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ABSTRACT A new finite-time control method based on a sliding mode for a multirotor unmanned aerial
vehicle (UAV) is developed to improve both the transient and steady-state responses, including overshoot
and steady-state error in the presence of uncertainties and external disturbances. First, a virtual control with
nonlinear sliding manifolds is designed to achieve position-tracking capability, as well as to guarantee the fast
convergence of the UAV to a desired position. Furthermore, an ultimate control is developed for the desired
attitude-tracking performance. Various uncertainties, including torque due to the discordance between the
centre of mass and rotation and wind disturbances are considered. The Lyapunov stability theorem is then
applied step-by-step to prove the asymptotically stable and finite-time convergence in position and attitude
controllers. Second, the proposed controller is implemented in an open-source hardware platform for a
quadrotor UAV. Both numerical and experimental results are compared to validate the tracking performance
for attitude and position control, as well as robustness under disturbances.

INDEX TERMS Finite-time control, sliding-mode control (SMC), unmanned aerial vehicle (UAV).

I. INTRODUCTION

In recent years, multirotor unmanned aerial vehicles (UAVs)
have been widely developed and have become popular
because of their extensive usefulness in a wide area of
applications, such as military surveillance, management of
natural risks, agriculture, and industrial automation. [1].
The salient advantages of multirotor UAVs are their low
cost, small size, hovering capability, vertical landing and
take-off capability, easy maintenance, and operation in both
indoor and outdoor environments [2]. However, the design
of an autonomous flight controller for indoor and outdoor
quadrotors is challenging in practice due to the intrinsic
under-actuation property, strong coupling between the rota-
tional and translational dynamics, nonlinearity and exter-
nal and internal disturbances such as the mass variation
of payloads, gyroscopic moments and aerodynamic damp-
ing forces. In addition, it becomes more complicated when
the multirotor is subjected to system faults and actuator
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failures [3], [4]. It is necessary to design an effective con-
troller for tracking position and attitude to account these
undesired consequences. To achieve the desired tracking per-
formance considering the above undesired effects, several
researchers have proposed various classical and adaptive con-
trol techniques, such as linear and adaptive proportional—
integral—derivative (PID) controls [5], feedback linearization
controls [6], backstepping control [7], sliding-mode control
(SMC) [8], model predictive control (MPC) [9], adaptive
controls [10]-[14], disturbance observer (DOB) [15], linear
quadratic regulator (LQR) based control [16] and the recently
developed intelligent control [17], [18] and event-trigger
uncertainty estimator [19]-[21] for complicated systems.
These controllers are demonstrated to be effective in some
specific cases, but most of them are limited to the attitude-
tracking problems and except for a few studies [22], [23],
have received a little attention for the position-trajectory-
tracking problems, which must be implemented for practical
applications. Recently, research [24] has developed the robust
control based on the disturbance observer (DOB) to estimate
and compensate for uncertainty and delay and can be utilized
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for both the attitude and position control of quadrotor UAVs.
On the other hand, many existing controllers for position-
and attitude-trajectory control have paid little attention to the
finite-time control and convergence to the desired trajectory
under disturbance. In the existing literature, most of the finite-
time control algorithms have been developed for attitude
control of spacecraft, but not many have been developed for
multirotor UAVs yet. Thus, they are still being investigated
in the field of multirotor trajectory control in the finite-
time stability and stabilization problem, which are of great
theoretical and practical interest.

Finite-time control methods can be classified into two
categories: homogeneous domination and Lyapunov-based
approaches. Based on the homogeneous approach, a local
continuous controller was designed to solve the finite-
stabilization problem. However, the homogeneous domina-
tion approach cannot determine the upper-bound feature of
a settling time, in particular, with model uncertainties [25].
To overcome these problems, based on the Lyapunov
approach, a terminal sliding-mode control algorithm in addi-
tion to the power integrator was developed [26] and guar-
antees that the system converges to the equilibrium state
in finite-time [27]. However, this method does not ensure
fast finite-time convergence. To overcome these difficulties,
a new form of nonlinear sliding manifold was proposed for
formulating a fast terminal sliding-mode control (TSMC),
which has the characteristic of both the linear and terminal
sliding-mode controls, and has shown fast and finite-time
convergence [28]. Some researchers have attempted to use
the TSMC approach for the position and attitude control
of a quadrotor [29]-[31]. In [29], the robust TSMC con-
trol was developed for both the fully actuated and under-
actuated subsystem of the quadrotor UAV in the presence
of an external disturbance. The dynamic terminal sliding-
mode control (DTSMC) was extended for the finite-time
position and attitude tracking for a small quadrotor UAV
[30]. The finite-time control for the position and attitude
of quadrotor UAV was developed [31], and the controller
was compared with PD control in numerical simulation.
The sliding-mode-based robust control [32] and finite-time
converging control were developed and adopted in various
systems in order to guarantee the stability [33]-[36]. How-
ever, most of the derivations for converging time have been
proven without considering disturbance and model uncertain-
ties. A few controllers have been developed so far for the
finite-time convergence of both the attitude and position of
UAVs to the sliding manifold in the presence of disturbance
and model uncertainties; however, still there are limitation
to UAV applications in practice. It is difficult to implement
the developed TSMC:s in real flight by several reasons. First,
adaptive TSMC, which update gain to estimate upper bound
of disturbance adaptively, was developed to eliminate steady
state error without information of the upper bound [37], [38].
However, the adaptive gains will increase infinitely, because
the noise will be cumulated although states are converged.
Second, it often requires finding controller gain parameters
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by additional techniques such as system identification and
gain optimization, because it is necessary to consider actuator
saturation, nonlinearity, jittering and noise. In addition, there
is no guideline for users to tune the controller gains, unlike
classical PID control. For these reasons, there are few TSMC
which implemented both attitude and position in practice, and
the PID controllers are still used broadly in commercial areas.
Recently, TSMC and super-twisting SMC (ST-SMC) were
compared in experiments [39], but only transient response of
altitude control was implemented, and guideline to find the
controller gain is not still suggested clearly.

Therefore, this study focuses on designing finite-time con-
troller, which is simple and practical to supplant PID control,
in the presence of disturbances. Furthermore, properties of
the controller are analysed in various simulations and exper-
iments in order to provide a guideline for gain tuning. First,
a new continuous sliding-mode control law is proposed by
the finite-time control method. By construction of a suitable
Lyapunov function, finite-time convergence for a tracking
error to the sliding manifold is proven in the presence of
disturbances. The time to reach to the sliding surface is
also shown. In order to show the robustness of the proposed
controller, a disturbance torque model due to misalignment
between the centre of mass and centre of rotation of the
multirotor system and wind disturbances are considered in the
UAV dynamics. In addition, the method enables tuning of the
gain parameters of the finite-time sliding-mode controls cor-
responding to a conventional PID controller. Thus, the gain
parameters of the finite time sliding-mode controller can be
similarly computed by the PID controller. This reduces the
computational burden to determine the properly tuned control
gains. Finally, the designed controller and gain parameters are
experimentally applied and verified. The characteristics of
the controller according to various gain parameters is shown,
and the robustness and tracking performance are compared
with the PID controller and recent adaptive sliding mode
control (ASMC) [37]. The paper is organized as follows.
In Section II, preliminaries on multirotor dynamics and kine-
matics are briefly presented. In Section III, the finite-time
controls for the position and attitude to their desired states,
followed by the finite-time stability to the sliding manifold,
are presented. Section IV provides a guide to find the proper
control gain. Numerical simulations and experiments for
regulation and tracking controls are compared to show the
robustness and effectiveness of the proposed work. Finally,
Section V presents the concluding remarks on this research.

Il. SYSTEM DEFINITION
Fig. 1 shows the conceptual design of a multirotor UAV. The
UAV could have a number of actuators and rotors, but it is an
under-actuated system because it could have the maximum
four-rank input matrix for controlling six degrees of freedom,
regardless of the number of inputs. In other words, the attitude
of roll and pitch motions are coupled to the position.

For simplicity, the multirotor is considered to be a symmet-
ric rigid body and the motion of the multirotor is described by
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FIGURE 1. Schematic of a multirotor UAV.

Euler’s equation. Two frames, the inertial and body frames,
are considered for the mathematical formulations of the mul-
tirotor dynamics. The origin of the body frame (xp-yp-zp)
coincides with the centre of rotation of the multirotor and the
axes are aligned along the principle moments of inertia. The
position of the multirotor in the inertial reference frame is
denoted by the vector (x,y,z) and the orientation of multirotor
that referred to by the roll, pitch, and yaw (¢, 6, ¥), which
are measured from the inertial frame of reference.
The dynamics of the multirotor are expressed as

X =f£(X) + gX)U, )

where the state variable X = [x yz ¢ 0 Y Xy 2 ¢ 0 y] =
[x7 x2...x12];

)'cizx,-+6 fori=1,2,...,6
X7 = uy — Kix7 + 01
Xg = uy — Koxg + o7

X9 = u; — Kzxg + 03
I,x1192

x10 = Us — — Kuyx10+ Gy + &4 2)

xx
n I x1092

x11 = Us — Ksx11 + Go + &5
yy

X12 = Us — Kex12 + Gy + 6,
(cos(x4) sin(xs) cos(xg) + sin(xg) sin(x4))U;

Ux
uy = (cos(xy) sin(xs) sin(xe) — sin(xs) cos(xe)) U1  (2a)
u; = cos(xy) cos(xs)U; — g

where Uj, U, Uiz, and Uy are the thrust forces in (3a)
and (3b) as the position and attitude system inputs; K;(i =
1,2,...,6)is the aerodynamic drag coefficient; G4, Gy, and
Gy are torque vectors due to the centre of gravity detailed
in (3c); 0;(i = 1,2, 3) represents the wind disturbances in
position control; uy, uy, and u; are the virtual control in (2a);
and ¢ (i = 4,5, 6) is the torque caused by the gyroscopic
effect and given in (3d); Q2 indicates effect of the propellers
on the angular moments; g is gravitational acceleration; I, is
the moment of inertia of the rotors; Iy, Iy, and I, in (2a) and
(3a) are the principal moments of inertia of a multirotor UAV
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along the xp, yp, and z; axes respectively.

Uy 1/m 1/m e 1/m
U2 — AF = llx/Ixx l2x/1xx lnx/lxx
Us hy/lyy — by/Ly Iny/Iyy
Us c1/l e/l e/l
Fy
F>
S (3a)
Fy
—1
F=AT (AAT) U, (3b)
.Gy hy 0
LyGy | = | hy | xmRT | 0 |, (30)
IZZGW h; —&
ta = (Iyy — I)x1ix12/ L
&5 = Iz — I)xi0x12/1yy (3d)

6 = (I — Iyy)xloxll/lzz

where constants [y, liy, and ¢; (i = 1,2, ..., n) are the x and
y components of the length from the centre of the UAV to the
i motor and the coefficients that generate torque in the yaw
angle ¥, respectively with n motors; F; (i = 1,2,...,n)is
thrust force generated by " motor. The desired motor input F
can be obtained with optimization with 2-norm in (3b) with
the assumption that the rank of A is larger than 4 where U
is a control output defined by U = [U;, Uz, Uz, Us]. h =
[hx, hy, hZ]T is the distance vector from the centre of rotation
to the centre of mass with respect to the body frame. R is the
rotation matrix from the body to the inertial frame.

IIl. FINITE-TIME TRACKING CONTROLLER

A finite-time tracking controller based on a nonlinear sliding-
mode control is developed for the performance of both posi-
tion and attitude. The nonlinear sliding manifolds and non-
linear reaching laws, which alleviate chattering, are designed
first. The virtual control will be derived based on the sliding
manifolds and reaching laws, in turn, used to derive desired
roll and pitch angles, and thrust for position control. Then,
the stability of the control algorithm will be derived based on
the sliding surfaces and nonlinear reaching laws.

A. FINITE-TIME POSITION-TRACKING CONTROLLER
Finite-time virtual control is designed and followed by global
asymptotic stability in Proposition 1. The finite-time reacha-
bility of equilibrium points to the origin of the sliding surfaces
is shown in order to follow the desired position trajectory
(X1d» X2d > X34)-

Proposition 1: Let us consider the continuous differen-
tiable sliding manifold for the position tracking and a stan-
dard state-feedback power rate reaching law for the control,
chosen as (4) and (5), respectively.

si = & + aip(ei), “
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plei) = leil? sgn(e;),  if || > B;
b;i—3
ple) = = [(bi- Dl +G-bB], (o)
if |8i| < Bl'
pl(e) = bile|®=t, if e > B
, B! 2 > 4b
ple) == [30—Del +G-b)B}|. D)
if |8l’| < Bi

where dp(e;)/de; = p'(e;)
§ = (—di [sil sgn(si) — c; / sidt)/(1 + Kap)

— —d;|sil sgn(s:) — ci / st — Ky )

with positive constants a;, b;, ¢;, d;, ej, and Kg; (i = 1,2,3
corresponding to x, y, z, respectively), and ¢&; is an error
defined as ¢; = x;4-x; where i = 1, 2, ..., 6 for all the states
including position and attitude in (2). B; in (4a) can be chosen
as small enough to avoid singularity when 0 < b; < 1 and
&; = 0. In addition, it can be set as B; = 0 if b; > 1. Then,
virtual controls uy, uz, and u3 corresponding to uy, uy, and u,
for position tracking can be expressed as (6).

uj = Xig + Kixi + a;p'(e1)(%ig — %)
+ d; |si| sgn(s;) + Ci/sidt + Kpisi (6)

Proof: The time derivative of the sliding variables in (4)
along the trajectories of the closed-loop system is given by

7).
§i = & + aip'(e)é
= Xig — u; + Kix; — 0; + aip’ (e:)(%ig — Xi) @)

From (5) and (7), the respective controls for the position
tracking can be presented as (6) except disturbance oj.
Furthermore, the stability of the sliding manifold must be sat-
isfied to ensure the stability of the control system. In Proposi-
tion 2, the finite-time stability and the time to reach the sliding
manifold can be proven.

Proposition 2: Consider that the kinematics of the UAV
in (2) and the proposed control law given by (6) makes the
trajectory of the UAV to converge to the desired trajectory in
finite time and stays in the sliding manifold.

Proof: Let the Lyapunov candidate function be defined
by a radially unbounded positive-definite function as

1 ) g
Vi= 5 | L+ Kpsf +ci /Sidt+6i/6i )

where i = 1, 2, 3. The time derivative of (8) can be simplified
as (9).

ViZSi <(1+KDi)§i+Ci/S,‘dt-l-di)-l-('fi (C,‘/sidt-l-o’,')
= <KDi5i+§i+Ci/Sidt+O’i> +0; <Ci/Sidt+Gi)
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=5; (KDis'i + Xig — uj + Kix; — o; + ap' (e)é; ...

+ Ci/sidl-i-ﬁi) + oy <Ci/sidt+6i>

=s; (KpiSi + Xig — ¥ia — Ki%i — aip(€))&;

—d; |5 sgn(s;) — ¢; / sidt — Kp;si — o;
—i—K,‘)'C,‘—}-aip/(é‘,')éi—i-Ci/Sl‘dl—i-O’i) +0; <Ci/sidl+0‘i>
=si(—d; |5i|“ sgn(s;)) + 6; (Ci / sidt + 6i>

< —d; |5l + |63l (Ci/Si dt + Gi> = —d; |si|""
<0 ©)

The convergence of s; to 0 can be proven as (9) with assump-
tion that the disturbance varies slowly enough to assume
|6;i| =~ 0. Convergence of |f s;dt + a,~/c,-| to 0 when s;
converges to 0 is also guaranteed by (6) and (7). Therefore,
it can be said that the convergence of V; is guaranteed when
s; converges to 0.

Lyapunov stability is ensured in the presence of a distur-
bance. The finite-time convergence of the attitude states to the
origin of the sliding manifold takes place, as shown in the fol-
lowing. Before deriving the expression for convergence time,
the following definition and lemmas must be considered.

Definition 3: Consider a time-invariant system represented
by a differential equation given in (10).

2=/ (10)

where f: D — R" is continuous on an open neighbourhood
D of the origin and f(0) = 0,y € R" and y(0) = yp.
The zero solution of the system in (10) is (locally) finite-
time stable if it is Lyapunov stable and finite-time convergent
in open neighbourhood U € D. U = D = R". Here,
the finite-time convergence implies that for any initial con-
dition yo € U:\{0} — (0, 00), every solution y(¢, yg) of
the system in (10) is defined with y(¢, yo) € U\{0} for ¢ €
[0, Ty(0y] and satisfies t_l)irTr;y) y(t,v0) = 0, and y(t, yo) = 0

if 1 = T(yo) [27].

Lemma 4: Consider the system described by (10). Suppose
there is a continuously differentiable (C 1Y scalar function V
defined in open neighbourhood D C R" of the origin and
there are real numbers my > 0 and 0 < ng < 1 such that V
is positive definite on D and satisfies the condition on D.

V() +moV™(y) <0 (11)

Then, the origin of the system in (8) for a given initial
condition y(0) = yo (some open neighbourhood of the origin)
is locally finite-time stable and the convergence time Ty,
satisfies condition (12).

1
Ty < ——V(o)' ™™ (12)
" mo(1 — no)
Moreover, for D = R", if V is radially unbounded, then the
origin is globally finite-time stable [27].
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Now, let us define the positive constant § as § >
| [ sidt + oi/ci|, and (9) can be rewritten as

Vi= —di |5 < —d; - |@Vi—i8))/(1+Ka)

(14e;)/2

(13)
As the Lyapunov function is radially unbounded, the closed-
loop position-control system in (7) with the control law in (6)
is globally stable. Moreover, for the given initial conditions
of the sliding variables, the time to reach the origin of the
sliding manifold can be derived based on Lemma 4 and the
definitions. Let s; o be the initial condition of the sliding
surface for the corresponding initial values x;(0). According
to Lemma 4, the settling time to reach the origin of the sliding
manifold s; = O can be derived for the two cases. The
convergence time for the two cases when Vy,, < ¢;8%/2 and
Viio = ¢i8%/2 can be derived as (14) and (15), respectively.

ei+1)/2
Ty, < (1 + Kg)' +_)/
’ di(1 —e) - 2ei=D/2

ci8? . ;82 o
. ((’T)(l e))/2 _ (’T _ VSi,o)(l el)/2> (14)

(1 + Kg) et D)2
di(1 — e) - 2(ei=D/2
((Vs,-,o - %)(17‘)’)/2—%(%)(176’)/2) :0<ei<1
S 1 <e;
(15)

$i,0

Equations (14) and (15) ensure that the trajectory of the
system reaches the sliding manifold s; = O within the finite
time 7y, , with0 < ¢; < 1.

Remark 5: 1t is difficult to control all states independently
because the rank of input matrix A is 4. For this reason,
the desired ¢4, 64, and total thrust U; will be chosen to
generate virtual controls uy, uy, and u, in order to track the
desired position. From (2a), Uy, ¢4, and 6; can be obtained
asin (16) and (17). The desired yaw angle, x¢,, is used instead
of x¢ by assuming rapid convergence of x1; to x4.

Uy = \/(uf +ug + (2 + g)2> (16)

. 1 . 1
X4q = Sin (ux Sinxgq — Uy COS .X6d) —
L am

Uy COS Xeq + Uty SiN Xeg )

—1
X540 = tan
< u + 8

B. FINITE-TIME ATTITUDE-TRACKING CONTROLLER

The finite-time control for tracking the attitude is developed
similarly to that for the position control. The desired ¢ and 6
will be used for deriving the errors between the reference and
current attitudes. The attitude control is derived for attitude
tracking based on the same procedure as in the position

control. Control output of attitude control can be obtained as
(18) based on (4) and (5).

Ui— = Xia — §i + Kixi + aip(e1)(%ia — Xi)+d; || sgn(s;)
+ Ci/S,'dt + Kp;is;  (18)
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where i = 4, 5, and 6, corresponding to ¢, 6, and ¥,
respectively.

Proposition 6: Consider the dynamics of the UAV in (2)
and the proposed control law given by (18), then there exist
a;, b, ¢;, d;, and e; (i = 4,5, 6) such that the control laws
in (18) make the state of (2) converge to the desired state in
finite time and remain in the sliding manifold.

Proof: To reduce repetition, the stability analysis of
the roll angle is shown only for ¢4, 6; = 0 but can be
applied for tracking the pitch and yaw motion trajectories. Let
the Lyapunov function be defined by a radially unbounded
positive-definite function in (19).

v 1 | 5 mgh 2
¢ = 3 ( +KD¢)S¢, + ¢y sp dt — (19)

colix

The time derivative of the above energy functions with the
unknown Gy of (2) manifests

. X mghy,
Vo =54 | (1 + Kpgp)sp +co | spdt —

Ixx
h mghy
=—d, |s¢]e¢+l - s¢(% singcosh — o
XX XX
mgh
- cos¢ cosf + i 2y
XX
eptl mgho\* | (mghy\*  mghy
= =dslsp|" "+l [\ (7)) 7
XX XX XX
<0, (20)

The inequality of (20) is satisfied when the following condi-
tion holds.

5 ) /ey
mgh mghy, mgh
|S¢| > ( 81 + 8 y + 8 y)/d¢
L Lix Lix

2

In (21), the sufficiently large gain parameter dy and 0 < ey <
1 can make ¢ approach 0. This in turn makes sin¢g =~ 0,
cos¢ = 1. Furthermore, it is assumed that 6 is converged
to 0 and cosf ~ 1 for the decoupled motion. Considering
these conditions, (20) becomes

. . mghy,
V¢ =S¢ (1+KD¢)S¢+C¢ Sd,dl— 7

XX

= —dy |ss|"" <0 (22)

This ensures that V¢ < 0 except at the origin, implying
that s, — 0 under the control law in (18). The finite-time
stability of the attitude control also can be proven in a similar
way as the position control. Near an equilibrium point, (22)
can be written as in (23) with the positive constant § as

mghy
5> ‘fs(,)dt— %IX-;‘.

. +1
Vo = —dy [sg|*
2 (eg+1)/2
—dy - |2V — cs5D)/(1 + Kng) (23)

IA
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Single board computer
2 Noise
\4 52 Sensor
Position Attitude u PWM system
—. " Controller Controller generator Y ¥
EGRREE >
Attitude Simulation |
. Controller Model H AA’,)}
X, X
FIGURE 2. Block diagram of experimental system.
TABLE 1. Experimental hardware setup and system parameters.
Controller Raspberry pi 3
IMU sensor MPU 9250
" Motor 2212/920 kV
Li-Po 11.1 V 3000
Battery mAh
Weight, m 1.2kg
] Diameter 550 mm
L/, L/L, 5.07 m-rad/Ns? mgh./L. 12.28 m-rad/s?
C/L. 2.34 rad/Ns? mghy/I -0.35 m-rad/s’
Ky Ko K, ~0 mgh/I,, 12.56 m-rad/s®
F,F, F3, F, 0-54N mghy/I, -0.16 m-rad/s?

Now, for the given initial conditions of the sliding variables,
the time to reach the sliding manifold can be derived based
on the same procedures as the finite-time reachability of the
position. Let s¢ o be the initial condition of the sliding surface
for the corresponding initial values of roll x4(0). According
to Lemma 4, the convergence time to reach the origin of the
sliding manifold s4 = 0 can be written the same as (14) and
(15). This ensures that s, — 0 in finite time, which can be
achieved for 0 < ey < 1.

IV. RESULTS AND DISCUSSION

Both numerical and experimental results on a quadrotor UAV
are demonstrated in the presence of modelled uncertainty
and disturbance to show robustness of the controller. For the
uncertainty, the difference between the centre of rotation and
gravity is considered in attitude control. The wind disturbance
is injected in the position control experiment. The experimen-
tal composition and physical parameters of the UAV are sum-
marized in Table 1. Fig. 2 shows a control system consisting
of the UAV and hardware-in-the-loop simulations (HILS) for
the experimental analysis. The attitude and angular velocities
of the UAV are measured by an inertial measurement unit
(IMU) sensor, and the attitude control loop was operated at
200 Hz. The position and velocity are measured by a motion-
capture system and the position control is operated at 120 Hz.
Before the flight experiments, parameters in Table 1 are
identified and verified by comparing the physical hardware
and model output in parallel with the HILS, as described in
Fig. 2. In addition, the control algorithm and gain parameters
are verified by numerical simulation. The simulations and
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System

FIGURE 3. Control block diagram of a PID controller.

experiments are implemented in two ways. First, the effect
of the change in the nonlinear parameter e in (18), which
is power index of s, will be shown. Second, the attitude
regulation and tracking performance of the quadrotor UAV
with the high centre of mass are compared to those of a
conventional PID controller. The position regulation under
wind disturbance and tracking performance are compared by
experiments.

A. CONTROL GAIN PARAMETER RENAMING

Itis difficult in practice to understand and determine the effect
of controller gains, as there are numerous control parameters
in the finite-time control laws. The gain parameters of the
finite-time controller are renamed below by comparing their
roles with that of the parameters of the widely used classical
PID controller in order to provide a guide to tune the gain
parameters. The PID controller shown in Fig. 3 can be written
as

U=(Klepz+K[)8+(KP1KD+Kp2)é+KD§+KP1K1/8 dt
(24)

where Kp1, Kp>, Ky, and Kp are gain parameters of the PID
controller in Fig. 3.

Itis assumed that the gyroscopic force and drag are negligi-
ble and gain parameters b and e are set as 1 in (18) to compare
both controllers. Similarly, the finite-time controller can be
expressed along with the PID gain parameters as in (25), and
the corresponding block diagram is shown in Fig. 4.

U = (ad—I—C)e+(a+d+aKD)é+KD'é+ac/£dt
= (Kp1Kp2» + Kj)e + (Kp1 + Kp2 + Kp1Kp)é

+ Kpé +KP1K1/8dI (25)
where the control gains indicate Kp; = a, Kp» = d, and
K; = c. b and e in (18) are also renamed as « and S
respectively.

B. CONTROL GAIN TUNING & SIMULATION

The controller gains of both PID and finite-time con-
trollers are optimized to achieve performance in the transient
response, maximum overshoot and settling time. The gains
are initially based on the dynamic model of the identified
quadrotor system in (2) and Table 1. First, the gyroscopic
moment of (2) is regarded as the unknown and neglected for
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FIGURE 4. Control block diagram of a finite-time controller.

TABLE 2. Control gain sets.

Controller Kpi a Kp2 K Kp p
_ PID 3 - 95 37 0 -
Attitude e 6 1 0 05 02 09
PID 08 - 4 01 04 -
Position

F-time 0.8 0.8

N

0.1 0.4 0.7

TABLE 3. Performance comparison without uncertainty.

Attitude (¢) Position (x)
Control PID F-time PID F-time
t(s) 0.78 0.8 338 3.6
0S (%) 0 037 0 0

ts: settling time; OS: maximum overshoot

the decoupled dynamics. The disturbances o; (i = 1,2, 3),
Gy, Gg, and Gy, are also regarded as unknown disturbances
and uncertainties. Initially, they are neglected for parameter
identification and control optimization. Second, the trans-
fer function of the multirotor attitude dynamics decoupled
from each orientation is applied as a plant model in Matlab.
Gain parameters of the PID control are optimized for the
robust response of the plant and target settling time. Finally,
the procedure to obtain gain parameters of the attitude control
is repeated for the position control. Gain parameters of the
finite-time control and ASMC are selected to achieve the
same transient response as PID in the numerical simulation
to compare the robustness against disturbance. Especially
in position control, gain parameters of finite-time control
are selected to be the same as those of PID, but only «
and B are modified to obtain the transient response. The
gain parameters of both controllers are obtained as shown
in Table 2, and the results of the transient response, settling
time and maximum overshoot, in the numerical simulation
are described in Table 3 and Fig. 5.

The settling time of both orientation and position are com-
puted as shown in Fig. 5(a) and (b) respectively. The conver-
gence times to sliding manifolds are marked in Fig. 5(c) and
(d) as c.time. The convergence time of the finite-time control
are calculated to 1.3 and 0.9 seconds by (15) for the attitude
and position respectively. It is assumed that integral action
is converged fast and § is assumed to be 0. s, is converged
to O before the precalculated convergence time in Fig. 5(d),
although the position is not converged yet. Fig. 6(a) and (b)
show the roll angle and control output of each controller when
variances of measurement noise are 5 x 10™* and 0.22 for
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FIGURE 6. Comparison of regulation under noise and disturbance. (a) roll
angle, (b) control output, (c) x, y, z positions, (d) position in 3D space.

the roll angle and angular rate respectively. RMS of control
output U in Fig. 6(b) are 0.065, 0.096 and 1.17 Nm for the
finite-time control, PID and ASMC respectively. Magnitude
of U, of ASMC in Fig. 6(b) increases and exceed the control
limit 1.2 Nm. The reason is that adaptive gain increase with-
out convergence because adaptation law is a positive function
and noise is cumulated. For the reason, it could be difficult to
apply ASMC to the flight controller with low-cost sensors,
although it rejects disturbance well [37]. Fig. 6(c) and (d)
show the position of the UAV and variance in the position
with random disturbance bounded by the maximum of 12 N
to simulate windy weather. The mean error of the finite-time
control is 0.04 m and the error of the PID control is 0.11 m,
twice that of finite-time control. It was shown that the finite-
time control can control the system in a more robust manner.

C. EXPERIMENTAL RESULTS IN ATTITUDE CONTROL

The simulations and experiments are implemented for
analysing (i) effect of the exponential gain parameter g in
regulation and comparing (ii) regulation and (iii) tracking per-
formance with disturbance and uncertainty to be compared
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FIGURE 7. Transient response of controllers with model uncertainty.
(a) Numerical simulation, (b) Experiment.

with the PID controller. The initial attitude is [—30° 0 0] and
desired attitude [0 0 0] to compare the regulation performance
of roll control when the centre of mass of the UAV is far from
the centre of rotation. The uncertainty due to the centre of
mass was identified and reflected in the simulation of Fig. 7.
The control gain parameters of both controllers are same
as in Table 2, but parameter § in (25) is chosen with three
different values 0.9, 1.5, and 0.5 to show the effects of the
nonlinear term in the controller on performance. The attitude
control in Fig. 7(a) is simulated under model uncertainty due
to misaligned centre of mass, Gy, Gy, and Gy in (2). The
settling time of the PID control and ASMC increased from
0.78 t0 1.93 5 (147%) and 0.78 s to 1.01 s (29%) respectively,
whereas the finite-time control (8 = 0.9) increased from
0.8 to 0.93 s (16%). The maximum overshoot increased to
7.9%, 1.1% and 1.67% in the PID, ASMC and finite-time
control results, respectively comparing to Fig. 5(a) without
uncertainty.

The orientation response converges quickly with a smaller
B parameter (8 = 0.5). However due to the characteristic of
the function with order less than 1, the controller becomes
more sensitive to sensor noise near the equilibrium so data
with B = 0.5 in Fig. 7 (b) fluctuates with a large amplitude
when the sensor noise is amplified. The response is smooth
with a larger 8 parameter (8 = 1.5), but the convergence is
slow, and the converging time cannot be assured due to (15).
Therefore, it is important to choose proper « and S values
for better performance. The further results and description
of the finite-time control in attitude use the gain set § =
0.9, as described in Table 2. The ‘c.time’ in Fig. 7 is the
converging time of the controller with 8 = 0.9, as calculated
by (15). The states converged to a sliding surface before the
calculated finite time, and the roll angle also settled to the
equilibrium point.

In good flying conditions without disturbance and model
uncertainty, the PID controller performed as good as the
finite-time controller, as shown in Fig. 5. The perfor-
mance is mainly dependent on the controller gain parame-
ters. However, the transient response of the PID controller
in Fig. 7 became worse in both the simulation and experiment
due to model uncertainty. In the experiment, overshoot and
settling time of the PID control are 15.9% and 2.6 s, respec-
tively, but only 7% and 0.7 s in the finite-time control result
for B = 0.9. Although the transient response in the ideal
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FIGURE 8. Experimental results of attitude-tracking control with 2-Hz
trajectory. (a) Finite-time control, (b) PID control.

TABLE 4. Experimental performance comparison.

Attitude Position
Response Tracking Regulation Tracking
Controller (overshoot)  (phase delay) (error) (error)
(%) (rad) (m) (m)
F-time 7 2.05 0.072 0.11
PID 15.9 2.92 0.197 0.24

model were the same as in Table 3, the results demonstrate the
robustness of the finite-time control. Furthermore, the sliding
surface of the finite-time controller can be designed, and the
response will converge in finite time and slide on the surface.

The experiments are implemented with a desired roll angle
trajectory of a 2Hz sinusoidal function in order to show
the tracking performance. Both desired angles of the pitch
and yaw are set to zero. The experimental results of the
attitude-tracking control with 2-Hz desired trajectory are
shown in Fig. 8. There is large disturbance in the pitch angle
when the roll angle moves fast because the dynamics of roll
and pitch angle are coupled. In that case, it is shown that
the designed controller is more stable in the roll motion and
regulates pitch motion better, whereas the result of the PID
controller is almost out of phase (i.e., cannot be followed).
The average phase delay of the finite-time control and PID are
2.05 and 2.92 rad, respectively. The parameter  contributes
to better performance, and the controller is designed to reach
and follow the sliding surface.

D. EXPERIMENTAL RESULTS IN POSITION CONTROL

The performance of the position control is compared with
the PID controller in experiments. The gain sets of Table 3
are used for both controllers in the position and attitude. The
same control and gain parameters are used for the attitude
control to compare only the position-control performance.
First, the regulation performance is demonstrated with the
wind disturbance, and the results are shown in Fig. 9.

As shown in the result, the proposed controller regulates
position robustly with gust (5 m/s) as a disturbance. The
effects of o and B in (6) make the system more robust near
the equilibrium state. The average position error of the finite-
time control and PID control were 0.072 m and 0.197 m,
respectively.

The tracking experiments were implemented with a cir-
cular trajectory. The radius of the trajectory was 0.5 m and
frequency of the trajectory was 0.33 Hz. The finite-time
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FIGURE 10. Experiments on position-tracking control. (a) Finite-time
control, (b) PID control.

controller tracked the position of the sinusoidal trajectory
with a small error and phase delay compared to those of the
PID controller. The average position error of the finite-time
control was 0.11 m, whereas that of the PID control was
0.24 m. This shows that the finite-time control can be applied
to track the trajectory of a higher frequency.

V. CONCLUSION

In this paper, a new finite-time control for multirotor UAV's
with disturbance has been developed. First, the finite-time
control was designed for position tracking to the desired tra-
jectory, which is in turn used to find the desired roll and pitch
angles. It has been proven that the position of the multirotor
reaches the desired trajectory in finite-time. Similar to the
position control, the finite-time control laws have been devel-
oped for attitude. The finite-time stability was proven with a
Lyapunov-like function, including an integral in the existence
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of disturbance. The stability and control performance for
both regulation and tracking is illustrated using a quadcopter
UAV in both numerical simulations and experiments against
the PID controller. In addition, it offers an effective means
to determine the gain parameters, which is similar to that
of a conventional PID controller. Finally, the comparison
results showed better performance in terms of robustness to
disturbances in attitude and position control and tracking the
desired trajectory at a higher frequency. It is important to
release the assumption of disturbance for convergence time
derivation in practice and it can be developed in future work.
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