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1. Introduction

We are concerned with the following mean field type equation:

h,e" o .
{?MU—FP(W—I)—471'2[11_630(2'(5%—1) m ]\47 (11)
 udvg =0,

where (M,ds) is a compact Riemann surface, p > 0, dv, is the volume form, Ay is
the Laplace—Beltrami operator on (M,ds), S C M is a finite set of distinct points g;,
ag, > —1, and dy, is the Dirac measure at g;. The point ¢; with Dirac measure is
called vortex point or singular source. Throughout this paper, we always assume that
M| =1, hy > 0 and h, € C3(M). The equation (1.1) arises in various different fields.
In conformal geometry, (1.1) is related to the Nirenberg problem of finding prescribed
Gaussian curvature if S = &, and the existence of a positive constant curvature metric
with conic singularities if S # & (see [42] and the references therein). The equation (1.1)
is also related to the self-dual equation of the relativistic Chern—-Simons—Higgs model.
For the recent developments related to (1.1), we refer to the readers to [6,4,2,7,15,11-14,
29,33,31,32,35-37,39,42,44,43,5,8,17-21,28,38,41,45] and references therein.

In the seminal work [7] by Brezis and Merle, the blow up behavior of solutions for
(1.1) has been studied as follows:

Theorem A. [7,27,4] Given fized each vortex point q; € S, suppose o; € N, i =1,--- ' N.
We assume that h* is a positive smooth function. Let u;j, be a sequence of blow up solutions
for (1.1), that is: mazpr uj, — 400 as k — +o0o. Then there is a non-empty finite set B
(blow up set) such that,

h*etx

P 8,0,, where [, € 8TN.
Sy hrevidog % PP P

For equation (1.1), we call PT hie the mass distribution of the solution u*.
M

h*eu™ dv,
Following this terminology, Theorem A states that: When the vortex points are not
collapsing, the mean field equation possesses the property of the so-called “blow up solu-
tions has the mass concentration property”. The version of Theorem A for the following

Chern—Simons-Higgs (CSH) equation was also proved in [15, Theorem 3.1]:

N
1oy .
Aru + =2¢ (1—e€*) =4n E 15pj in T, (1.2)
j=

where € > 0 is a small parameter and T is a flat torus. The equation (1.2) was derived
from the CSH model to describe vortices in high temperature superconductivity, and
has been extensively studied during few decades. We refer the readers to [22,40,44,15,
16,33,34,39] and references therein. Among them, Lin and Yan in [34] proved the local
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uniqueness result of bubbling solutions for (1.2), that is, if u. ; and u. 3 are two sequence
of bubbling solutions blowing up at the same points under some non-degenerate condi-
tion, then u. 1 = ug for small € > 0. By applying the idea in [34], the local uniqueness
result of bubbling solutions of (1.1) was obtained in [3]. We note that the works [34,3]
are concerned with the local uniqueness of bubbling solutions when the vortex points
are not collapsing.

However, there is a big difference when the collapsing singularities are considered.
First, Lin and Tarantello in [30] observed a new phenomena such that blow-up solutions
with collapsing singularities might not have the “concentration” property of its mass
distribution. The general version was studied in [23]. To describe the results, let us
consider the following equation:

* h*evt
Amug +p (ﬁ - 1>
=dr 30 @iy — 1) + AT N 4 @il8g, — 1) in M,
fM uydvg =0,

(1.3)

where lim;,0¢;(t) = q ¢ {qa+1, - ,an}, Vi=1,---,d and ¢;(t) # ¢;(¢t) for i # j €
{1,---,d}. Then the following holds:

Theorem B. [30,23] Assume a; € N, 1 <i < N. Let uf be a sequence of blow up solutions
of (1.3) with p ¢ 8wN. Then u; blows up only at q¢ € M. Furthermore, there exists a
function w* such that

uf — w” in CRo(M \ {q})

ast — 0, and w* satisfies:

Apw* + (p — 8mm) (L - 1)

Jag Bre”
=dr (Zd a; —2m) (0g — 1) +4m % (04, — 1) in M (1.4)
=t ! a1 ’

Sy wrdvg =0,
for some m € N with 1 <m < [1 25:1 a;]" and p > 8mm.

So Theorem B tells us that the mass concentration does no longer hold if the collapsing
singularity occurs. Indeed, we have lim;_,q f M h*ett dvy < 400, which is different from
the situation described in Theorem A. We note that Theorem B could be improved
provided that the following nondegeneracy condition holds:

! [z] stands for the integer part of z.
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Definition 1.1. A solution w* of (1.4) is said non-degenerate, if the linearized problem

h*e?” [oy hre” pdv
A P Iy € P ) / dv, =0 (1.
MO+ (p 8m7r)fM e do, ((,zb f hren do, ) ¢dvg =0 (1.5)

only admits the trivial solution.

Using the transversality theorem, we can always choose a positive smooth function h*
such that w* is non-degenerate. See Theorem 4.1 in [24]. Based on the non-degeneracy
assumption for (1.4), some sharper estimates on the bubbling solutions of (1.3) were
obtained in [23] (see also section 2 below).

For the simplicity, throughout this paper, we focus on the case where the collapsing
vortices are only two, that is,

d=2, a1 =as=1,0; €N for ¢=3,---,N. (1.6)

Our main goal is to prove the local uniqueness of blow up solutions of (1.3) with collapsing
singularities.

Theorem 1.2. Assume that (1.6) holds and p ¢ 87N. Suppose that uy, and uj, are two
blow up solutions of (1.3). Assume that uj,,u;, — w* in Cloe(M \ {q}), where w* is
a non-degenerate solution of (1.4) with m = 1. Then u;, = ufo for sufficiently small
t>0.

We remark that the study of blow up solutions of (1.3) with collapsing singularities
is also important to compute the topological degree for the Toda system as noticed in
[24,26], where the degree counting of the whole system is reduced to computing the
degree of the corresponding shadow system (see [24, Theorem 1.4]). Thus it is inevitable
to encounter with the phenomena of collapsing singularities when we want to find a
priori bound for solutions of an associated shadow system. For the details, we refer to
the readers to [24,20].

In order to prove Theorem 1.2, we need to analyze the asymptotic behaviour of (; =
)

* Ut

W After a suitable scaling on small domain of g, (; converges to an entire
Ug,x —Ug 5 (| Lo (M)

solution of the linearized problem associated to the Liouville equation:
Av+e’=0 inR? (1.7)

where A = Zl 1 8 oy denotes the standard Laplacian in R%. A solution v of (1.7) is
completely classified [10] such that

8et

"t etz + a2

v (2) =vu0(2) = pER, a=(ay,az) € R (1.8)
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The freedom in the choice of p and a is due to the invariance of equation (1.7) under
dilations and translations. The linearized operator L relative to v, , is defined by,

8

Lo :=A¢ +

In [1, Proposition 1], it has been proved that any kernel of L is a linear combination of
}/0, Yl, YQ, where

_ 1z 2 = Qe

Yo(z) = T+ (2|2 1+ I+[z]2 o (1,a)=(0,0)"
oz . 10vu.a

Yl(z) T 1—‘,—|IZ|2 -1 day (luqa):(oyo) (110)
e _ 2z _ _10vua

}/2(2) = 1+|2z|2 - 1 61/12 (%a):(mo).

The orthogonality to Y7, Y> can be obtained by applying a suitable Pohozaev-type iden-
tities as in [34]. However, due to the non-concentration of mass, we meet a new difficulty
to show the orthogonality with Yj. In order to overcome this obstacle, we apply the
Green’s representation formula with some delicate analysis. This idea comes from the
recent work [25]. In [25], it was proved that if w* is a non-degenerate solution of (1.4),
and the assumptions (1.6) and p ¢ 87N hold, then there is a blow up solution u} of (1.3)
such that u} — w* in Cioc(M \ {q}).

This paper is organized as follows. In section 2, we review some known sharp estimates
for blow up solutions of (1.3). In section 3, we analyze the limit behavior of ¢; in M \ {q}
and a small neighborhood of g respectively. Finally, we prove Theorem 1.2 by using
suitable Pohozaev-type identities and Green’s representation formula.

2. Preliminary

Let G(z,p) denote the Green’s function for the Laplace Beltrami operator Ay on M,
that is

AniGla,p) + (5, — 1) = 0, /G(m,p)dc(m) ~0. (2.1)

We recall the following assumption:
d=2,a1 =as=1,0; €N for ¢=3,---,N.
Let u} be a sequence of blow up solutions of (1.3) and w* be the limit of u; in Theorem B.

Set

N

2
(@) = uf (x) + 47y G(w,q:(1) + 47 ) iG(x,q:), (2.2)

=1 =3
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and
N
w(zr) = w*(x) +4r E a;G(x, q;). (2.3)
=3

We may choose a suitable coordinate centered at q and
q=0, qi(t) =te, q2(t) = —te, where e is a fixed unit vector in S'.

We can rewrite equation (1.3) as follows

h@)ent@=Gt@ L\
{ Barun +p (o, —1) =0, (2.4)
Jar wedvg =0,
where

Gi(x) := 4nG(z,te) + 4nG(x, —te), and (2.5)

N
h(z) := hy(z) exp(—4ﬂ'ZaiG(m,qi)) >0, heC*(M), h(0)>0. (2.6)

=3

From Theorem B, we have that u;(z) — w(x)+87G(x,0) in C2 (M \{0}) and w satisfies

2)e® (@
Aarw + (p =) (57, — 1) =0, (2.7)
Sy wdvg =0, we C*(M).

We assume that the local isothermal coordinate system satisfies
ds® = e |dal*, (0) = Vp(0) = 0, (2.8)

that is, e2?Aj; = A, where A = 22 9°  denotes the standard Laplacian in R2. Fix a

i=1 9z?

small constant ro € (0, 3). It is well known that the conformal factor ¢ is a solution of
—Ap =e*K in B, (0), (2.9)

where K (p) is the Gaussian curvature at p € M.
Let @(z) satisfy the following local problem:

Ap—e*p=0 in B, (0), ¢(0)=Vep(0)=0. (2.10)
We denote

=20+ (2.11)
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In view of (2.8) and (2.10), we note that

Vetp(2) = Vi (0) + O(|z]) = O(|z[), Vap(z) = O(lz]),
Vee(x) = O(|z]) for = € B,,(0). (2.12)

By using the local coordinate, we also set the regular part of Green function G(z, g;(t))
to be

R, ai(6) = G, i6)) + 5= b — (0. (2.13)
Let
Ri(x) : = 4w R(x,te) + 4w R(x, —te). (2.14)

Therefore we can formulate the local version of (2.4) around 0 as follows:
Aty + hy(z)|z — te*|x + te>e™® =0 in B,,(0), (2.15)
where

up(z) = w(x) — ln/he”t*thvg — (),
M

hy(z) = ph(z)e?@=E@)  py(2) > 0 in B, (0). (2.16)
In order to study the behaviour of u; near the origin, we consider the scaled sequence
ve(y) = u(ty) +61ln ¢, = € Bra (0), (2.17)

which satisfies:

A'Ut + ht(y)e”t(y) =0 in B%Q(O),

2.18
me(O) he(y)e Wdy < C, (2.18)

with
he(y) = ha(ty)ly — el?ly + €|* = ph(ty)e? W= F |y — e[|y + ¢|?. (2.19)

In [23], the following result was obtained.

Theorem C. [23, Theorem 1.2, Section 5] Assume that (1.6) holds and p ¢ 87N. Suppose
that u; be a sequence of blow up solutions of (2.4). Then the scaled function v; defined
by (2.17) blows up at 0.
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Now we are going to give refined estimates than those provided in Theorem B and
Theorem C under the non-degeneracy assumption for (2.7). To state our result, we fix a
constant Ry > 2, and define the following notations:

A = Br’nax ve = ve(pe), (2.20)
0
_a®
thRo (tpt) pheut G d'l)g
pr = —® , (2.21)
Sy hew =G duy
1 2 2
C = ghtpd)lp = ef*lpe + ¢, (222)
d() = u(z) — w(x) — pG(, tpy). (2.23)

Let || ¢« = ||$t||cl(M\BzR0t(tpt))' Then we have the following result.

Theorem D. [23, Theorem 1.4, Section 5] Assume that (1.6) holds and p ¢ 87N. Let uy
be the sequence of blow up solutions of (2.4) and w + 87wG(x,0) be its limit in M \ {0}.
If w is a non-degenerate solution of (2.7), then

(i) 3]l = O(tInt),
(i)

M +2Int —1n /he“’ + w(tp) + 2In Cy + 8w R(tpe, tps)

M

p— 8
= O(tInt),

(iii) p; — 87 = O(t*Int),
(iv) ’fM hevt=Cedy, — o= 19 hewdvg’ =0(t),
(v) Ipe = O(t).

In order to prove Theorem D, the authors in [23] analyzed the scaled function v; with
the following ingredients: Set

eM

(1+ Crerely — q|?)?’

Ii(y) =In (2.24)

where ¢; is chosen such that |¢; — p¢| < 1 and
VI (y) = —tp Vo R(x,tps) — tVw(z) .
Yy=pt T=tpy T=tp¢

By direct computation, we have
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g1 — pe| = O(te™™). (2.25)
For y € Bay, (pt), we set
m(y) = ve(y) = Li(y) — (Gue(ty) — Gu(tpy)), (2.26)
where
G.t(z) = peR(z, tpy) + w(z). (2.27)
It is easy to see that
1e(pe) = ve(pe) — Ie(ps) = O(t2e™ ), Vie(ps) = 0. (2.28)
Let
s = /O™, and Ay = (A= (2.29)

and 77; be the scaled function of 7, that is
Me(2) = me((Ae,—)z +pe) for [z <2RoA¢ 1.
For 7:(z), we have the following estimate

Theorem E. [23, Lemma 7.1] Suppose that the assumptions of Theorem D hold. Then for
any € € (0,1), there exists a constant C. > 0, independent of t > 0 and z € Bagya, , (0)
such that

7:(2)] < Ce(tl|ell + ) (1 +[2])°.
3. Uniqueness of the blow up solutions with mass concentration

To prove Theorem 1.2 is equivalent to prove the local uniqueness of blow up solutions

of the equation (2.4). To show it, we argue by contradiction and suppose that (2.4) has

two different blow up solutions ugl) and u,g ) which satisfy u(l) (2) —> w in ClOC(M \{O})

where w is a non—degenerate solution of (2. 7) We will use p; ), /\t , _(z , ¢t ,

) 7

(Lg )a Ugi)7 pf& )7 77(”7 nt )7 G* St A§Z+a AEZZ to denote Dt, Afn U/t’ It7 (bta Ct7 qdt, Uty Pty Nt 77t7
Git, At +, Ay — in section 2 corresponding to u§ ), i = 1,2, respectively.
From Theorem D, we have |pt1)| = O(t) for i =1, 2. In the following lemma, we shall

improve the estimation for |p(1) p§2)|.

Lemma 3.1. \pgl) - p§2)| =0 (t*Int).
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Proof. Recall that v (y) = u{” (ty) — In S het =G dvg — ¢(ty) + 61n ¢ satisfies

A 4 hy(y)er ® =0, (3.1)

where hy(y) = ph(ty)ly — e|?|y + e[e~ () T0(tv),
On 0Bs2pg, (pgl)), we have
(0 Py 0 P (@
v (y) = -5 -Inly—p |+ | 6= 5~ | Int+ G.i(ty)

I / he"Cedv, + 30 (ty) — B(ty), (3.2)
M

where ijl () = pgi)R(x, tpgi)) + w(z).
For any unit vector § € R?, we apply the Pohozaev identity to (3.1) by multiplying
¢- Vv,gl), and obtain

2

Z(—l)iH / (- Vht)e“’t(i)(y)
i=1 )
Bary (pt”)
2 . ‘ ‘ . |
= [ e wde vl - jo v e
i=1

9B2R, (Psi))

2

3 ’U(i)
e [ wegmet”, (5.3
=t 0Bag, (Pii))

where v denotes the unit normal of 0Bsg, (pgi)). From (2.12), we have
_ _ T
Vy@(ty)l = tIVey@(ty)| = OEy]) for y| < 70 (3-4)

For the right hand side of (3.3), we can use (3.2), Theorem D, and Theorem E to get

2 2
_ i+1 (i) ) 1 (i)2 NG
=30 [ [ vl i) - g o P+ o)
3BQR0(p£i)) =

2
= S0 [l 060w, + Ol + )] = O ) (35)

t

For the left hand side of (3.3), by using Theorem D, we get that
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2 (2) )
(LHS) =Y (-1)"*! / (azﬁ%ﬁ>mmﬁwwy
i=1 . hi(p”)
B2R0(pt)
ST Vhi(y)  Vhi(p”) g
+ —1)i1 . AN 842V h v () g
Barg ()
2 (1)
Z 1)it1, )( Vht(p_t )> (3.6)
= he(pt”)
: Vhi(y)  Vhi(pf”)
z+1 . t _ t\Mt
R I (hxy) )
BZRO(pt)

he(y)et” +" +GL () =Gl i)

) () 7
(1+CPeX |y — ¢)2)2

dy +O(t*Int).

By the change of variable z = Agzz_(y pg 9 and I (0, © aremrdz =0for k=1,2,
RoAy'

we see that

| (Vhaw__vm@$5>f“wx&”wP+Gﬁww<ﬁ%mﬁ>

., ) ) 1+ CeN |y — ¢ [2)2
B2R0(pt,)
Thy (p?
= / €~<V (t(](jt>)> (v — i)+ Oy - pi” P )>
- ht(pt )
BzRO(PtZ)

hy(y)eM”+1+GL () =G i)

i (%) 7
1+ CeX |y — ¢7)2)2

(4) )

BzROAﬁflr ()

dy

((Aiz) )z + pie IRR R A TN PRET O Bl A (T )

O (1 + [z + A (0 — ¢i)2)2

)

Cht(ptz) (%) 2 2)
_ AV ———2 | (A L)z + 0tz
. / < ( ( ht(pt ) > (8e2) (#71e1)

2roal), ) (0)

dz

@)1+ O(tlz) + O ) + O())
O (1 +|2f2)?

dz
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=O(t*Int) fori=1,2, (3.7)

here we used Theorem E in the last line.
From (3.5)—(3.7), we have

Vh(p") Vi)

— = O(t*Int). (3.8)
he(p") he(ps”)
By using the expression (2.19) of hy, we see that
Vh(p")  Vh(p®)
") ha(p”) (3.9)
= V(inly - elly+e*)],_,m — V(nly - ePly+el®),_e + Opt” —pi?)).

Note that |p§1) —p§2)| = O(t) from Theorem D, and V?(In |y—e|?|y+e|?)|y—o is invertible.
So (3.8) and (3.9) yield that |p§1) — p§2)| = O(#?*Int), and thus we complete the proof of
Lemma 3.1. O

Now we are going to estimate ||u§1) — u§2) | oo () -
Lemma 3.2.
luf? = uf? || e (ar) = O(tInt).

Proof. We note that M \ BgROt(tpEQ)) C M\ Bgth(tpgl)) for some Ry > 0. For z €
M\ BQROt(tpgl)), we see from Theorem D that

u” (@)~ u” ()
= ((@) + p" G, ") + 617 (@) = (wia) + Gl tpf?) + 917 (@) (3.10)
= p{VG(w, tpf") — pP G, tpi?) + O(tInt).

Together with Theorem D and Theorem E, we have for some 6 € (0,1),

(1)

@) = (@) = =2 (nfo — oV = nfo —p? ) + Ot nt)

u
_ ot = pi?)

0z —tp{"| + (1 - 0)|z — tp;”|

=0(Ip" = pP|) + O(tInt) = O(tInt) for z € M\ Bagy(tpi").

+O(tInt) (3.11)

We note that BgROt(tp?)) C Bngt(tpgl)) for some Ry > 0. For y € Bap, (pl(el))7 we see

that
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() = (v)
= (o)~ 1) — (@) — G 1))
~ (o) - 1) — (@)~ 6X )

= u{Y(ty) —In / hett =Grdv, — A 4 21n(1 + CeN |y — gVP)
M

~ (u? (ty) — n / het” ~Gtduy = AP 4 2In(1 + CPeN |y — ¢ ?))
M
+O(t). (3.12)

By Theorem D, we have

/he“gl)*G"dvg - /h€“§2)7ctdvg =0(1), (3.13)
M M
A 42t + 2 0 + 8xR(tp”, tpl”)
) ; w o (3.14)
ln(p_Sﬁ/he )+w(tpt ) = O(tInt),
M

and

ph(tpi) P — e2[pt) + ef2e=Re(tpi )+ ent")
8
 ph(tp) Pl — e’ + effemRelmi )t in) (3.15)
8
=o(Ip{" - p”)) = 0t ),

o) —cf =

which imply
AD AR — Otmy). (3.16)
For y € Bag, (pgl)), we want to estimate
2In(1+ CVeN |y — gfV2) — 2m(1 + ¢ |y — g ).

In view of (2.25) and Lemma 3.1, we have
2 . .
it = a1 <Y 1p = a1+ Ipf) - pP| = 02 ). (3.17)
i=1

Let y = qt(l) + Aillz Then we have for y € Bapg, (pil)),
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(1) (2)
2ln(1+ CNeM Jy — ¢V 2) — 2n(1+ CP N |y — ¢

=2In(1

Ct(Q)eAEQ)

+ |Z|2) —2ln(1 + W
t €7t

Ay —at) + A (Y — )%

=2In(1+ |2*) — 2In(1 4+ (1 + O(tInt))|z + O(tInt)[*) = O(tInt).

By Theorem E, we have

" (y) — 0P (y) = O(tlnt) for y € Bog,(pi”).

From (3.12)—(3.19), we have

u(z) — ul? (x) = O(tInt)

for @ € Bapyt(tp

1
).

By (3.11) and (3.20), we complete the proof of Lemma 3.2. O

Let

and

G(2) = QA 2+ 1pl))

™
B [oy ket G Gdug

D _g :
Sy het tdv,

Now we have the following estimation for the scaled function a

Lemma 3.3. There are constants by, by, and bs satisfying

Gi(2) = Co(2) = boYo(2) + b1Yi(2) + baYa(z) in Cp(R?),

535

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

where Yp(2) = ﬁ, Yi(z) = W, Ya(z) = ﬁ
Proof. First, we see that
L ph(z)e -G ph(g)ens” @) -G
0=An¢+ ) o) g _ e
Jug = ug™ || Lo (ar Sy het tdv, Sy hew tdvg
ph(z)est’ @)=Gi(@) eu” @-u(@) [ peuit =G
= AMCt + (1) (2) u(l)_G ]. — u(2)7G
Hut _ut HLOO(M) fM he t tdvg fM h@ t tdvg
ut? (2) =G ()
= AnG + phiz)e 1
dvg

Huﬁl) o UEQ)HLOO(M) fM he“ﬁlLGt
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(1) _
1+ @) —u @)+ O(lu” = w3 ary)) Sy he Qmﬁ
(1) 2 2
Lwhwt—041+uﬁkx>—u5(m»+ouwt = G )l

(1) (1)
h elt (z)—Gi(z) hett  —Giid
nu s O ﬂ S O~ e ian) )
e Vg e Gidug
(3.23)
By using the change of variables y = tA,E}zz + tpgl), (2.17), (2.26), we have
~ (AP )2ph(EAD 2 + tp{D) et (AL p) —Re (AL 2l
Azct(z) = - : : (1)
Sy hets —Gedu,
2
<A 2 p el Az 4 0 4| @)+ O e )
= —(AM)2hi (1A 2 + tpiDyev” (AL =+pi")
x [Afz 4 p - \ M Dz pf + \@x>+om¢”—@%ume
= 1 M, 1
eV u+w+ml@> <5m2
<Az 4 p — e[ A2z 45" + g]@x>+omd”—@%uﬂMm
2
—8h1(tA§13z +tpV) ‘A ) M) - ’A(l) 24 pD
ha(tp;") Ipt) — elpy” + ¢f?
_ ) _
(G(2) + O — g ) (1 + O (2)]) + O(E]2]) (3.24)
1 1 1 : .
(+|z—|—A§l(() ())|2)2
Together with (2.25), Lemma 3.2, and Theorem E, we have for z € Bay, |, r,(0),
> 8G:(2) 86V InHy(p") - (Aj2) + O(tInt) + O([]?)
AG(z) + =— ’ . (3.25)
(1+ [2[?)? (1+ [2[?)?
where
Hy(z) = hy(tz)|z — e}z + e (3.26)

Since Zt is uniformly bounded, there is a function ZO such that Zt — 60 in Cloc(R?), where

{ANZ” e =0 in R (3.27)

[[Coll oo (r2) < ¢ for some constant ¢ > 0.
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By [1, Proposition 1], we see that (o(z) = Z?:o b;Yi(z) for some constants b; € R?,
1 =0, 1,2. This completes the proof of Lemma 3.3. O

In the following lemma, we observe the behavior of ; in M \ {0}.

Lemma 3.4. (7) (; — 0 in C (M \ {0}),
Sy s (1 _
(ii) lim; o (fM hewt G‘Ctdvg> =0.

Proof. We recall from (3.23) that in M,

u(l)— t uil)—Gt
AnG + ph(z)es — ( ~ Juhe Cedug

6 )
Jyy hets " —CGrdu,

— o +O(lu = uf 1) | = 0.
[y hevt =Grdu,

Since ||C¢|| o (ary < 1, we see that there is a function (. satisfying

G — G in Cloe(M\ {0}). (3.28)
From Theorem D, we have
lim [ ket ~Cidv, = —L [ hevdu,. (3.29)
50 9 p—8m g
M

For any small fixed r € (0,1), we see from Theorem D that

/heuil)—GtCtdvg — / + / heugl)_GtCtdvg

M M\ B;-(0) B,.(0)\Bary¢ (tpt")

(1)
1 hett —Gt(,d
4 / heug, )*Gt <<t _ fM € - Ct UQ) d’Ug

)
e
Jar hett = Crdug

BgRot(tpgl))

1)
[y hets =% vy

)
u, ' —G
fM hett tdvg

+ / het =G dy, (3.30)

BQROt(tpgl))

w 1 uV_q,
= [ he"(.dvg —|—; he't "dvg (—AnGe)duyg
M B2R0t(tp£,1))

8T _
+— [ het ~Ci¢idug + o(1) + O(r?) + O(||ut”) = ul® || L ar))-

M

By using the change of variable x = t(Agllz + pgl)), we note that as ¢t — 0,
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—A,G(x)dx = / ~A.G(2)dz

BQRof(tpt V) B2ROA§}j_ ©)
8¢ (2) + O(t|z]) + o(1)
= dz = o(1), 3.31
/ GESERE @, (331)
BzRoAi}jr ©

since Et — Z?:o b;Y; in Coc(R?) and fR2 (HTW =0 for : = 0,1,2. So we obtain from
(3.30) and (3.31) that

8
<1 - —”) /heu51>—0tgtdvg - /hewc*dvg +o(1),
p M M

which implies

e, p
/he Gy = (p—s

M

) /hewC*dvg +o(1). (3.32)
T

M
Then we have

Aot (p — 8m)he” (C* Jas heCuduy

Jy hevdog Sy hevdu, ) =0 in M\ {0} (3.33)

Since [|C«|| e (ar) < 1, the above equation (3.33) holds in M. Moreover, we note that

1) (2)
— d
/@ _ Ll My, (3.34)

1
(o ) — Uy )HLOO(M)

and thus [ 1 Gxdvg = 0. Together with non-degeneracy condition for w, we obtain (. = 0.
In view of (3.28) and (3.32), we complete the proof of Lemma 3.4. O

To connect the behavior of ¢; in M \ {0} and in a small neighborhood of 0, we need
the following result.

Lemma 3.5. [25] (i) If o < |2y —tp§1)| < oy —tp§1)| < g, then

1) N
Glx1) = Gols) = O mELJ&§ / AGdz
|22 tpt | )

2RoA{)

+O(|z1 — tpt |1n|ac1—tpt )+ O(t2 Int), (3.35)
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(ii) If *Ro < |z — tp{”| < B then

1) = |z — tpgl)\ e
G(@) = G(tpy ) = O (In[z[)A¢dz | +O [ In Y AGedz
Boroan) (O By roatn) (O
M\ "2 (1)
— t —
0 ('tipg I ('%) +O(tnt) (3.36)

Proof. For any function g satisfying g(2)(1 + |z|)1*% € L?(R?), we recall the following
estimation (see [9]): there is a constant ¢ > 0, independent of = € R?\ By(0) and g, such
that

/(ln | — 2| = In |2])g(2)dz| < clz|™ % (In |z] + ) lg(2) (L + 2" 2| L2 (ge).-

2

Together with the Green representation formula, Lemma 3.5 can be obtained. See [25]
for the detail. O

Let x; be a cut-off function satisfying 0 < x; < 1, [Vx:| = O(t), |V3x:| = O(¢?), and

1 if |2] < RoALY,
z) = zZl) = ’ 3.37
xt(2) = xe(|2]) {0 if || ZQROAE}L ( )
Then we have the following result.
Lemma 3.6.
: Ge(2)xe(2) 7., _
(i) IBZR()Agli (0) (1572 42 = O(tIn?),
(ii) fBzROA(l) (0) AGdz = fB2ROt(tp , Alidz = O(tnt),
(111) limt‘)O ||CtHL°°(M\B%l (tpgl))) = 0,
. . a 2)Yo(2)xt(z —
() o [ o TRz = 0(D)
(V) b() =0.
Proof. (i) We note that n;(z) = —ﬁ satisfies
Ap4—m 8 R (3.38)

A+ (A+[=?)?
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From (3.25), we recall the following equation:

8G(2)  SIMOGVInH, () -z + O(tnt) + O(t?|?)
1+ (1+22)?

ALG(2) +

Multiplying both sides of (3.25) by 11 x: and using the integration by parts, we have

0= / ¢ <A(771Xt) +

By pgat @

81 x

~ 8
= / Gt [(Am + ﬁ) Xt + 2V - Vxe +mAx | dz
(0)

B2ROA§_11

+O(tInt). (3.39)

Together with (3.38), we obtain

"
L/ 'ﬁjg%%ﬁdzz(xﬂn”' (3.40)
(0)

Boroall)

(ii) By integrating (3.25) and using (3.40), we have Lemma 3.6-(ii).
(ili) By Lemma 3.5-(i) and Lemma 3.4-(i), we see that if e < |z — tp§1)| < 7o and

|z — tpgl)\ = r, then

G(x) = G(2') + O(lnt / AGdz) + O(rInt) + o(1),

By noa) (O

for any small > 0. Together with Lemma 3.6-(ii), we can get that Lemma 3.6-(iii).

. — 2 .
(iv) We note that na(z) = 2 In(1 + |2|?) (sz) + 3(1f‘z‘2) satisfies

8772 16Y0(Z) . 2
A = R~. 41
TR T Qe (3.41)

Multiplying both sides of (3.25) by n2x: and using the integration by parts, we have

~ 8
0= / Gt [(A% + ﬁ) Xt + 2Vn2 - Vxe + m2Ax: | dz + O(tInt).

21;:0/\;1}r 0

(3.42)

Fix a point e, € 0B (0). Then (3.42) implies

RoAy )
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16Yo(, ~ ~
/ TP +°|i|§)2 dz =~ / (G(2) = Colen)))(2Vina - Ve + 2AAxe)dz
Banoaft) Banoaft) ¥ (3.43)
A / (2Vns - Vvt + 12 Axe)dz + O(tIn ),
B2ROA§Y13> (0)
Together with Lemma 3.5-(i) and Lemma 3.6-(ii), we have
/ 16Yolixe
(14 [2[?)?
B roan) O
_ / O(t%lnt)(ﬁ {10 |2| [£2)dz + O(G(e0)) + O(t Int), (3.44)
z

RoA{") <|z|<2RoAL),

here we used [,
2

(0) neAxdz = — fB 0) Vne - Vxidz.

1 1
Roall) 2rall)

By applying Lemma 3.4-(ii) and Lemma 3.6-(iii), we obtain lim;_,o C;(e;) = 0, and
thus

16Y,¢;
/ ( 6 OCtthdzzo(l) as t— 0.

1+ |z]?) (3.45)
B,y rgai) ©
oAy 4
So we obtain Lemma 3.6-(iv).
(v) By Lemma 3.3 and Lemma 3.6-(iv), we have
by = 0. (3.46)
So we complete the proof of Lemma 3.6. O
Let
i = —In / he't’ =Gtdy, for i=1,2. (3.47)

M

We note that
ﬁgn B a§2)

= ugl) — uiz) — ln/heugl)_c‘dvg + ln/he“gm_ctdvg
M M
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ugl) - u§2) - ln/he“ﬁl)_thvg

+1H/h€ut 7Gt(1+u(2) U§1)+O(|Ugl) 7U£2)|2)dvg
M
WGy (12
helt Gy (,,( _ d
1 _ @ _ Jus he (uy ;" )dvg i

t (1)7G
Sy et tdvg

O(luf? = w2 e (ary)- (3.48)

Let

he—Grt(eis" _ gut?
Ap = / p” &) ( o )dx: / —A(dx. (3.49)
U — U L M
Barge(tpi) ! ! ) Banrge (tp")

Without loss of generality, from now on, we assume that

V(87 R(z,0) + w(x)) =0. (3.50)

=0

Indeed, we can change the regular part of G(z,0) locally such that

87 Rpew (,0) = 87 Ro1a(x,0) — V(8T Rola(x,0) + w(x)) . z.

Now we shall improve Lemma 3.6-(ii) by applying the arguments in [34].
Lemma 3.7.
A= / _AGdz = O(1),.
Barge(tpy")
Proof. Recall that
o (y) = @ (ty) + 61nt — p(ty)
(1) (4) (7) (@) (4,,(%) (3:51)
7 3 3 3 3 .
=n (y) +1; " (y) +G*7t(ty) - G*,t(tpt ) for i=1,2.

Set
57(2) = o (AN 2 4 pi) for i =1,2. (3.52)

Then
)\(11)
1+ (AV)2A 2 4 pft) — i) 2)2
+ GO A 2+ i) — @ apt). (3.53)

5 (z) = (AP 2 4+ pY) +1n
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We also see from (3.48) that

1) -0 a MY 2+ tp)) —aP (A 2 + tplY)
u? —

2 2
||u§ )~ uz(f )HLoo(M) Ug )HLOO(M)

= 2
= G(2) + O(Jut” = ufP|| 1= (ar)s

which implies

1 -0 () -5 >+0<|~“ 7 ?)
1 2 -
g = || Looary s = || oo ary
= Gi(2) + O(luf” = u® | e ar))-
We have
AT (2) + (AP )2hy (A 2 4+ pf)e” @ =,
where hy(y) = ph(ty)|ly — e?|y + e?e~ B+ (t) | We see that

AGY =NV ED +57) - 2) + (AGY + 5NV @ED - 57) - 2)
= di{ (V@Y = 5N VED + 7))

+ (VA + TN -5 2) - vED - 5) - @ + )z},
and

A = TNVED +57) - 2) + (AGD + 5NV @@ - 5?) - 2)
= (A2, (A 2+ Dy (7 — POy T ED +52) - 2)

— (AR AN 2 4 D) (D) 4 PO (VD — 52 - 2)

= —div (2(A{2)2h (A s + V) () — 77 2)))

AL P (A 5 4 p0)( ) - )

+2(AM )2y (AL 2 4 p(V) (7 ) — i z>)(v Inhy (A z 4+ p) - )

Therefore, we obtain for any r > 0,

543

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)
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544
% / v o) - V@t + 0| zldo
8B, (0)
_ v@" o) HVED +77) 2
aB,(0) 12l
= / (A2 (AN 2+ p(M)e O P O R R ONF (3.59)

9B,(0)

O (R )

Br(0)
(2 +V.In ht(Aglfz + p(l)) : z) dz.

Let 2RoA < |z| < TTUA,Q_ By (2.12) and Theorem D, we have

V.o(tAN 2 + tpiV) = PORAN = + tp()) = O(t4(|2] + 1)),

and

V.t (2) = V. () (A2 + ) — G(eAf 2 + (1))

= V.o (tAM 2 + tpl))
+V. (pt”G(tAflz +tp ) + w(tAL 2 + tp) >) +O(t'2])
AL (A2 + 1l — 1))

SN P BT

= V.o (AL 2+ 1ppY) -

+V. (p;>R( A 2+ tp tpt) +w(A) 2 + tp§1>)) +O(t4)2]) (3.60)

(z) (z—i—Al)( (1)_p())) _
¢ +O(t2|‘v¢tHL“’(M\BQROt(tpEI)))) + O(t*2))

% 2+ AN (Y — pi2

+O()Vs (o R ") + w(a))

w:tAivl)_ z+tp£1> '

In view of Lemma 3.1 and Theorem D, we see that there are agi) € R? such that aEl) =0,

|a§2)| = O(tInt), and

(@)

z+a

Zra o (#vm (P Rt + @) | ))

|z +a;’| =Py (3.61)

+O(t* Int) + O(t*|2])

V.3 () = 4
for  2RoA{) < 2] < “AL.
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In view of (3.50) and Theorem D, we have V,, (pgl)R(x7 tpgl)) +w(x)) W= O(t?Int),
T=tp;
and get that if 2R0A§3_ <z < %OAE?_, then
) (+a”) o "
V.0, (2) = —A st O’ Int) + O(t*|2|)
|z +a;”
— 42 10 a§“|) O nt) + O(t4)2]) (3.62)
|22 |22

- 4# + O Int) + O(tY)2]).

From (3.34), we recall | u Gtdvg = 0. Together with Green’s representation formula, we

have
(e — )
) = [ phe® ) Ga .
M fluy ™ — uy ||L°°(M)
and thus
~(1) ~(2)
B elt  — el
6. | ) V.G (x,y)dy

v:c(t(x) = / phe 1) 2)
) lug " = (| Lo (ar)
M\Bzpq(tp;"))
(e — )
+va(l‘,tp§1)) phe= G D o) dy
lJug ™" = wg™ [ Lo (aa) (3.63)

B2R0t(tpg,l>)

~(1) ~(2)
B et — et
oo " 5 ) L (V.G (9) ~ V.Gl )y
Ug = = Ug "L (M)

B2R0t(tp£1))

=1+ 1T +1II1.
From Lemma 3.4-(ii) and Lemma 3.6-(iii), we see that if z € M \ BgROt(tpgl)), then

Phe_G“*‘ﬂgl)

I= V. G(z,y)—7 5
g = uf [ Lo ar)

M\BzRot(t:Dgl))

D g )@
hett Gy ( _ d
() — ol - Ju ef ,wugﬁtc d:jt g ol ) )
p €T A

= V.G(x, y)phe‘GH'ﬁil)

M\anot(tpil))
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(1)
[y ket G vy
(1)7G
Joy hett —Geduy

=o(l) as t—0. (3.64)

x (¢ - + O = uf | =an)) ) dy

From Lemma 3.6-(ii), we have

Ay =— / Aldr = — / Aldz = O(tInt).

B2Rot(t1’§1)) BQROAgl_i_ (0)
Then we see that if z € M \ BQROt(tpgl))7 then

1
1 @—tp)1, o @)

II = V,G(z, tpi) Ay = { —— G +0(1) 3 Ay, (3.65)
27 |z — tpiM |2
where
1 if x € B,y (tpl")
1 (@) = vE Ol ), 1) (3.66)
Bro(tpe) 0 if € M\ By, (tp; ).
Now we also see that if z € M \ BQROt(tpgl)), then
_ M a® (1)
phe Gt(et _et)(l-_tpt l'—y)
HI= - ey (@)dy +o(1)
) 2“”“9 - u§2)||L°°(M) |z — tpgl)P |z —y|2/ Brotp)
BQRot(tpf, )
(1)
1 x —tp r—y
=—— A ( L )1 1 )
2n / : o —tptV2 o=yl By (tp™) (P8 + (1), (3.67)
BzRot(tp,(:l))
and
&)
x —tpy T —Y
Ct( - )1 o (2)dy
i e el R
BQR()t(tpt )
-\ /) AG()
BROAE,IJ)F © B2R0A§}J)r (0)\BROA§}jr ©)
1 1
< N t the )1 ), (x)dz
o —tpV2 o — tpl) — AL 22/ Proltr)
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- tALY 2]
I R e AR

BRUAf}r(O)
o(1) 1 1
’ / 1 ), (z)dz
|Z|4 (liﬂ tpt )| |£L‘ - tpil) tAE}Zz|> Bry (tpy )
Paror(t) @ Vo) ©
1 2|
- ol )( )1 b, ()dz
B (/1) © (1+22)2 |z — tp§1)|2 By (tp§")
RoA§
O(l) —1 O(t72)
! / o |0 g | P
BZR0A§1_3_ (0)\BROA§14). (0) tA(}z
21 W, (2)
B O(%) +o(1) as t —0. (3.68)
T —1p

From (3.64)—(3.68), we see that if z € M \ BgROt(tpgl)),

At( _tpi(fl))]'B (tp(l))( ) O(t21 70(tp(1>)( )

1
2m & — tp)2 @ — tp{V2

ViGi(x) = Y+o0(1) as t— 0. (3.69)

27‘0A

Here we also note that if 2R0A(1) <|z| < —““ , then

V.0 (= > - 37(2))
ut?

- Ut ||L°°(M)

V(@ (A 2+ tpV) — @ (A 2+ tpiM))

1 2
g — ul® || oo ar)

= V.G (A 2+ tpft)

~ A 1 z A 2z
v =D (AL 2oy oA 2 e .
V.G (2) £ ( o tA;lz EE +0(1) o 2P + O(t%), (3.70)

and

— AV, ¢ (2)

zeaB2R0A§}l (0)

V.Gi(2)

(3.71)

©€DBa gyt (tp! Dy’

By (3.59), we obtain for r, g, = 2R0A£,1.)p
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1 /
2
0B

Tt,Rg

/ (V@) V@ +5)-2)

V(&) V@ + 57zl - a
(0)

OB, g, (0)

)65£1><z>(1 O RO

(/ (A)2h, (A 2 4 piY

2
s — wiP || Lo ary

1 1 1
B / (A§’2)2ht(Angz +p£ ))eﬂt(l)(z)(l _ 65?)(2)*7%(1)(2))

(1 (2
Bry o () [| s Uy HLOC(M)

X (2 +V.In ht(Agllz +p§1)) : z) dz. (3.72)

We see from (3.62) and (3.70) that

1 z Az
3.72) = = -8 3 B (e 2
(LHS) of (3.72) = 2 / |z< 81+ O lnt)> ( S Ol )) do
9By, no
1 [ A )
— (= — 1
/ E ( o +O(t)> (-84 O(t*Int)) do
9Br, p, (0
1 z 3 At z 2
=z 8= 1 N ke i
: / 2 ( S5+ O nt)> ( S+ O ) do
9By, . (0)
- / 1 (A +O(t) | do
lz[ \ 7
9By, p, (0)
_ 1 4At 3 1 4At
9By, 5 (0) 9By, 5 (0)
= —4A; + O(1). (3.73)

We also see from (3.55)—(3.56) and (3.53) that

285" ~AFY) | O(tle) / 0 Yo

(RHS) of (3.72) = / (ESEG:

fJug” — ui(52)||L°°(M)

s / AG(2)dz + O()

Bry g, (0)
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_9 / Auy(2)dz + O(F) = —24, + O(1),. (3.74)

B2R0f(tpt ))

y (3.73)—(3.74), we obtain A; = O(t), and complete the proof of Lemma 3.7. O

For any function f, we denote

Dif(z) = 3(";5) for [=1,2. (3.75)

Lemma 3.8. (i) by = by =0,
(i1) Gi(2) = 0, G (A" 2z + tpM) — 0 in OO (R2) as t — 0,

(iii) limy o ( S Byntt) (0(In |z|)A(tdz> =0.
Proof. (i) We have

div <VQD1~(Z + Ve DG — V¢, - v el> = AGDAY + AR D,

~(1 ~(2 7 ~(1 ~(2
_ AT e ARODIEY - 5)
1 2 1 2
ut? — w1 ary ut? — wf || Lo (ary
__mﬂfmmwz+ﬁ%< '~ e Dy
”ut _ut ||L°°(M)
(AR 2+ e DiE - 5
uf? = w$P | Lo
i [P (e — e
- Tav o _ @
||ut Uy ||L°°(M)

)

)

~(
+VMPPmm?z+¢%w“

o 1
Toen Dy ((—D’(vt( )Y + by (A 2 +p<1>)> ]
t = Y llLee(M)

(3.76)

For any constant R > Ry, let r, g = 2RA§}J)F. Then (3.76) implies

~ ~ ~ ~ ~ ~ ~ z
/ (2vgtDlv§1> +2Va DDyl — VG - (Vi + VU§2>)el) T
9By, (0)

] (e
- :

—do
ut” — w1 ary

z|

8B, (0)
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S =2
(A2, (A 2 4+ pf ) (e — ey
+2 / ! e D (ln he(AY 2 + pﬁ”)) dz|.
By, (0) lug” —uy ||Loc(M)
(3.77)
By (3.69) and Lemma 3.7, we have if z € M \ BgROt(tpgl)), then
Az —tpi)1, o (@) O@%)1 (@)
_ ro (tPe ") BTo(tpt )
cht(x> - 27T|x—tp(1)|2 ‘x_ ‘2 +0<1)
t
O(t)1 m, ()
= BTO(tpt ) +O(1) (3.78)
& — tp}")| ’
which implies
V.Gi(2) = tA{Y VoG (2)
25t - t,— vV ast m:tAillZ+tp§1)
_ 0@ 2
= WlBroAﬁ}i ) (z) +o(t7), (3.79)

ro A
for 2R0A§,1_?_ <|z| < %
Therefore, in view of (3.62) and (3.79) we get that

(LHS) of (3.77) = |2| (O(t3 Int) + O(t*|2]) + %> (0(1) + 0(t2)>

2| ||

z68B2RA£713r )
2
— O(t'(Int)R) + 0(%) +o(tYR2 + ot2). (3.80)

To estimate (RHS) of (3 77) by the change of variables x = tAEllz + tp( ). we see that
if |z| = 2RA§1Jr > 2R0At 4, then Theorem D implies

AR, (A 2 4 pMy (e = e7)e\ 2
-2 : . |—da(z)

1 2
o5 o s = = ary 7|
1
o) p(AD )2 (h(ty)ly — ef?ly + ef2e~Fe) ’y:Agww
- 1
: OBz (tpf") Ii? = l=qan
2Rt t
(1) ~(2)

(eat — et )tbe; - (m—tp(l))
o — tp{V|

X do(x)
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t%(m)e‘ct(x)( aV _ ea?))el (1)

(1)|

—0(1) do(z) | = O(*R).

oo = ey |x—tp
Bar:(tp; )

(3.81)

Let x = tA(l) z 4+ tp ) and Y= A(l) z —l—pgl).
Then g > | — tp§1 | = tA§11|z| = 2Rt > 2Rgt implies =2 > |y —pgl)| = Agll\z| =
2R > 2Ry. So we see that if 2Ry < |y —pgl)| < 72, then

V, hi(y) = V, (In ph(ty)e TV L oIy — | +2Iny + )

(3.82)
= tViy In(ph(ty)e Ih@w+wt”)4-0(wp o).
In view of Lemma 3.4-(ii) and Lemma 3.6-(iii), we have
€D
he®t ~Gt(,dv .
- D G ) i M B () (38)
Sy hetr =Gedu,
Together with (3.54), we see that
1
1 2
R PR
g / (M)A 2 + D) (€ = ) Dy (koA 2 + piV) ) dz
BzRAE’ljr (O)\B2ROA§2 ©
3
=0O( ) 2) )
lug " = (| Lo (ar)
1 1 e e
X / ht(A,g’lZ erg ))(e ¢t —e" )Dy Inh(y) A 2
BzR/\E}Jr (0)\B2R0A§}J)r © Y
=0(t%) / R(EA 2+ tp{))e FulA L =4tpi)
2RA(l) (0\B 2rgall) (0)

x<[AY 2 + pfV eHM”z+mD+dO()(WmﬁHWW>

~ 1 1 ~ 2 1 1 1
@@ (A 2+ pf)) — P (AL 2 + tpf) + O(ufY — w2 )
1
||Ut

X dz

2
U§ )HLOO(M)
—O(t) h(z)|z — tef?|z + te|2eRe(@) i @)

Bare (tpi")\Barge (tpi")
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™
B [y ket G Gduy

o(|u? = u?| 1 dz
[ he Gedn, ([fug i Nzeean))

= 0(t) / o(1)dx = o(t*)R?. (3.84)

Bare (tpt 2 )\ B2Rgt (tPt )

51 52
(A2 (A 24 (e~ ) D (10 b (A 2p())
(0) flul®

To estimate 2 [, dz, we note

zROAE’ljr —ul )HL‘X’(M)

that if |z] < 2R0A§}i, then there is § € (0,1) such that

Dafinhe(ALz +p ) = Dy mbe)]] ) o AL

2
1

w T Z Dy, Dy, In hy(y) ]y:p(l)AE,lz;c

¢ k=1 t

Dy Ju(y)|
F

+o(D? mht) £212(2)| A
Y

:OAE}l z+p§1)

1 1
Dy, Inhe(y )( N —&—ZDykDm In oy (y )’y:p(l)A;lzk—l—O(tﬂzﬁ) AL

Y=D¢ k=1

(3.85)

Moreover, by using the proof of Lemma 3.1 and (3.50), we get that

Vylnh(y)| _ = —tVaGli(@)|,

o FOWde]l + P nt) = O(F 1), (3.86)
=ip:
Now we obtain

Do [in hy (AL 2 4+ p()]

- [Z Dy Dy Inhe(y)| Az + O Int) + O |?) | A (3.87)
Y=D¢

k=1

Together with (3.53) and (3.55), we see that

AL )20, (AL 2 4 pV 5@
9 / (A2) t|( =t z p| )( )D (lnh (Agl,z—&—p(l)))d
U —U )
B, pyaft) (© A
p (AL (AR = + pfemt” (1 — e )

1
ut? — wfP | oo (ary
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2

X [Z Dy, D, In ht(y)‘y:p(l)AE}lzk +O(t*Int) + O(t2|z|2)]A§}Zdz
k=1 t
he(AL 2 4+ p) 1+ 787+ £2)2)) ~
_9 (Ce(2) + Olug” — ut? || (ar)))

C 1+ |z 4+ O(t2))2)2
B2R A (©)
08¢, 4

2
<[> Dy, Dy, In ht(y)(y:p(l)/\g}lzk + O Int) + O(t2|z|2)]A§}>dz}. (3.88)
k=1 ¢

We note from (3.86) that

he(AD 2+ M) g (AL 5 4 p @)
t( t’iz pt ) ( t, z pt ):8 1+MA(1) —|—O(t2|Z|)

ot he(p") he(py”) (3.89)
=84 O(t*Int) + O(t?|2|%).
By using Lemma 3.3 and Lemma 3.6-(v), we have
- 20
= : ; ‘— in CP(R?). (3.90)

Together with Theorem E, we have for any R > 1,

AR (AN 2 4 pD) (e —
2 / () ”( D (5;|| (e )Dl (111 ht(Aglz—Ftpgl))) dz
— U oo
BZROAE’IJ_(O) b t LM
(1+ 0 nt(|z| + 1)°) + O(2]2?)) o= biz

=1 1

o / (1+ )2 Z a+pp oW

Br(0) =

2
% [3 " Dy, Dy, Inhy(y) )y_p(l)Ag}z 2 + Ot Int) + O(£[z[) ALY d= (3.91)

k=1 ot

t

+ (O(t|z]) + O(t*Int))dz

[*
21%[)/\;11((3)\1:_5’1%( )

2
1 be| 2|
8(A£7l)2 Z DykDyz In ht(y)"yzp(l) / (1 I |Z‘2)3
k=1 ¢ B(0)
O(t?)

7t O(t*InR) + O(t*R) + o(t?),

for some ¢ € (0,1). Therefore, we obtain from (3.81), (3.84), and (3.91) that
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(RHS) of (3.77)

8(A)) ZDykDyl In 7y (y)
k=1

/71’”2|2 dz + O(R™2)
y=p{V (14 1z%)3

O(t?)

7T O(t*R?) + o(t?). (3.92)

_|_

Since det[V?(In ht(pgl)))] = —16 + O(t), (3.80) and (3.92) imply for i = 1,2,

1
b;| =0(=) +0o(1) for any large R > 1. 3.93
R

So we obtain b; = by = 0, and prove Lemma 3.8-(i).
(ii) By Lemma 3.3, Lemma 3.6-(v), and b; = by = 0, we have

™
Sy hets = Gdug
&)
e
Jyy hewt " —Gdu,

Zt(z) = Ct(tAE}lz + tpgl)) — —0 in C2_(R?).

Together with Lemma 3.4-(ii), we obtain Lemma 3.8-(ii).
(iii) In view of Lemma 3.3, (3.25), and by = by = be = 0, it is easy to see that
Lemma 3.8-(iii) holds. O

Now we are going to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Let z} be a maximum point of (;. So we have

|Ge(ai)| = 1. (3.94)
Then from Lemma 3.4, we have
%1_1}(1) x; =0. (3.95)

Moreover, by Lemma 3.6-(iii) and Lemma 3.8, we see that

tR
At < s = |ap —tpiV] < 70 (3.96)

=~ e“( t v o~ .
Let (&) = (s + tp(l)) (t(AE,ll o &+ w By (3.25), (; satisfies

o hett V-G gy

e oramysy (Lt )
0 G +O((A ) t2)< (A(l )281 Py

rlel < —° (3.97)

By (3.94), we have



Y. Lee, C.-S. Lin / Journal of Functional Analysis 277 (2019) 522-557 555

*

(1)
T~ ) = 1 (3.98)

L™

By (3.96) and |{;| < 1, we see that ¢, — (o in any compact subset of R2 \ {0}, where (g
satisfies Ay = 0 in R?\ {0}. Since |(o| < 1, we have Ay = 0 in R2. So {, is a constant.

oD . .
From m_sittpfl =1 and (3.98), we have (y =1 or (o = —1. So we have

if % < |z —tpiV| < s, (3.99)

N | =

G ()| =

By Lemma 3.5-(ii), Lemma 3.8, and Lemma 3.7, we see that if % < |z —tp£1)| < s, then

Ci(x) = O (Int) / Aldz +0(1) = o(1) as t— 0,

BzROAg’lJ)r ©
which contradicts (3.99). So we complete the proof of Theorem 1.2. O
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