (y)@l(z)

(7.21)

01(x/y)01(v)?

01(vz)01(v/x)01 (y/z2)  O1(vy)0i(v/y)or(2/y2)
01(x)201(2/y)01(x2) 01(y)?01(z/x)01(yz)
01(vx/yz)bh(vyz/x)  Oi(vy/x2)0i(vaz/y)
01(z/yz)01(z/2)0h(yz)  01(y/v2)01(2/y)01(x2)

_ Oi(z/y)br(zy2) ('91(1)2)91(17/2) _ bh(vzyz)0:1(v/zyz)
01(xy)01(22)01(yz) 01(2)? 01(ryz)?

i1(q)*01 (xy) 01 (x2)01 (y2)

01(2)01(y)01(2)01 (vyz)

Again, it can be shown to be independent of v and agree with (7.12).
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8 Discussion

We computed the elliptic genera for a class of 2d (0,2) gauge theories that arise on the
worldvolume of D1-branes probing toric CY4 singularities. These quiver gauge theories
are efficiently described by T-dual Type ITA brane configurations of D4-branes suspended
from NS5-branes known as brane brick models. The elliptic genera were computed using
two independent methods. First, we calculated the elliptic genus using an integral formula
based on the GLSM quiver description known from our previous work on brane brick
models. Then, we proposed a new formula for the elliptic genus based on the CY, target
space geometry that the NLSM is expected to describe in the IR. For both methods, we
regulated divergences arising from the non-compactness of the target space by introducing
appropriate U(1)? global symmetry fugacities. It was shown in several examples that the
two methods lead to the same result. We hence conclude that quantum effects, which are
expected in the IR, do not drastically alter the correspondence between the target space
geometry and this class of 2d (0,2) gauge theories.

For 2d (0,2) gauge theories that naively suffer from abelian gauge anomalies, we in-
troduced an anomaly cancelling term in the integral formula for the elliptic genus. Using
this extra term, we verified the agreement with the computation based on the target space
geometry.

We also provided further evidence for triality of 2d (0,2) theories by matching the
elliptic genera of brane brick models with the same target space geometry. For brane
brick models, the target space of the NLSM is the classical mesonic moduli space of the
corresponding 2d (0,2) quiver gauge theory. Our results suggest that the mesonic moduli
space is a good IR observable for the examples considered in this paper. This is far from
being the case for more general 2d (0, 2) theories unrelated to brane brick models. It would
be desirable to expand our investigation to more examples.

A natural question, which we leave for future work, is whether the elliptic genus formula
proposed in this paper based on the triangulation of the toric diagram can be extended to
more general geometries. For instance, non-toric CYy form a rich class of geometries yet
to be studied in the context of 2d (0,2) theories.

In addition, it would be desirable to obtain a stringy explanation for the anomaly
cancelling factor in the GLSM computation of the elliptic genus. We expect that there
is a stringy anomaly inflow mechanism analogous to the Green-Schwarz mechanism that
cancels the anomaly. This would be in line with our derivation of the anomaly cancelling
term in the integral formula for the elliptic genus, which relies on its modular properties
and holomorphy.

Given that throughout this paper we have restricted ourselves to abelian brane brick
models, it would be interesting to study their non-abelian extensions. Following [37],
one can expect that the elliptic genus of such a non-abelian theory relies on a symmetric
product of the target space of the corresponding abelian theory. However, a recent study of
2d maximal super-Yang-Mills with C* as its target space showed that the naive symmetric
product of C* is not enough to obtain the elliptic genus of the non-abelian theory [30]. We
hope to return to non-abelian brane brick models in the near future.
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Finally, it would be interesting to find observables that are more refined than the
elliptic genus, such as the ones proposed in [38], for brane brick models.
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A Theta functions and their identities

A.1 Theta functions

To make the paper self-contained, we collect some well-known properties of eta and theta
functions. We follow the standard conventions shared by many physics textbooks, includ-
ing [39, 40] and consistent with [23].

The Dedekind eta function is

n(r)=¢/*[[0-¢"), q¢=€"", Im(r)>0. (A1)
n=1

Its modular properties are

: 1
e+ )=o),y (<1) = Vi), (A2)
The Jacobi theta functions with arbitrary twists have a sum representation,
03)(rlz) = Y gzt ittt o, g e R, (A.3)
nez

and a product representation,
0%

ﬂ]((T)‘Z) _ eZm'a(erB)q%*i H (1+qn+a7%€2ﬂ'i(z+6)> <1+qnfaf%672m’(z+ﬁ)> _ (A4)
mT

n=1

They have quasi-periodicity in « and S,

O[5 (rl2) = B131(rl2) = =20l ) (rl2). (A5)
as well as quasi-periodicity in z,

0317l + 1) = e 20[g](r]2), O5)(r]z+7) = PENg(rlz). (A6)
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Their modular properties are

031 +1]2) = 0= | o ] (7]2),
o (>

z — oriaBtmiz [ B
Z) =V—ire TQ[—a] (1)2) .
-
When «, 8 are restricted to 0 or 1/2, they reduce to the more familiar 6, (a = 1,2,3,4)
functions:

(A7)

01(rl2) = —0[1)3] (r12) = —ig* (w3 =y 3) [T = ") (1 = yg") (1 = y7'"),
k=1

=
Il
—
—~
>
o
~—

0a(rl2) = 01§ 1(rl2) =TT (1 =" (14 a" %) (14 971¢2),
k=1

Oa(7|2) = 01,),)(7]2) = ﬁ(l —q") (1 - yq’“_%) (1 -y ' 2) ,
k=1

where y = 2%,
As mentioned in section 3, the definition and computation of the (modified) elliptic

genus often makes use of the following identity,

2(91(7'\2)

% =21 n(71)3. (A.9)

z=0

Throughout the main body of this paper, we mostly use the multiplicative (exponen-
tial) notation with variables ¢ and y. Sometimes, when we discuss the anomaly polynomial,
it is more convenient to use the additive (logarithmic) notation with variables 7 and z.
Switching between the two notations is straightforward:

0a(7]2) = Oa(q = ¥,y = ™). (A.10)
Hopefully, which notation we are using is always clear from the context.

A.2 Proving theta function identities

We have encountered a number of theta function identities in the main text. Here we
sketch a proof for them. Consider a function F'(7|z) holomorphic in 7 and meromorphic
in z. Suppose F(7|z) is quasi-periodic in z in the following sense:

F(rlz+1) = F(r|z), F(r|z) =" =2m02p(7]2) (A.11)

where v(7) is some linear function of 7, and ¢ is an integer. For example, ,(7]2)2, 0,(7]22)
(a =1,2,3,4) are quasi periodic holomorphic functions. Their ratio is in general a quasi-
periodic meromorphic function. When two or more functions have the same periodicity,
their linear combinations are also quasi-periodic.
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Suppose we want to prove an identity of the type
Fp(r]z) = Fr(t|2), (A.12)

where F7, and Fr are known to have the same periodicity.

A standard way to prove this is to show that Fj, and Fgr have the same sets of zeros
and poles, counted with multiplicity. Then F7,/Fgr would be a holomorphic function that
is strictly periodic (y = 0 = 4) on the torus z ~ z 4+ 1 ~ z 4+ 7. An elementary theorem
in complex analysis asserts that a holomorphic function on a compact connected manifold
must be a constant. Thus, to complete the proof, it suffices to show that F/Fr =1 at
some convenient value of z.

For the identities in this paper, the poles and residues of Ff g are easy to find, but
the zeros are not. Suppose we have shown that the poles and residues match. Then we
know that AF = F, — Fg is holomorphic. If AF' is strictly periodic (v = 0 = §), then the
theorem mentioned above guarantees that AF' is a constant, which can be determined by
evaluating AF at some z.

Let us make a slight digression. When § # 0, F(7|z) is not really a function but
a section of a holomorphic line bundle over the torus. The integer ¢ is the first Chern
number. Intuitively, § counts the number of zeros minus the number of poles of F(7|z) on
the torus, with multiplicity.

Returning to the main problem, if F;, and Fr have § < 0, it follows that AF must
be a holomorphic section which has more poles than zeros. To avoid a contradiction, it
must be that AF = 0, completing the proof. All the identities in the main text have either
v=0=24 or § < 0. Hence this proof applies to all of them.

The following identity between #; and 6,4, in the multiplicative notation, is used many
times in the main text:

61 (Q7 ab)el(% a/b)e4<Q7 1)2 =0 (Q? a)204(Q7 b)2 - 94(Q7 CL>2(91 (q, b)2 : (Alg)

B Degenerate poles and the Jeffrey-Kirwan residue

Additional ideas are necessary for computing the JK residue in (3.5) in the presence of
degenerate poles. Such poles appear when, for gauge group U(1)", more than r hyperplanes
corresponding to the charge vectors of the JK integral meet at a point. Degenerate poles
can be regulated using flags as we review in this section. The calculation of the JK residue
using the flag method was explained in detail in [23].

A degenerate pole u, is associated to [ > r singular hyperplanes identified by the
charge vectors Qu, = {Q1, - ,Qr, -+ ,Q}. We first choose a subset of r vectors from
Qu, and order them to form

B(F) ={Qi, -+ @i, } C Qu, - (B.1)

Let Fj, be the vector space whose basis is given by the first & vectors in B(F). The vector
spaces F, with k = 1,...,r, form a set

F=[Fo={0}CcF---CF=C", dim(Fy) =k. (B.2)
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This is known as a flag F, whose basis is given by the ordered set B(F). B(F) is not
necessarily unique for a degenerate pole associated to Qy,. Hence, we have a finite set of
all possible flags F for a given Qu,, which we call FL(Qu,).

Once we construct FL(Qu, ), we define an ordered set k7 for each flag F € FL(Qu,) as

=Y Qi‘ k=1, 5. (B.3)

Qi €Qu, NFk

After imposing the strong regularity condition on a trigger n [23], we finally determine the
JK residue.
For flags satisfying the positivity condition with respect to x7, the JK residue reads

JK-Res = .
K-Res Z v(F) Rfes , (B.4)
FEFLT (Qu.)

where FLT(Qu,,n) = {F € FLQu,)ln € Cone(x],---,x7)} and v is a sign factor
associated to the flag F; v(F) = sgn (det(s{, -+ ,x7)). The functional Resz on the right
hand side of (B.4) is known as the iterative residue, which is simply the residue computed
in the ordered basis B(F). The iterative residue is defined under the following coordinate
transformation

ﬁk = sz U, (B.5)

for k=1,--- ,r. The r-form integrand w is transformed into w = @;....du A - - - A da,.. Of
course, we should not forget the Jacobian factor from the coordinate transformation. The
iterative residue becomes straightforward in the @ coordinates

Rfesw = Res --- Res @1..r, (B.6)

Ur =Usxr Ul =Ux1
where the Res on the right hand side is the single variable residue obtained by assuming

that all the other variables are generic.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] E. Witten, Phases of N = 2 theories in two-dimensions, Nucl. Phys. B 403 (1993) 159
[hep-th/9301042] [INSPIRE].

[2] K. Hori and D. Tong, Aspects of Non-Abelian Gauge Dynamics in Two-Dimensional
N = (2,2) Theories, JHEP 05 (2007) 079 [hep-th/0609032] [INSPIRE].

[3] J. Distler and S. Kachru, (0,2) Landau-Ginzburg theory, Nucl. Phys. B 413 (1994) 213
[hep-th/9309110] [INSPIRE].

[4] E. Silverstein and E. Witten, Global U(1) R symmetry and conformal invariance of (0,2)
models, Phys. Lett. B 328 (1994) 307 [hep-th/9403054| [INSPIRE].

— 44 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0550-3213(93)90033-L
https://arxiv.org/abs/hep-th/9301042
http://inspirehep.net/search?p=find+EPRINT+hep-th/9301042
http://dx.doi.org/10.1088/1126-6708/2007/05/079
https://arxiv.org/abs/hep-th/0609032
http://inspirehep.net/search?p=find+EPRINT+hep-th/0609032
http://dx.doi.org/10.1016/0550-3213(94)90619-X
https://arxiv.org/abs/hep-th/9309110
http://inspirehep.net/search?p=find+EPRINT+hep-th/9309110
http://dx.doi.org/10.1016/0370-2693(94)91484-2
https://arxiv.org/abs/hep-th/9403054
http://inspirehep.net/search?p=find+EPRINT+hep-th/9403054

[5]

[15]

[16]

[17]

A. Gadde, S. Gukov and P. Putrov, (0,2) trialities, JHEP 03 (2014) 076 [arXiv:1310.0818]
[INSPIRE].

A. Gadde, S. Gukov and P. Putrov, Ezact Solutions of 2d Supersymmetric Gauge Theories,
arXiv:1404.5314 [INSPIRE].

K. Mohri, D-branes and quotient singularities of Calabi-Yau fourfolds, Nucl. Phys. B 521
(1998) 161 [hep-th/9707012] [INSPIRE].

H. Garcia-Compean and A.M. Uranga, Brane box realization of chiral gauge theories in
two-dimensions, Nucl. Phys. B 539 (1999) 329 [hep-th/9806177] [INSPIRE].

A. Gadde, S. Gukov and P. Putrov, Fivebranes and 4-manifolds, arXiv:1306.4320
[INSPIRE].

S. Franco, D. Ghim, S. Lee, R.-K. Seong and D. Yokoyama, 2d (0,2) Quiver Gauge Theories
and D-branes, JHEP 09 (2015) 072 [arXiv:1506.03818] [INSPIRE].

S. Franco, S. Lee and R.-K. Seong, Brane Brick Models, Toric Calabi-Yau 4-Folds and 2d
(0,2) Quivers, JHEP 02 (2016) 047 [arXiv:1510.01744] [INSPIRE].

S. Franco, S. Lee and R.-K. Seong, Brane brick models and 2d (0,2) triality, JHEP 05
(2016) 020 [arXiv:1602.01834] [INSPIRE].

S. Franco, S. Lee, R.-K. Seong and C. Vafa, Brane Brick Models in the Mirror, JHEP 02
(2017) 106 [arXiv:1609.01723] [InSPIRE].

S. Franco, S. Lee and R.-K. Seong, Orbifold Reduction and 2d (0,2) Gauge Theories, JHEP
03 (2017) 016 [arXiv:1609.07144] [INSPIRE].

F. Benini and N. Bobev, Ezact two-dimensional superconformal R-symmetry and
c-extremization, Phys. Rev. Lett. 110 (2013) 061601 [arXiv:1211.4030] [iNSPIRE].

F. Benini, N. Bobev and P.M. Crichigno, Two-dimensional SCFTs from D3-branes, JHEP
07 (2016) 020 [arXiv:1511.09462] [INSPIRE].

R. Tatar, Geometric Constructions of Two Dimensional (0,2) SUSY Theories, Phys. Rev. D
92 (2015) 045006 [arXiv:1506.05372] [INSPIRE].

S. Schéfer-Nameki and T. Weigand, F-theory and 2d (0,2) theories, JHEP 05 (2016) 059
[arXiv:1601.02015] [iNSPIRE].

F. Apruzzi, F. Hassler, J.J. Heckman and 1.V. Melnikov, UV Completions for Non-Critical
Strings, JHEP 07 (2016) 045 [arXiv:1602.04221] [INSPIRE].

F. Apruzzi, F. Hassler, J.J. Heckman and 1.V. Melnikov, From 6D SCFTs to Dynamic
GLSMs, arXiv:1610.00718 [INSPIRE].

A. Gadde and S. Gukov, 2d Index and Surface operators, JHEP 03 (2014) 080
[arXiv:1305.0266] [INSPIRE].

F. Benini, R. Eager, K. Hori and Y. Tachikawa, FElliptic genera of two-dimensional N = 2
gauge theories with rank-one gauge groups, Lett. Math. Phys. 104 (2014) 465
[arXiv:1305.0533] [INSPIRE].

F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic Genera of 2d N' = 2 Gauge
Theories, Commun. Math. Phys. 333 (2015) 1241 [arXiv:1308.4896] [INSPIRE].

F. Benini and B. Le Floch, Supersymmetric localization in two dimensions,
arXiv:1608.02955 [INSPIRE].

45 —


http://dx.doi.org/10.1007/JHEP03(2014)076
https://arxiv.org/abs/1310.0818
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.0818
https://arxiv.org/abs/1404.5314
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.5314
http://dx.doi.org/10.1016/S0550-3213(98)00085-6
http://dx.doi.org/10.1016/S0550-3213(98)00085-6
https://arxiv.org/abs/hep-th/9707012
http://inspirehep.net/search?p=find+EPRINT+hep-th/9707012
http://dx.doi.org/10.1016/S0550-3213(98)00725-1
https://arxiv.org/abs/hep-th/9806177
http://inspirehep.net/search?p=find+EPRINT+hep-th/9806177
https://arxiv.org/abs/1306.4320
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.4320
http://dx.doi.org/10.1007/JHEP09(2015)072
https://arxiv.org/abs/1506.03818
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03818
http://dx.doi.org/10.1007/JHEP02(2016)047
https://arxiv.org/abs/1510.01744
http://inspirehep.net/search?p=find+EPRINT+arXiv:1510.01744
http://dx.doi.org/10.1007/JHEP05(2016)020
http://dx.doi.org/10.1007/JHEP05(2016)020
https://arxiv.org/abs/1602.01834
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01834
http://dx.doi.org/10.1007/JHEP02(2017)106
http://dx.doi.org/10.1007/JHEP02(2017)106
https://arxiv.org/abs/1609.01723
http://inspirehep.net/search?p=find+EPRINT+arXiv:1609.01723
http://dx.doi.org/10.1007/JHEP03(2017)016
http://dx.doi.org/10.1007/JHEP03(2017)016
https://arxiv.org/abs/1609.07144
http://inspirehep.net/search?p=find+EPRINT+arXiv:1609.07144
http://dx.doi.org/10.1103/PhysRevLett.110.061601
https://arxiv.org/abs/1211.4030
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.4030
http://dx.doi.org/10.1007/JHEP07(2016)020
http://dx.doi.org/10.1007/JHEP07(2016)020
https://arxiv.org/abs/1511.09462
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.09462
http://dx.doi.org/10.1103/PhysRevD.92.045006
http://dx.doi.org/10.1103/PhysRevD.92.045006
https://arxiv.org/abs/1506.05372
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.05372
http://dx.doi.org/10.1007/JHEP05(2016)059
https://arxiv.org/abs/1601.02015
http://inspirehep.net/search?p=find+EPRINT+arXiv:1601.02015
http://dx.doi.org/10.1007/JHEP07(2016)045
https://arxiv.org/abs/1602.04221
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.04221
https://arxiv.org/abs/1610.00718
http://inspirehep.net/search?p=find+EPRINT+arXiv:1610.00718
http://dx.doi.org/10.1007/JHEP03(2014)080
https://arxiv.org/abs/1305.0266
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.0266
http://dx.doi.org/10.1007/s11005-013-0673-y
https://arxiv.org/abs/1305.0533
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.0533
http://dx.doi.org/10.1007/s00220-014-2210-y
https://arxiv.org/abs/1308.4896
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.4896
https://arxiv.org/abs/1608.02955
http://inspirehep.net/search?p=find+EPRINT+arXiv:1608.02955

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

L.C. Jeffrey and F.C. Kirwan, Localization for nonabelian group actions, Topology 34 (1995)
291 [alg-geom/9307001].

W. Lerche, Elliptic Index and Superstring Effective Actions, Nucl. Phys. B 308 (1988) 102
[INSPIRE].

D. Martelli, J. Sparks and S.-T. Yau, Sasaki-FEinstein manifolds and volume minimisation,
Commun. Math. Phys. 280 (2008) 611 [hep-th/0603021] [INSPIRE].

F. Benini and N. Bobev, Two-dimensional SCFTs from wrapped branes and c-extremization,
JHEP 06 (2013) 005 [arXiv:1302.4451] INSPIRE].

S. Cecotti, P. Fendley, K.A. Intriligator and C. Vafa, A new supersymmetric index, Nucl.
Phys. B 386 (1992) 405 [hep-th/9204102] [iNSPIRE].

M. Kologlu, Quantum Vacua of 2d Maximally Supersymmetric Yang-Mills Theory,
arXiv:1609.08232 [INSPIRE].

S. Benvenuti, B. Feng, A. Hanany and Y.-H. He, Counting BPS Operators in Gauge
Theories: Quivers, Syzygies and Plethystics, JHEP 11 (2007) 050 [hep-th/0608050]
[INSPIRE].

J.J. Duistermaat and G.J. Heckman, On the variation in the cohomology of the symplectic
form of the reduced phase space, Invent. Math. 69 (1982) 259.

D. Ghim, J.-W. Kim and S. Lee, Elliptic Genus of 2d (0,2) Non-linear Sigma Models, to
appear.

T. Kawai and K. Mohri, Geometry of (0,2) Landau-Ginzburg orbifolds, Nucl. Phys. B 425
(1994) 191 [hep-th/9402148] InSPIRE].

S. Lee and S. Lee, Klebanov-Witten Flows in M-theory, JHEP 09 (2012) 098
[arXiv:1207.7169] [INSPIRE].

J. Davey, A. Hanany and R.-K. Seong, Counting Orbifolds, JHEP 06 (2010) 010
[arXiv:1002.3609] [INSPIRE].

R. Dijkgraaf, G.W. Moore, E.P. Verlinde and H.L. Verlinde, Elliptic genera of symmetric
products and second quantized strings, Commun. Math. Phys. 185 (1997) 197
[hep-th/9608096] [INSPIRE].

C. Closset, W. Gu, B. Jia and E. Sharpe, Localization of twisted N = (0,2) gauged linear
o-models in two dimensions, JHEP 03 (2016) 070 [arXiv:1512.08058] [INSPIRE].

K. Hori et al., Mirror Symmetry, Clay Mathematics Monographs, American Mathematical
Society (2003).

R. Blumenhagen and E. Plauschinn, Introduction to Conformal Field Theory: With
Applications to String Theory, Lecture Notes in Physics, Springer Berlin Heidelberg (2009).

— 46 —


http://dx.doi.org/10.1016/0040-9383(94)00028-J
http://dx.doi.org/10.1016/0040-9383(94)00028-J
https://arxiv.org/abs/alg-geom/9307001
http://dx.doi.org/10.1016/0550-3213(88)90044-2
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B308,102%22
http://dx.doi.org/10.1007/s00220-008-0479-4
https://arxiv.org/abs/hep-th/0603021
http://inspirehep.net/search?p=find+EPRINT+hep-th/0603021
http://dx.doi.org/10.1007/JHEP06(2013)005
https://arxiv.org/abs/1302.4451
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.4451
http://dx.doi.org/10.1016/0550-3213(92)90572-S
http://dx.doi.org/10.1016/0550-3213(92)90572-S
https://arxiv.org/abs/hep-th/9204102
http://inspirehep.net/search?p=find+EPRINT+hep-th/9204102
https://arxiv.org/abs/1609.08232
http://inspirehep.net/search?p=find+EPRINT+arXiv:1609.08232
http://dx.doi.org/10.1088/1126-6708/2007/11/050
https://arxiv.org/abs/hep-th/0608050
http://inspirehep.net/search?p=find+EPRINT+hep-th/0608050
http://dx.doi.org/10.1007/BF01399506
http://dx.doi.org/10.1016/0550-3213(94)90178-3
http://dx.doi.org/10.1016/0550-3213(94)90178-3
https://arxiv.org/abs/hep-th/9402148
http://inspirehep.net/search?p=find+EPRINT+hep-th/9402148
http://dx.doi.org/10.1007/JHEP09(2012)098
https://arxiv.org/abs/1207.7169
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.7169
http://dx.doi.org/10.1007/JHEP06(2010)010
https://arxiv.org/abs/1002.3609
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.3609
http://dx.doi.org/10.1007/s002200050087
https://arxiv.org/abs/hep-th/9608096
http://inspirehep.net/search?p=find+EPRINT+hep-th/9608096
http://dx.doi.org/10.1007/JHEP03(2016)070
https://arxiv.org/abs/1512.08058
http://inspirehep.net/search?p=find+EPRINT+arXiv:1512.08058

	Introduction
	Review of 2d (0,2) gauge theories and brane brick models
	Elliptic genus from gauge theory
	Elliptic genus from geometry
	Abelian anomaly and its cancellation
	General discussion
	Anomaly cancelling factor — an ansatz

	Orbifold models
	C**(4)/Z(2)(0,0,1,1)
	C**(4)/Z(2)(1,1,1,1) 
	C**(4)/Z(3)(1,1,2,2)
	C**(4)/Z(2) x Z(2) (0,0,1,1)(1,1,0,0)
	C**(4)/Z(4)(1,1,1,1)

	Non-orbifold models
	D(3)
	H(4) — anomaly and triality

	Discussion
	Theta functions and their identities
	Theta functions 
	Proving theta function identities 

	Degenerate poles and the Jeffrey-Kirwan residue 

